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2 XHEVAT Z. KRASNIQI

1. INTRODUCTION

Let > ,w, and infinite numerical series with sequer{eg) of its nth partial sums. This
series is said to b, 1) := C'-summable if the limit

n

1
i
o o 2

exists.
Moreover, this series is said to b&, 1)-summable if the limit

exists.
It was realized in[[9], that the infinite series

1—4 i(—:&)”‘l

is not (£, 1) summable no(C, 1) summable. However, it is showed that the above series is
(C,1)(E, 1) summable. Therefore the product summability 1)(F, 1) is more powerful than
the individual methods&C, 1) and(E, 1). Thus,(C, 1)(E, 1) mean can be used in approximation
for a wider class o2r-periodic functionsf by their Fourier series

% + ;(ak cos kx + by sin kx),

than the individual methodg”, 1) and(E, 1).

This fact can be enough to consider the finding of the degree of approximation of periodic
functions by more general mean of their Fourier series. To recall the resulis of [7], dealing with
this topic, we need first some preliminaries.

The LP-norm of f is defined by

1 2 p % <
Hpr: [zﬂ 0 | f(z)] dx] , 1<p<oo
Supx€[0,2ﬂ ’f(ZE)|7 p = o0,
while the best approximatiof,, (f) of the functionf, is defined by
En(f) = min |[f(z) = Tu()]lp,

whereT,, () is a trigonometric polynomial of degree
For a given functiorf € L? := LP[0,2x],p > 1, i.e.| f|, < +oo, let

(1.1) sp(frx) = %+Z(akcoskx+bk sin k)
k=1

denote the partial sums of the Fourier serieg at z.
Letp := (p,) be a sequence of non-negative and non-increasing real numbers such that

Pn:p0+p1++pn7£0 for nZOa

andP, — oo asn — oo.
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The product of C, 1) summability with aV,, summability define€'* v, summability. Whence,
C'N, mean is defined by

n k
1 1
CN _
(1.2) b, = p—— E B E Ph—vSk-
k=0 v=0

If t& — wasn — oo, then the seried >, w, or the sequences,,) is said to be summable
to the sumw by C* N, method.

Remark 1.1. Note that, se€ [7], thé"' N, method is regular whenevét' and N, are regular
methods.

We writeu = O(v) if there exists a positive constaht, such that: < Kv, and we assume
that all transformations under consideration are regular transformations even if they are not
written explicitly.

Now we recall four well-known function classes:

19 A function f € Lip(a), (0 < a < 1), if

[f(z+1) = f(z)] = O([t]*),
20 A function f € Lip(a, p), (0 < a < 1), if
([ 1w+ 0 - s@ras)” = od),

3% A function f € Lip(&(¢), p), if

(A%u@+w—fwwm);:0@®»

and
4° A function f € W(LP, £(t)), if

(o

whereg > 0, p > 1, and{(t) is a positive increasing function of
We also denote

ot = flasin’ 5[[ar) = 0

0,(t) = ¢(t) == flz +1) + fw =) = 2f (),
andr instead of the integral part af/t.

Theorem 1.1([7]). Let N, be a regular Norlund method defined by a sequepgé such that
(1.3) P.Y P/'=0(n+1).

Let f € L'[0,2n] be a2r-periodic function belonging to Lip), (0 < a < 1), then the
degree of approximation gf by C' N,, means of its Fourier series is given by

O(n+1)™%), 0<a<l
1N () = flloe = {O (mg(we(mm) Ca=1.

n+1
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Theorem 1.2([7]). If Let f € L'[0,2x] be a2r-periodic function andf € W(LP,£(t)), then
the degree of approximation ¢fby C'' NV, means of its Fourier series is given by

1SN () = fll, = O (<" 1 ( i 1))

provided{(t) satisfies the following conditions:
(i) &(t )/t is a decreasing function,

@ J5 (%ﬁ)p{t};ZO((nH)l),

iy [~ (Zle@l)? gl = 5
whered is an arbitrary number such that1 —6) — 1 > 0,p ' + s ! =1, p > 1, and these
conditions hold true uniformly in.

Remark 1.2. As is pointed out in[[B]{[12], the factetin” ¢ in definition of the class WL?, £(t))
as well as in some conditions have to be replacesi/?.

