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ABSTRACT. The concept ofm, p)-isometric operators on Banach space was extended.tg)-
isometric mappings on general metric spaceslin [6]. This paper is devoted to define the concept
of 1(m, q)-isometric, which is the extension df(m, p)-isometric operators on Banach spaces
introduced in[[10]. Le", ¢ : (E, d) — (E, d) be two mappings.

For some positive integen andg € (0,00). T is said to be an)(m, ¢)-isometry, if for all
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0<r<m
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1. INTRODUCTION

A few years ago, the class et-isometric operators in both Hilbert and Banach spaces at-
tracted much attention. They have been the object of some intensive studies by many authors in
the paperd][1,12,3) 4] 5,7,/8,/10/) 12] 14,117, 22, 23].Also,the theeisometry is developed by
J. Agler and T. Stankus (se€ [1,2, 3] ) with rich connections to Toeplitz operator§)(ket)
be a polynomial in two variablegandz of the form

Q(y, Z) = Z Z ﬁrlzly’", ﬁrl e C.

0<r<m 0<i<m

For an operatof” € B(H), the algebra of bounded linear operators on a Hilbert space of
complex infinite dimensional{ into itself,

QT )= Y > BT, ByeC.

0<r<m 0<i<m

T is anm-isometry for some integen > 1 if

Am(T> = (zy — 1)m(T) = Z (_1)m—r<

0<r<m

m
r

) T*TT’!’ — O7

or equivalently
-r m s
TP DR Cviad (8 [
0<r<m

forally € H ([A]). If A,,_1(T) # 0, thenT is said to be a striat:-isometry form > 2.
m-isometric operators are important in the study of some classes of operators as Dirichlet
operators,they are also a natural extension of an isometey ().

In [4,18,[14)17] a generalizations of-isometries to Banach spaces are studied.
For some integem > 1 andp € (0, co), if

59 = 3 o (M=o (vye ),

0<r<m

T € B(X), is called anm, p)-isometry, (see[4, 14]). Irn_[10], the author introduced the con-
cepts ofA(m, p)-isometries, where, for an operatdre B(X'), T € B(X) is A(m, p)-isometric
if
m

@y apwa= 5 (M)A =0 (rye ),

0<r<m r
Evidently, an/ (m, p)-isometry is an(m, p)-isometry.
If BT, A,y) < 0 (resp. B%(T, A,y) > 0),¥V y € X, T is said to bed(m, p)-expansive

(resp. A(m,p)-contractive). We refer the interested reader to[11] 15,20, 21] for complete
details.

Let E andF be metric spaces. A mappifg: E — F is said to be an isometry if it satisfies
dp(Ty,Tz) = dg(y, 2), forally, z € E, wheredg(., .)) anddg(., .) denote the metrics in the
space¥ andF, respectively.

Foran magd : E — E, a positive integem andq € (0, o) define
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(1.2) eI (T; y,2) : Z (—=1)" (T) dE(Tm””y,Tm”"z)q, y,z € E.

0<r<m
The map! is said to begm, q)-contractive(respectively(m, q)-expansive andm, ¢)-isometric
) if (=1)™O4,(T; y,z) > 0 (respectively(—1)"0% (T; y,z) < 0andO?,(T; y,z) = 0) for
some positive integern. andq € (0, o).

Clearly,T is an(m, ¢)-contractive mapping if

Z (—=)™ (T) dg (T"H“y, Tm’rz)q >0, Vy,z € E.

0<r<m

T is an(m, q)-expansive mapping if

E:(—1V%TC:>%ATm4yJW”%OqSO,VyVZGE,

0<r<m

andT is an(m, q)-isometric mapping if and only if

5 (Pt <o vy e

0<r<m

Itis well known that the concept dfn, ¢)-isometric mappings was introduced and studied by
the authors T. Bermudez et al. in the papeér [6]. However the third named author has introduced
and studied the concepts @f, ¢)-expansive andm, ¢) contractive mappings in the papers
[18,19].

Following [16], a mappindl’ (not necessarily linear) on a normed spacds an (m, p)-
isometry (m > 1 integer ang > O real) if, forally, z € X,

13) BT )= 3 ()= s =

0<r<m
Whenm = 1, (1.3) is equivalent tf7y — T'z|| = |jy — 2|, Yy, z € X, and whenn = 2, (1.3)
is equivalent to
Ty — TP = 2| Ty — T2 + |ly — 2" =0, Vy, 2 € X.

In this paper, we extend the concept &fm, p)-isometries on Banach spaces to general
metric spaces. Lét, ¢ : (E, d) — (E, d) be two mappings. T is said to h&m, q)-isometric
mapping, if for ally, z € E,

m
(1.4) (T )awey ve )~
OSTZSm r
for some positive integer. andq € (0, ).
Observe that if", v € B(X), we can write[(1]4) as

> o (M) fwe o

0<r<m

The contents of the paper is as follows. In Section one we set up notation and terminology.
Furthermore, we collect some facts abeuisometries andm, p)-isometries. In Section two,

we introduce and study the conceptwfm, ¢)-isometric mappings on general metric spaces.
Several properties for members from this class of mappings are investigated. We prove under
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suitable conditions that(m, q)-isometry must be)(m — 1, ¢q)-isometry form > 2 (Proposi-
tion[2.4, Theorem 2]8). Recall thatif is anm-isometric (resp.(m, ¢)-isometry orA(m, p)-
isometry), then so are all its powé&i*; for n > 1 (cf [, 4,[6]). It turns out that the same
assertion remains true far(m, ¢)-isometry ( Theorerp 2.11). Moreover, we prove thaf'ifs
any(m,q) andT is ani(n, q)-isometry suchl’'S = ST, ThenT'S is any(m +n — 1,q)-
isometry (Theorerh 2.13). In section three, we prove that a fap(E, d) — (E, d) is an
¥(m, q)-isometry if and only ifl" : (E, ﬁ;“w) — (E, p/va’) is an isometry for some distances

Pr s andﬁ;:/ onE associated t@ and.

2. MAIN RESULTS
From now in this paper) : E — E is a self mapping on a metric spa@, d).

Definition 2.1. Let 7" be self mappings ofE, d). T is said to be)(m, q)-isometry if it satisfies
forally,z e E

(2.1) Z (=1)m" (T)dw 0Ty, YoT"2)" =0,
0<r<m
for some positive integern. and real; € (0, o).
Remark 2.1. (1) Whenm = 1, Equation|(2.]) is equivalent to
d(w oTy, ¢ oTz) = d(z/Jy, wz); vV oy, z € E.
(2) Whenm = 2, Equation|[(2.]) is equivalent to
d(y o Ty, o T?2)" —2d(yp o Ty, 1o T2) +d(¢y, ¢z)?=0, Vy,z€E.
(3) Whenm = 3, Equation|[(2.]L) is equivalent to
d(poT?y, z/JoT?’z)q—?)d(on2y, onzz)q—HSd(ony, z/JoTz)q—d(wy, wz)q =0 Vy,zeE.
Remark 2.2. If ¢ = Ig (the identity map), then Definitign 2.1 coincides with [6, Definition1.1].

Remark 2.3. (1) It is will known that every(m, q)-isometry is injective map. Moreover, in
general an)(m, q)-isometry is not necessary injective map.

(2) Let T be a self map on a metric spad&such isy(m, ¢)-isometric. IfT"o1) or ¢ is injective,
thenT is injective.

Lety,z € E such thatl'y = Tz. It is obvious thatl"y = 77z for all r € N. Under the
assumption thdl’ is av(m, ¢)-isometric mapping we get

> (=1 (m) d(W o T™ "y, o T™ "2)1 = 0,

0<r<m r

which means that(yy,vz) = 0. So thatyy = z. Thus,T o vy = T o 1pz. Consequently
y = z under one of the above conditions.

Remark 2.4. The following example shows that there exists a map thatis, ¢)-isometry but
is not(m, q)-isometry for some positive integer and real.

Example 2.1. Consider the metric spadé&, d,) whereE = R? and
d0(<y7 Z)v (U,U)) = ‘y - u‘ + ‘Z - U|'
DefineT', ) : R? — R? as follows:

y+z—1 y+2+4+1
T(y2) = (—F— —

y+=z y+Z)

)andw(y,z):( 5 g
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A simple computation shows thé(T (v, z), T(u,v)) # do((y,2), (u,v)) and
do(¥ o T(y.2), ¥oT(u,v)) = do(v(y,2), ¥(u,0v)).
This means that’ is a-isometry bufl" is not isometry.
The following theorem extended|[6, Proposition 1.4].

Theorem 2.1.LetT be a self map on a metric spade, d). If T'is a bijectivey(m, ¢)-isometry,
thenT ! is also amy(m, q)-isometry.