For our further investigation let:= (a,,) andb := (b,,) be sequences of non-negative integers
with conditions

(1.4) ap < b,, n=1,2 ...
and
(1.5) lim b,, = 4o0.

n—oo

The deferred Cesaro mean (see [1]) determined &ydb is defined as

San+1 + San+2 + e + Sbn
bn — Qp

Db .=

where(.S,,) is a sequence of real or complex numbers.

Since eachD® with conditions [(1.4) and (1]5) satisfies the Silverman-Toeplitz conditions,
then each transformatiai® is regular.

Let us suppose thd is a subset oN and consideff as the range of a strictly increasing
sequence of positive integers, say= (A(n))5°.

Let {pr} and {q}, & = 0,1,...,A(n) be two sequences of non-negative numbers with
Pay = S0 pe £ 0, Qamy = S0 gr # 0, and we define their convolution by

A(n)
Wi = pr(n)—qu-
k=0

Now we define the generalized Woronoi-N6rlund polynomial as follows

(1.6) Wa(fia) Ww me ks (f:2).

Note that forg, = 1, k = 0,1,..., A(n), we obtain the polynomials

A(n)

ZP,\ —isk(fi )

N’\fx

n
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and forp, =1,k =0,1,..., A(n), the polynomials

Z%Sk fi@)

RN f; )

TL

which has been introduced in [5].
Moreover, forp, = g, = 1, k = 0,1,...,\(n), we obtain the polynomials (seel [2], page
195)

CMf;x) = +1Zskfa:

which for \(n) = n, as particular case, they reduce to ordinary Cesaro mean.
If W — w; asn — oo, then we say that the seri®s >~ , w, or the sequences,,) is said to
be summable to the sumy, by W* method.

Since the sequence
Prx(n)—k4k
———— ), k=0,1,...,\(n),
( W) ) )

is a sub-sequence of the sequence

(pnM/’fk), k=0,1,...,n,

introduced in[[3], page 353, théi'* method is regular if and only if:

(@) 22(:”0) DA k@] < K|Wim|, whereK is a positive number independent:af
(b) For allk > 0, J%z’f’“ — 0asA(n) — oo.

The product ofD? summability with a7/ summability define®°W* summability. Whence,
D W mean is defined by

bn, k)

(1.7) T — > pr oS-

an,
A(k)=an+1
If t2V — w, asn — oo, then we say the seriés -, w, or the sequences,,) is said to be
summable to the sum, by D?W* method.
Under conditions] (1]4)[ (1].5), (a) and (b) we conclude that:

Wi

A(n)
1
Sn—wy = W(s,) = Wi g DA(n)—kQkSK — Wa, N — 00,
A(n k=0

— Dg(W’\(sn)) = tf;)w(sn) — Wq, N — 00,

which means that the methdef 1V is a regular one.
__Itis the purpose of this paper to determine the degree of approximation of the funttoiis
f by DWW means of their Fourier series and conjugate series of the Fourier series (see section
3.1.), respectively. Later on, we will see that our results cover a lot of results obtained previously
by others and they are expressed in terms,ofwhich give better degree of approximation)
instead ofz. More results on this topic, the interested reader, can find in [4] and the references
therein.

To achieve this purpose we need first to prove some helpful lemmas given in next section.
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2. AUXILIARY LEMMAS
At first, we denote

b
1 = sin (v + ) t
ROV (1) im o Y
2m(bn — tn) A(k):zanJrl sin 3
Lemma 2.1. For 0 < ¢ < ;"5, the inequality
[ESY ()] = O (by +1).
Proof. Applying the inequalitiesin(3m) < fm andsin £ > £ ey
bn, A(k) : 1
1 1 sin (’U + —) t
’FSW@)’ = Prx(n)—vqu 3 2
27 (bn — ay) A(k):zan+1 W) ; ") Sln%
¥ i)
= 27T<bn — an) Ak)—an-+1 (k) - sin%
. 1 i 1 & (v+ 1)t
S —/—— n)—vQv |7/
27T(bn — an) )\(k) 41 W)\(k) =0 ( ) %
1 o 1
E zpm qu(w )
2(bn — an) A(k)=an+1 Wi 2
1 n
< — 2A —UVH4v
— Al —an) A(kg:an-&-l AW !
1 on
s — 2A(k 1
T o P0 D
1
< —(2b,+ 1) (b, — a,
—_— 4(bn _ an> ( + ) ( a )
= O,+1).