Proof. As the proof is similar tol[6, Proposition 1.4], we omit k.
Set
22) O (Twry2)= D (-1)" (T)dw o Ty, o T"2)", Vy,z €E.
0<r<m

Proposition 2.2. For a self mapl” on a metric spac&, m € N, g € (0,00) andy, z € E, the
following identity holds.

(23) @m, q(T7 W Y, Z) = @mfl, q(Ta ¢; Tya TZ) - 6mfl, q(T; ¢7 Y, Z)
Proof. In view of the identity(”") = (™ ')+("~/) for j = 1,--- ,m—1, we have the equalities
T m T T
@mﬂl(T?w; y,Z) = Z (_1)771 (r>d(¢oT?J,OT Z)q
0<r<m

= (=D)"d(yy, )+ Y (—1)mT(T)d(on’”y,on’”z)q

+d(¢Y o Ty, o Tmz_)q_
= (=D)™d(¢y,vz)"
+ > (—l)m_r((m_1)+(m_1))d(on”y,@/JoTTz)q

T r—1
1<r<m-—1
+d(p o Ty, o T™z)"
= _(am—l7 q(Ta 1/]7 Y, Z) + (_)m—l7 q(T7 % Ty7 TZ)
|

Corollary 2.3. If T'is a self map on a metric spa¢g, d) such is any)(m, q)-isometry, thely’
isany(m + 1, q)-isometry.

The converse of Corollafy 2.3 is not in general true (5ee [6]).

Proposition 2.4. LetT be a self mapping on a metric spad@ d) such is anj(m, q)-isometry.
If T satisfies

d(poTy, Yo Tz) <d(vy,vz), Vy,z€E,
thenT is any(m — 1, ¢)-isometry.

Proof. SinceT satisfies the conditiod() o Ty, 1o Tz) < d(¢y,vz), Vy,z € E, it follows
that,

d(oT" 'y, Yo T 2)! <d(ypo Ty, 0o T"2)";Vy,z €E, and n € N.

This means tha(d(w oT™y, o T”z)q) is deceasing sequence, so convergent.
neN
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Under the assumption thtis an(m, ¢)-isometry and togethefr (2.3), we get
Om—1,¢(T,0; y,2) = Opy, (T, 0; Ty, Tz) = ... = Oppy, (T, 0; Ty, T"2).
However
Om_1. (T, h; Ty, T"2) = Oy o ((T)10; Ty, T"2) — 0,5 (T, 0; Ty, T"2),
so that
Om—1, (T 0p; Ty, T"z)

Z (_1)mﬁ (m N 2) {d(@b o Tty 4o T"HHZ)q
0<j<m—2 J
—d(¢ o T™y, o T"”Z)q] '
By taking the limitn — oo in the preceding equality leads to
@m—l, q(Ta wa Tny7 Tnz) — 0.
Consequently®,,_1 (7,4 y,z) = 0. Therefore ' is any(m — 1, ¢)-isometry.g
Corollary 2.5. LetT be a self mapping on a metric spade, d). If T satisfies

d(po Ty, Yo Tz) <d(py,vz), Vy,z €E,
thenT is ani)(m, q)-isometry if and only if" is an«-isometry.

Proof. We can derive the result from Propositjon|2g4.

Proposition 2.6. LetT be a self mapping on a metric spa@ d). Then the following identities
hold forn > m > 1.

@A) Ou T =dwory vor) = 3 ()6, (T 1)

0<r<m-—1
n
> ()@r,q(T,@b; Ty, Tz) =
0<r<m-—1 r
(2.5) 3 "t e, 1y y,2)+ ()0 (T v, 2)
r r,q ) ¥ ) m—l m, q s ) ’

0<r<m—1
where©, (T, v;y, z) = d(wy, wz)q.
Proof. We will prove (2.4 by induction onn > 1. One may letn = 1 in to see that
O1,o(T,¢; y,2) =d(¥ o Ty, Yo T2)" —d(vy,z)",

which is obviously true. Suppose that the induction hypothesis holds fdy the induction
hypothesis ang®2.3)), we obtain
@m+1, q(T7 2/}7 Y, Z) = (9m7 q(T7 ¢7 Ty7 TZ) - ®m, q(TJ wa Y, Z)
= Ao Ty, po T - Y m) 6, (T, Ty.T=)
T
0<r<m-—1

—d(voT™y, poT")" + Y (T) O, (T, 05 v, z))

0<r<m-—1

AJMAA Vol. 17(2020), No. 2, Art. 20, 18 pp. AIMAA


https://ajmaa.org

1 (m, q)-SOMETRIC MAPPINGS ON METRIC SPACES 7

= d(poT™ My, poT™2)" —d(yp o T™y, o T™z2)"
- Z <T:) @rJrl,q(T?w; Y, Z)
0<r<m—1

- d(w o T™y 4o Tm+1z)f1 — O, (T, y,2) — Z (T) O, (T,¢; y,2)

0<r<m-—1
m
- Z <T)@T+1,Q<T71/}; yaz)

0<r<m-—1

= Ao Ty, poT™2)" =0, (T, v; y,2) — Z <7:L) O, (T,¢; y,2)

0<r<m-—1
m
- Z (T— 1>@7‘,q(Ta¢; y7Z)

1<r<m

= d(YoT™ !y, Yo T™2)" = 6,, (T, v; y,2)

—00,o(T, 0 y,2) = Y ((T) + (rTl))@r,q<T7w> Y, 2)

1<r<m—1

_( " )@m,q(T7¢7 y,Z)

m—1

= d(Y o T™ Ny, Yo T™12)" — Oy (T, %, y,2)
m+1 ' m+ 1
— Z ( r )@r7q(T7w7 y,Z) - ( m )@m,q(Tawa y’Z)

1<r<m-—1

— d(¢on+1y, @/JonH)q— Z (mj—l)@nq(T,@/J; Y, 2).

0<r<m

Hence, the desired conclusion follows.
To prove [(2.5), we have by (2.3) that

> (") )enamu )

1<r<m

= Z (T ﬁ 1) (@r—l, q(Ta l/), Tya TZ) - @7"—1, q(T’ 'QD, Y, Z))
1<r<m

- ¥ (Z)@T,q(T,w; Ty Tz)— > (Z)@T,q(T,w; Y, 2).

0<r<m-—1 0<r<m-—1
From this, we deduce that
n
> ( )@r,qmzﬁ; Ty,Tz) =
0<r<m-—1 r
n n
> (T_l)@T,AT,w; v2)+ > (T)@T,qa’,w; Y, 2)
1<r<m 0<r<m-—1
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_ (mri 1) Oum, o(T. 05 y, 2) + 1<Z;nl ((r " 1) - (:))Gr,q(Tﬂp; Y, 2)

= 4060, (T,¢; y,2)
n+1 n
= ) ( . )&«,q(T,zﬂ; y,z)+<m_1)@m,q(T,w; Y, 2).
0<r<m-—1

The proof is so completedq.

Theorem 2.7.LetT is a self mapping on a metric spag®, d). The following properties hold.
(1)
(2.6) d(po Ty, Yo T2)= > (”) O, 4(T.%; y,2), Vy,z €E.
0<r<m r
(2) T is any(m, q)-isometry if and only if
@7)  d(@oT'y, poT )= ) (”) O, (T ¥;y.2), ¥y,2 €E.
0<r<m-—1

(3) If T'is any(m, q)-isometry, then

1
(2.8) Om-1,¢(T, 05y, 2) = JLHOIO W

m—1
In particular ©,,,_1 (T, ¢, y,2) >0, y,z € E.

Proof. We proceed by the induction to proye (2.6). Itis easy to see[that (2.6) is true=for.
Now assume thalt (2.6) holds farand prove it fom + 1. By (2.7) and the induction hypothesis,

d(w OTnJrly, w oTnJrlZ)q —

OueralTovs 2) = 3 1+ ("] Jatwo o wo )

d(oT"y, Yo T"2)?, Vy,z€R.

0<j<n
i1 +1 )
- ®n+1,q(T7¢; y7Z)_ Z (_1) i ]( . ) Z (i)GT’,q(Ta,@D; Y, Z)
0<j<n J 0<r<j
na1_ifmn+1 ]
= ®n+1 q T W Y,z Z 67“ q ¢> Y, Z) Z (_1) +1 ]( . )(j)
0<r<n r<j<n J r
= @nJrl,q(Tu wa y7Z> - Z ( )@T,Q(T7¢; Y, Z)( Z ( 1) i J( _ ]))
0<r<n r r<j<n j "

-~

1

- Z (nj: 1>®T7q(T,¢, Y, 2).

0<r<n-+1
Thus [2.6) holds fofn + 1).