The proof is completeci

Lemma 2.2. For ;%5 <t <, the inequality

P 01=0 (25 + 1)

Proof. We divide the kernef2" () as follows

b 1
(2.1) an(t):m Z Z X

Ak)=an+1 A(k)=r+1
A(k)

1 sin (v +
W)\ Zp)\(n) ’UqU(STE) = ]Il + H27

wherer denote the integer part af/t
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Based on well-known inequalityin £ > £ for 0 < ¢ < =, we have

T

1 1
2.2 IL|=0 ——— ) —oGv
(2.2) | 1| <t(bn — an)> N Z WA(k) ;p)\( )—vd

k)=an+1

=0 (=) = © (=)

Now we need to estimat& |. Indeed, once again, using the inequality > £ for0 < ¢ <
m, we obtain

1 b 1 A(k)
23 H :O - n)—v4v
(2.3) || (t(bn _an)) A(Z Wy ;px )—od

k)=1+1

b, — T B 1
=9 (t(bn - an)) =0 (t> '
Relation [2.1) along witH (2}2) anf (2.3) imply the estimationijf" (¢)| as required.

The proof is completeca

In the sequel, we denote

Vo (t) == (t) = flw + 1) + [z =),

and
bn, A(k) 1
_ 1 1 CcoS (v + —) t
FSW(t) = § § Px(n)—vqv 1 2
27(by, — ay,) MEmmt1 W) o sin 5

Lemma 2.3. For 0 < ¢ < ; "5, the inequality

Proof. Using the inequalitiescos 3| < 1 andsin 5 > * for 0 < t < ;-"4, we obtain
bn A(k) 1
_ 1 1 cos(v+ 1)t
FPV ()] < s PAm) ol |~
27(b, — ay) /\(k):zanJrl W) ; sin 5
| b 1 W 7r
< 5 Z Zp)\(n)—qu "
27 (b — an) MEk)=an+1 W) v=0 t
b
1 = 1
= — 1=0(=>).
o > =0 ()
Ak)=an+1

The proof is completedch

Lemma 2.4. For "= < t < 7, the inequality

bn+1
~ 1 1
FOV ) =0 —— + = ).
0= 0 (s 1)
Proof. The proof can be done by same arguments as the proof of L¢mina 2.2. That is why we

omit the detalils.
The proof is completech

AJMAA Vol. 17(2020), No. 2, Art. 3, 16 pp. AIMAA


https://ajmaa.org

8 XHEVAT Z. KRASNIQI

3. MAIN RESULTS
This section is separated into two subsections. The first one deals with Fourier series, while
the second one, with conjugate series of the Fourier series.

3.1. The approximation of functions by Fourier series. In this section we are going to prove
the analogues of Theorgm [{.1]1.2 usigii* means of partial sums of the Fourier series of
the functionf. We begin with the first theorem.

Theorem 3.1.Let f € L]0, 27] be a2r-periodic function belonging to Lij), (0 < o < 1),
then the degree of approximation pby D°W* means of its Fourier series is given by

O (bn—i—l)_a), 0<a<l;

log(bn+1) o
o(ksl), a=1.

127 (F) = flloo =

Proof. It has been showed in [14] that

sulfia) = o / "ol ta)ty,

t
SH12

then denotingd?W* mean ofs, (f; z) by t2?W(f; z) := t2?W (x), we have

(k)
DW .\ _ sin (v+ It
Y (@) = o) = 5= [ 00 > e Zm N T
(3.1) :/b”“ S(H)FPW (1) dt+/ S(OFPY (1)dt = T, + Js.
0

Sincef € Lip(a), (0 < a < 1), implies¢ € Llp(a), then using Lemmpa 2.1 we get
e
i< [T otolER wlar

(3.2) =0 (b, +1) /+ t*dt = O ((b, +1)7).

The use of Lemmp 2.2, implies

i< [ olER @l

b +1

o0 [ e (o o)

bn+

1 T T
(3.3) =0 (b / t72dt + / to‘_ldt> =0 (Ja1 + Ja2) -
n — On BT e
For J2; we have
o . X /ﬂ o [0 (ba+1)"), 0<a<l;
. 21 = 1 dt = log(bn+1
bn — Qnp lel C) —%éji;l>7 Q ::17
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while for Jo, we get

(3.5) Joo = t*tdt = O ((by+1)"7) .
B

Whence, from[(3]3)[ (3]4), and (3.5), we find that

o (b, +1) %), 0<a<l;
JQ{ E< )

(36) O log(bn+1)>

o a=1,

Finally, using 3.2),[(3]7), andl (3.1) we obtain

o (b, +1) %), 0<a<l;
s thW(x)f(:c){ E( FU) 0<as

z€[0,27] O logb(j—i—l-l))’ a=1.