(2) If T is any(m, g)-isometric mapping, the®, ,(7.v; y,z) = 0 for all »r > m. Hence we
drive (2.7) from[(2.5). On the other hand[if (2.7) holds foralb 1. Then®, ,(T,v; y,z) =0
for r > m by (2.6), sdl’ is aniy(m, ¢)-isometry.
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(3) One first has to observe that, By (2.7Yifis any(m, ¢)-isometry, then

d(@/f oT"y, Yo Tnz)q = Z (?) Gj,q(TaI/)? y,z) + (mTi 1) Gm—Lq(Ta@/}; y,z).

0<j<m—2
Dividing both sides by "), we get
1 "
Td(@bOT”y, ¢0Tnz>‘1 = Z #G)j,q(Tad% y,Z) +@m—17q(T7¢7 y,Z)-
(m—l) 0<i<m—2 ( )
(5)
(mil)

It was observed that for an even integer every invertiblem-isometric operator is also an
(m — 1)-isometric operator. Se&l[1, Proposition 1.23] and [9, Proposition A ]. The following
theorem shows that this property is also satisfied by the clagsofq)-isometry.

m—1

Since

— 0 for0 < 7 <m — 2, by takingn — oo we get the statemer(3). g

Theorem 2.8.LetT : (E, d) — (E, d) be a map such is an invertibig(m, q)-isometry. Ifm
is even, thef" is anvy(m — 1, ¢)-isometry.

Proof. SinceT andT~! are amy(m, q)-isometries, it follows in view of the stateme(®) of
Theorem 2.7 that

—1
2. <—1>m—1—f(m >d(on’"y,¢oT’“z)q20, Vyz€eR
0<r<m-—1 r
and

> umt (T dwo Ty ot 20, ¥y

0<r<m-—1
Then one has

Z (_1)m—1—r (mr— 1)d(1/}OT_Ty, wOT_TZ)q >0, V y,z2

— Z (_1)m—1—7“ (mtn_lzi 7ﬁ)d(w o Tm—l—ry, Yo Tm—l—rz)q >0

0<r<m-—1

— Z (—1)T<mr_ 1)d(1/JoTTy, onrz)q >0, V y,z

0<r<m-—1

= — Z (—1)m=t=r (mr_ 1) d(¢oT"y, voT"2)" >0 (sincem is even integer

0<r<m-—1
—1
= > (-ym (m )d(w oTy. poTr2)' <0, V y,z
0<r<m-—1 r
Hence we have
, -1

Z (—1)mtr (m )d(w oT"y. o Trz)q =0, V y,z€LE.
0<r<m-—1 r

Consequentlyl" is any(m — 1, ¢)-isometry. So the proof is complete.
|
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Lemma 2.9. ([12]) Letm be a non negative integer. Then the following identities hold.

(2.9) S (- (T)rj =0

forj=0,1,---,m—1and
m
_1\ym—r m __ |
(2.10) E (—1) <T)r m!.

Forn,r € Nwe setn™ := (")rl.
Proposition 2.10.Let T : (E, d) — (E, d) be a map. Thefi' is ani(m, ¢)-isometry if and
only if

(211) d(poT y, poTrz)' = Y ( > (—1)’”‘jn(r)<;))d(onjy,wOsz)q,

rl
0<j<m—1 N j<r<m—1

forall n € Nandy, z € E.

Proof. Firstly, assume thaf is ani(m, ¢)-isometric mapping. Fronf (2.6), it follows that
d(poTry, Yo T 2)' = > —0j, o(T,¢; y,2).

In view of (22.2)), we have
d(go Ty, Yo Tmz)" =
n

> X e (Do oty

o<tz I 052
n') (7 a nt) 1 (J q
= > () )dlwy we) Y (-0 (Y )d(po Ty, woT2) +
: J! 0 . g! 1
0<j<m—1 1<j<m—1

) , ;
o4 Z n_(_l)]—m—H (m-]_ 1>d(,¢ o Tm—ly’ w ° Tm—lz)q

ne155emer I
) A ‘
- Z ( Z (_1)T_jn—,(r.>)d(@/}oTﬂy, @DoTJZ)q‘
0<j<m—1 N j<r<m-—1 rio\J

Conversely, assume thg.11) holds, then we obtain that — d (v o Ty, 1 o T"z)" is a
polynomial inn of degree< m — 1;

d(poTiy, YpoTI2)" =po+pin+ -+ ppn™ "
wherep, = Z B;d(voT’y, oT’z)" for B, € R. Applying 1} of Lemm, we obtain
0<j<r
that

S i (T)awe . vors)! 0.
0<r<m

HenceT is anvy(m, q)-isometric mappinga

The following result shows that a power of afin, ¢)-isometry is again af(m, ¢)-isometry.
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Theorem 2.11.LetT : (E, d) — (E, d) be a map such is an(m, ¢)-isometry. Theff™ is an
1 (m, q)-isometry for each positive integer

Proof. Assume thaf is any)(m, ¢) isometry. From[(2]6), it follows that

@)
d(poT ™y, poTz)" = Z (nr)¥)

|
o<jem-1 I

6]', Q<T7 W Y, Z)

By (2.2), it holds

O, (T, y,2) = 0; (=1)m™" (T)d(¢oT"Ty, PoTmz)
[P SR
<r<m <j<m—
- — _:o (by Lgmm@ i
= 0.