The proof is completeca

Theorem 3.2.1f Let f € L'[0,27] be a2r-periodic function andf € W(L?,£(t)) with 0 <
B < 1—1/p, then the degree of approximation pfoy D’IW* means of its Fourier series is
given by

1220 = £l =0 (@ + 1075 () )

provided¢(t) satisfies the following conditions:
(i) &£(t)/t is a decreasing function,
o [ aE (1lsn 5\P 16 _
(i [0 : (T) dt] —0(1),
iy [ (e ] 5
(i) [fj (Se) at] = 0 (b +1)7),

whered is an arbitrary number such thg{3—46)—1 > 0,p '+¢ ' = 1,p > 1, and conditions
(i1) and (iii) hold true uniformly inx.

Proof. To start the proof we usg (3.1)

@7 PV(@) - fa)= / " SOFPY (4)dt + / S(OFPY (1)t = Js + Ja.
0 (TE
once again (labeled now gs (8.7)).
Using Holder’s inequality, condition (i) of theorem, Lemina]2.1, the well-known inequality

sing > = for 0 < u < ;"5, and implicationf € W(L?,{(t)) = ¢ € W(L?,{(t)), we have

(3.8) |J3| = /Obn+l o(FEW (t)dt

AJMAA Vol. 17(2020), No. 2, Art. 3, 16 pp. AIMAA
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ud q 1/q
_o() (hi%/ dt)
_ 1/q

T . bn+1 —g8
(<51 ) ) (s [

m 14+6—
o(¢(5757) et 1)
— p+1 1
—0<(bn+1) §<bn+1)>,

because of /p + 1/¢ = 1 and condition (i) of the functiog(t) /.
Now we are going to estimatd,|. In this case, we use Lemrpa .2 to obtain

TE)O (b, + 1)
tB

i< [ [o0Er ) d

bn+1

N T ()] ool )
(3.9) -0 (/ t2(bn——an)dt+/w Tdt) = Tu1 + Joo.

b+l bn+1

By Holder’s inequality, and condition (iii), we get

1 ™
|J41‘ :O (bn - an) /7T

bn+1

P()E() > sin” §
E(t )smﬁ L

D 1/p -
o(B)t*sin’ 5 dt) ( /
e

dt

g2

in® t
sin” 5

q 1/q
dt)

bn+1 l q l/q
=0 (b, — )" ( / (5 (;)t—6+ﬂ+l> ?)
T t

bn+1

)
)
~0 ((bn —a,)’¢ ( bnz 1)) ( / o t‘ﬂ”qﬁ*”dt> "
(2=t o
£

since by (i)@ is a decreasing function andp + 1/q = 1.
Finally, we estimatéls,|. With similar reasoning, as ifi (3.]10), we have

- p 1/p - q 1/q
(3.11) |Je/=0(1) (/ ' dt) </ dt)
0 s

AJMAA Vol. 17(2020), No. 2, Art. 3, 16 pp. AIMAA
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because of (i) and/p + 1/q = 1.
Therefore, from[(3]9)[ (3.10), and (3]11), we obtain

(3.12) 1J4 = O ((bn +1) ¢ (b iJ) .

Whence, usind (3]7)}, (3.8), ar{d (3/12) the conclusion follows.
The proof is completeca

3.2. The approximation of functions by conjugate series of the Fourier seriesThe conju-
gate series of a Fourier series is of the form

Z(bk cos kx — a sin kx).
k=1

We already know (se&[15], Th. (3.1) Ch. IV) thatfifc L'[0, 2x], then

27 e—0

~ 1 [" t
x) = —%/0 w(t)cotgdt ——hm/ W(t) cot dt

exists for almost alk (it is called conjugate function of the functigf).
In this section we are going to prove the analogues of Theprelin 1.1-1.2 D§ig means
of partial sums of conjugate series of the Fourier series of the fungtion

Theorem 3.3.Let f € L'[0, 27| be a27-periodic function belonging to Lip), (0 < o < 1),
then the degree of approximation of conjugate functfohy D21W* means of its conjugate
series of the Fourier series is given by

a=1.

o, +1)°), 0<a<i:
[PV (F) — fm{ g P 0as

log(bn+1)
O bn+1 )