HenceT™ is aniy(m, q)-isometry as desired

Lemma 2.12. LetT be a self map on a metric spacg, d) is an(m, q)-isometry. Then the
following identities hold fon > m andy, z € E,

rf T 7 n—r n—r \49 __
(2.12) Z (—1) (T)r d(oT "y, o T "2)" =0
0<r<n
fori=0,1,--- ,n—m.

Proof. SinceT is any(m, q)-isometry, it is known thaf is anv)(n, ¢)-isometry for eachw >
m. Thus, fori = 0, is immediate. Assume that> 1 and prove(2.12) by induction
onn. The result is true fon = m (by Propositior] 2.70). Suppose th@t12)) is true for
ie{l,2,--- ,;n—m}andproveitfor € {1,2,--- ,n—m+ 1}. By the induction hypothesis,
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we obtain
Z (_1)7‘ (ni— 1) Tzd(¢ o f_z"vn—r+1y7 w o Tn—'r—l—lz)q
0<r<n+1
o T —
1<r<n+1
— _1\r+1 n+ 1 i n—1 n—r \4q
> (1) i1 (r+1)'d(¢oT" "y, voT" "z)
0<r<n
T n! i— n—r n—r
= —(n+1)0;n( i DA e Ty, e T )"
= —(n+1) Y (—1)7“<Z>( > (i;1>rj)d(on”’"y, oI "z)"
0<r<n 0<j<i—1
1 . q
= —(n+1) Z (Z i )( Z (—1)T(:>r7d(¢oT”_ry, ;DOT"_TZ) >
0<j<i—1 0<r<n
= 0.
|

Theorem 2.13.Let 7" and S be self mappings on a metric spa@, d) such thatl’ o S =
S o T. Assume thal’ is anv(m, q) isometry andS is an(n, ¢)-isometry, therf" o S is an
w(m+n—1,q)-isometry..

Proof. We need to prove tha&,,,,_1 (70 S,v; y,2) =0 fory,z € E.
In fact, under the assumption tHat S = S o T, we have

@m—l—n—l, q(T © S: ¢, Y, Z) -
Z (_1)7, <m +n— 1>d(w o (T o S)m+n—1—ry7 w o (T o S)m+n—1—rz)q —

r
0<r<m+4n—1

-1
Z (_1)r (m +n )d(w o Tm-l—n—l—r o Srm-&-n—l—’/‘y7 ¢ o Tm-&-n—l—TSm-i-n_l—T’Z)q.

.
0<r<m+4n—1
On the other hand sincg is anv)(m, g)-isometry, it follows by Proposition 2.10 that

d(¢ o Tm+n—1—r8m+n—1—ry’ 'QZ) . Tm—i—n—l—rsm—i—n—l—rz)q —

Z Z (_1)101;' (m +n—1-— 7"( )(?))d(w o Tlstrnfry, w o Tlstrnflfrz)q.

0<i<m-—1 ( [<p<m—1

By observing thatm +n — 1 —r)®) = Z b, we obtain that

0<a<p

®m+n—1, q(T o Sa ¢7 Y, Z) -

Z Z Z be(—1)" (m +n— 1> rad(w o SMH=l=rTly o Sm+nflfrTlZ)q.

r
0<r<m+4n—11<p<m—10<a<p
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In order to prove tha®,,,+,,—1, (1S, ¥, y, z) = 0 it suffices to prove thatfare {0,1,--- ,m—
1} we have

-1
Z Z ba(_l)rﬁnfl (m +n )T‘ad(¢ o Sm+n—1—rle7 Yo Sernflfrle)q —0.
0<r<m+n—10<a<p r
In view of the fact thatS is any(n, ¢)-isometry, it follows by Lemmp 2.12 that
: —1
Z (_1)7 (m +n >Tad(1/1 o Sm—l—n—l—rle, w o Sm+n—1—rTlZ)q -0
0<r<m—+4n-—1 r

fora € {0,1,--- ,m — 1}. Thereforel o S is any(m + n — 1, ¢)-isometry.n

Corollary 2.14. LetT andWW be self mappings on a metric spa@e d) such thatl'oWW = Wo
T. If T'is any(m, q)-isometry andV -is ani(n, q)-isometry, thef?oWW" is any(m+n—1, q)-
isometry for all positive integersandwv.

Proof. The proof is an consequence of Theofem .11 and Theoremg.13.

Lemma 2.15. ([13, Lemma 3.15]If (a;),>0 is a sequence of complex numbers and, m, {
are positive integers satisfying

P
(2.13) > (-1 (r)awﬂ- =0
and
l
(2.14) > (—1>"< )awﬂ- =0
0<r<i r
forall j > 0, then
(215) Z (_1)1“ (p) apr =0,
0<r<p "
whereh = gcd(v, u) andp = min(m, ).
Theorem 2.16.LetT be a self map on a metric spa@®, d) such thatf™ is ani)(m, ¢)-isometry

andT™ is an (1, q)-isometry, theri™ is a1 (p, q)-isometry, wheré is the greatest common
divisor ofr andm, andp is the minimum ofn and|.

Proof. Fix ¢,z € E and denoter; = d(¢ o Ty, o sz)q for; =1,2,--- . AsT" is an
1 (m, ¢)-isometry the sequende;) ;> verifies the recursive equation

> (= (m> Gy = 0, forall j > 0.
0<r<m r
Analogously, ag™ is any (I, q)-isometry the sequende; ), verifies the recursive equation

l
E (—1)”( )amﬂ' =0, forall j>O0.
.

0<r<l

Applying Lemmg 2.1p we obtain that

Z (_]_)pfr (p) Apyr = 07

0<r<p "

whereh is the greatest common divisor pfandm, andp is the minimum ofm and/. Conse-
quently, 7" is anv(p, q)-isometry.x
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The following corollary is direct consequence of preceding theorem.

Corollary 2.17. LetT : (E,d) — (E,d) be a map and let, u, m, [ be positive integers. The
following properties hold.

(1) If T"is an(m, q)-isometry such thaf™ is an (1, ¢)-isometry , theril" is an (1, q)-
isometry .

(2) If T* and TV are ) (m, q)-isometries, then so i.

(3) If TV is anv)(m, q)-isometry and™*! is anw(l, q)-isometry
with m < [, thenT is anv(m, q)-isometry.

Lemma 2.18.LetT be a self map on a metric spaiesuch isy(2, p)-isometric, then for all
integerr > 2 andy, z € E, the following identity holds.

d(WoTy,YoT 2) —d(YoT 'y, po T '2)" = d(¢p o Ty, o Tz)* — d(vy, vz)".

Proof. By by induction onr. The identity is obviously true for = 2, sinceT is any (2, p)-
isometric mapping. Now assume that the identity is true-for2 i.e.;

d(YoT y, YoT"z)  —d(YoT" 'y, 0T '2)! = d(poTy,poTz) —d(Yy,vz)’, V y,z € E.
Consequently, we obtain the following equality
Ao Ty o T 2)" —d(po Ty, p 0 T"2)"
= d(oT?y,oT?2)" —d(yp o Ty, o Tz)"
= d(¢poTy¢oTz)" —d(vy,vz)".
1

Lemma 2.19. Let T be a self map on a metric spa¢é, d) wish is(2, ¢)-isometric map,
then the following statements are true.

(1) d(on"t,on"z)q = n.d(¢oTy, wOTz)q—(n—l)d(wy,wz)q, y,z€E, n=0,1,2,---
() d(voTy, $oT2)" > " Ld(by,v2)", n>1, 2 €E.
(3)d(v o Ty, v 0o T2)" > d(vy,vz) forall y,z €E.

(4) d(¢p o Ty,¢p o Tz) < 25d(wy,wz) Y y,z € R(T) (the range ofl").
Proof. )(1) SinceT is ¢(2, ¢)-isometric map it follows from Lemnia 2.]L8 that
Ao T My, o T 2) —d(p o Ty, 0o T"2)" = d(1p o Ty, ¥ 0 T2)* — d(vpy, vz)".
This means that
d(y o Ty, o T"z)*
= d(poTy, YoTz) + (d(¢oTy, ¢oTz)q—d(¢y,¢z))q

1<r<n

-1

= d(poTy, YoTz)"+ (n—1)(d(¢o Ty, oTz)" —d(y,1p2)") +
= nd(yoTy,YoTz)"+ (1 - n)d(vy,vz)".