Proof. Since

%@w—ﬂ@:iélwfﬂﬁiﬁﬁ

2 sin %

then we have:
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bn

A(k) 1
~ ~ 1 T 1 cos (v + —) t
(DW (T oy _ ¢ E § Gy ———— 2t
n (f) l’) f(x) ot /0 ¢( ) W)\(k) s Pr(n)—v4q 1

(b, — an) NE sin 5

(3.13) = / B FPY (1) dt + / WOFPY (t)dt = Js + Jg.
0 TEs
Because of the similarity in reasoning we will shorten the proof. So, using Lémma 2.3, we
have obtained

(3.14) 5l = O ((ba+1)77),
and using Lemmp 2.4, we get
(3.15) Tl @) (bn+1)_a>, 0<a<l;
. 6| — o .
o lgb(j—.g.—;l)>7 a=1,

Finally, usind 3.1B),[(3.14), anf (3]15) we obtain the conclusion.
The proof is completech

Next theorem is given without proof.

Theorem 3.4.1f Let f € L'[0,2n] be a2r-periodic function andf € W(L?,£(t)) with 0 <

3 <1 — 1/p, then the degree of approximation pby D IW* means of conjugate series of its
Fourier series is given by

T g 1
122 = Tl =0 (@ + 1075 () )

provided¢(t) satisfies the following conditions:
(i) £(t)/tis a decreasing function,

@) [ (M) a]’ ~ o),

(iii) [f; (%)pdt}; ~0 ((bn v 1)5),

bn+1
whered is an arbitrary number such thg{3—46)—1 > 0,p *+¢~! = 1,p > 1, and conditions
(i) and (iii") hold true uniformly in z.

Proof. The proof is very similar to the proof of Theor¢m[3.2. Therefore, we omgt it.

4. COROLLARIES AND REMARKS

In this section we shall write corollaries of the main results. Indeedif = n, then the
mean in [(1.6) becomes the generalized Nérlund n{@am, ) (see [3]) Therefore, Theorems

B.143.4 imply:

Corollary 4.1. Let f € L'[0,27] be a2x-periodic function belonging to Lipv), (0 < a < 1),
then the degree of approximation pby D°(N, p, ¢) means of its Fourier series is given by

a=1.

O, +1)"), 0<a<l;
[Dz(N,P,Q)]n(f)floo{ E( ) > ses

log(bn+1)
0 bn+1 ’
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Corollary 4.2. If Let f € L'[0,2x] be a2x-periodic function andf € W(L?, £(t)) with 0 <
B < 1—1/p, then the degree of approximation pby Db(N, p, q) means of its Fourier series
is given by

DA, () = 71, = 0 (0417 € (7)),

provided{(t) satisfies conditions (i), (i), and (iii), wher&is an arbitrary number such that
q(B—-0)—1>0,p'+¢ ' =1,p>1,and conditions (ii) and (iii) hold true uniformly im.

Corollary 4.3. Let f € L'[0, 2] be a2r-periodic function belonging to Lipv), (0 < a < 1),

then the degree of approximation of conjugate funcﬁmy DP(N,p,q) means of its conjugate
series of the Fourier series is given by

a=1.

. L O (bn+1)_"‘), 0<a<l;
I[Da(N,p, )ln(f) = flloo =

log(bn+1)
o bn+1 )

Corollary 4.4. If Let f € L0, 27| be a2x-periodic function andf € W(L?, £(t)) with 0 <

3 < 1—1/p, then the degree of approximation 5by D?(N,p,q) means of conjugate series
of its Fourier series is given by

DA, (D) = Tl = 0 (0117 ¢ (7)),

b, + 1
provided{(t) satisfies conditions (i), (i), and (iii"), wheré is an arbitrary number such that
q(3—90)—1>0,p ' +¢ ! =1,p>1,and conditions (ii") and (iii’) hold true uniformly ir.

If we take\(n) = n andg, = 1forallk = 0,1,...,n, thenD:W* mean reduces t®° N,
mean, and from Theorers B.3{3.4 we derive the following.

Corollary 4.5 ([6]). Let f € L'[0, 27] be a2r-periodic function belonging to L), (0 < a <

1), then the degree of approximation of conjugate funcﬁdny Db N, means of its conjugate
series of the Fourier series is given by

a=1.

- o, +1)), 0<a<Tl;
I(DZNp)n(f)foo{ §< +1) ) <a<

log(bn+1)
0 bn+1 )

Corollary 4.6 ([6]). If Let f € L'[0,27] be a2r-periodic function andf € W(L?, £(t)) with

0 < <1-1/p, then the degree of approximationf)bny;Np means of conjugate series of
its Fourier series is given by

b, + 1
provided{(t) satisfies conditions (i), (i), and (iii"), wheré is an arbitrary number such that
q(3—90)—1>0,p ' +¢ ' =1,p > 1,and conditions (ii") and (iii’) hold true uniformly in.