(2) Sinced(y o Ty, ¢ o T"2)" > 0 for all y, = € E, we get
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~ Ly, )

d(y o Ty, o Tz)*
(3) By takingn — oo in (2) yields (3).
(4) The fact thafl" is ¢/(2, p)-isometric gives
d(¢ o T?y, ¢ o T%2)" = 2d(vp o Ty, b o T2)* — d(vpy, vp2)" < 2d(yp o Ty, ¢p o T2)".
This means that,
d(th 0 Ty, 4 0 T?2) < 21d(¢h 0 Ty, o T2).

3. DISTANCES ASSOCIATED TO v (m, q)-ISOMETRIES

In this section we introduce some distances related(to, ¢)-isometries. Our inspiration
cames from the papels [4,(6,/19].

let 7" be am)(m, q)-isometry, we se,bw(y, z) = (@m1, JT ;5 y, z)) " for y,z€€E,m>1
andg > 1.

Proposition 3.1. If T"is ani(m, ¢)-isometry, then

(3.1) pr,(,2) = ¢/ (m—1)! lim d(y o1y, $oTm)

n—-00 Y/ (m—1)
Moreoverp, is a semi-distance oR.

Proof. Under the assumption thatis ani)(m, q)-isometry, we have from the stateménj of
Theoren 27

d(oT"y, YoT"z)" = Z <Z> Om-1,¢(T, 5 y, 2).

0<r<m-—1

Note that the mam — (") is polynomial inn of degreer and©, ,(T’,; y,z) = 0 for
r > m — 1. Therefore

n n q " . q
Om-1,4(T,¢; y,2) = lim d<on(y;¢)OT ?) = (m—1)! lim d(onnz(/;_zf)oT 2) _
e m—1 n—~oo

This means that

(3.2) oy (y, 2 /—_ ! lim (@/J oT"y, o Tnz).

n—-00 /1, (m—1)

To show thap_  is a semi-metric, firstly, we observe th@rt ,z) > 0, by the statement
(3) of Theorerr.7 Clearlyp,, (y y)=0 ande’w(y, z) = pTyw(z y)Vy,ze€E.
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Next to prove the triangle inequality, we have for, z € E,
1
pT’w(yVZ) = @mfl,q(va; wa)q

— /(m—1)! lim Ao Ty yoIz)

n—-00 /p(m—1)
< YD i 20T Y ¢I)OT ?)
n—-am~o n m—
d(¢p o Tz, 1o T"z)

+¢/(m—1)! lim

n—o0 4/ (m—1)
= pp (Y. 2) +p, (2,2).
|
Remark 3.1. In view of Propositiof 212, if” is ani:(m, ¢)-isometry, then
Om-1, (T, ;5 y,2) = On1, (T, 00; Ty, Tz).
This means that, (v, 2) = p,. ,(T'y, Tz) and therefore
T:(E, p,,)— Ep, )
IS an isometry.

By observing that

Om, q(T V; Yy, 2) =
Z ( )donmry7onmr)
0<r<m
= X (Dawery vernay
0<r<m
r (even
- X (Mo ey
0<r<m
r (odd)
_ Z (T:)d(ﬁ/) o Tm—ry’ Yo Tm—'rz)q
0<r<m
r (even
- > (T) d( o T™ " Ty, o T " 'T%)"
0<r<m
r (odd)

= p/;-;(ya Z) - ﬁ;;l(T:% TZ)

Lemma 3.2. If ¢ is a injective self map off, then(E,p," ) and (E, p, »_ ) are both metric
space.

Theorem 3.3.LetT : (E,d) — (F,d) be amap and > 1. If ¢ is injective, then following
statements are equivalent.
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(1) T :(E, d) — (E, d)isani(m,q)-isometry
2)T:(E, p, ) — (E p, ') isanisometry.
Proof. In view of Proposition 22 it follows that,
T is any(m, q)-isometry
m
d Tm—r Tm—r q
sy () (Yo T "y, hoT™"2)

0<r<m
r (even

_ Z m)d(w o TmfrflTy’ ,lp o TmeflTZ>q7 v Y, 2 c E,
r
0<r<m
r (odd)
= %(%@z%'(Ty,Tz), Vyz€eE
< Tis an isometry

4. CONCLUSION

In this study, some properties ef-isometries of Hilbert and Banach spaces operators are

characterized fom-isometries for mappings on general metric spaces.
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