N =l =0 (04 076 (1) ).

Moreover, if we takeéh, = n, a,, = 0, thenD’? mean becomes ordinary Cesaro mean, and in
addition, if we assume(n) = n andq, = 1 forall £ = 0,1,...,n, thenD?1W* mean reduces
to NV, mean. Consequently, from our theorems we obtain:

Corollary 4.7 ([7]). Let f € L'[0,2x] be a2r-periodic function belonging to Lij), (0 <
a < 1), then the degree of approximation pby (C*N,)) means of its Fourier series is given

by
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a=1.

O (n+1)¢ L 0<a<l;
(Ole)n(f)f|oo{ g( +) > <a<

O log(n+1) )

n+1

Corollary 4.8 ([7]). If Let f € L'[0,27] be a2r-periodic function andf € W(L?, £(t)) with
0 < 3 <1-1/p, then the degree of approximation pby (C'N,) means of its Fourier series
is given by

n—+1

provided¢(t) satisfies conditions (i), (i), and (iii), wher&@is an arbitrary number such that
q(—06)—1>0,pt+¢ ! =1,p>1, and conditions (i) and (iii) hold true uniformly im.

I Nul) = Fly =0 (4 0™ (7))

Corollary 4.9. Let f € L'[0,27] be a2r-periodic function belonging to Lip), (0 < a < 1),

then the degree of approximation of conjugate functfoby (C'N,) means of its conjugate
series of the Fourier series is given by

~ o~ Oln+1)%), 0<ac<l;
(@MMﬁﬂm{E(+) ) v<as<

O log(n+1) )

| a=1.

Corollary 4.10 ([10)). If Let f € L'[0, 2] be a2r-periodic function angf € W(L?, £(t)) with

0 < B <1-1/p, then the degree of approximation pby (C'N,) means of conjugate series
of its Fourier series is given by

~ ~ 1 1
1 . — ﬂ+5
I N)ulF) = Tl =0 (04 0™ (7))
provided{(t) satisfies conditions (i), (i), and (iii"), wheré is an arbitrary number such that
q(3-0)—1>0,p ' +¢ ! =1,p > 1,and conditions (ii") and (iii’) hold true uniformly in.

Remark 4.1. If we take A(n) = n, b, = n, a, = 0, p, = 5=(}), andg, = 1 for all k =

0,1,...,n, then D:W* mean reduces t6C, 1)(F, 1) mean, and from Theorems §.343.4 the
results presented in [11] are consequences of ours.

Taking&(t) = t* andg = 0, then WLP, £(t)) = Lip(«, p), and from Theoreth 3|2 we obtain
the following.

Corollary 4.11. Let f € L'|0, 27| be a27-periodic function angf € Lip(«, p), then the degree
of approximation off by D2W* means of its Fourier series is given by

1
I(DeW™)u(f) = fll, = © <—a1> :
(bn +1)" >
provided that; < a < 1.
We have to note here that if we taje= oo in Corollary[4.11, then we get:

Corollary 4.12. Let f € L'[0, 2] be a2r-periodic function andf € Lip(a), 0 < a < 1, then
the degree of approximation ¢fby D°W* means of its Fourier series is given by

IOE00) = Pl = 0 (e )
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Remark 4.2. The same degree of approximation, as in Coroffary]4.11 and Corpllary 4.12, can
be obtain for the functiorf using Theore4.

If we choosea,, = 2n — 1 andb,, = 2n, then from Corollary 4.71 (or Theorem B.2 with
conditions as in Corollary 4.11) we obtain:

Corollary 4.13. Let f € L'[0, 2n] be a2r-periodic function andf € Lip(«, p), then the degree
of approximation off by D’IW* means of its Fourier series is given by

|m%m—ﬂu=0(—¥i—ﬁ,

(2n+ 1) »
provided that, < a < 1.
The latest corollary, fop = oo, takes the form:

Corollary 4.14. Let f € L'[0, 2n] be a2r-periodic function andf € Lip(a,p), 0 < a < 1,
then the degree of approximation pby D:W* means of its Fourier series is given by

1
|47 —flle =0 ———= | -
W30 = 71 =0 (i)
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