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1. INTRODUCTION AND DEFINITIONS

Let S be the class of analytic normalized univalent functigrgefined inz € D = {z : |z] <
1} and given by

(1.2) flz) = z+Zan2”.

Thenfora > 0, f € Bi(«a) C S, ifand only if, forz € D

(1.2) o G

f(z)te

The BazilevE functions with logarithmic growth3; (o) C S have been extensively studied
(see e.g.[]3],[17],I8]). Some results have been obtained for the Bidsg. Amongst other
results, Singh [6], found sharp estimates for the modulus of the first four coefficignts, and
ay. The sharp bounds for modulus of the inverse coefficidntsA; and A, also were obtained
in [9]. The higher coefficients becomes interesting. In 2017, Marjono et. al.[4] given sharp
estimate forlas| , |ag| and|As|.

It is the purpose of this paper to give some sharp bounds of the modulus of the coefficients
a7, ag and the correction of the proof of the coefficiety in [4].

2. PRELIMINARIES

Let P, the class of functionh satisfyingRe h(z) > 0 for z € D with Taylor expansion

(2.1) h(z) =1+ icnz”.

We shall use the following results concerning the coefficiepia P.

Lemma2.1.[2] If h € P, then

2
<o lal
- 2

2

Cc

o

Lemma 2.2.[1] If h € P, then|c,| < 2forn > 1, and

Koo 2a 0 S 1% S 27
_ = < — =
‘CQ 201‘ < max{2, 2ju —1[} { 2|u — 1|, elsewhere.
Lemma 2.3. Leth € P, then[1]
lc3 — 2c100 + 3| < 2.

and[5]

|} — 3ciea + 3 + 2c103 — c4] < 2.
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3. THE SEVENTH AND EIGHTH COEFFICIENTS

It follows from (|1.2)) that we can write

(3.1) 270f(2) = f(2)h(2),

whereh € P, the class of function satisfyinge h(z) > 0 for z € D.
Equating coefficients if3.1]) gives

(&1
Ao =
CT(1+a)
G2 (1—a)c
2+a) 201+ «a)?
c3 c1Co (1—2a)c}
= 1—
UGy Y ((1+a)(2+a) T tay )
0= G (1—a) (1 —2a)(1 — 3a)c} (1 —2a)c3cy
4+ a) 24(1 + a)? 21+ a)?(2 + )
& N €163
(3.2) 224+0)?  (1+a)B3+a))’
c
a6 = = fa + (1 — ) (32X + 16X, 4 8X3 + 8X4 + 4X; + 4X,),
¢
ar = g Jfa + (1 — a)(Yicd + Yactes + Yacics + Yacs + Yacics
+ )/%;ClcQCg + Y7C§ + Y'BC%C;; + }/.90204 + )/100165),
c
as = = —|—7a + (1 — ) (Zic] + Zaclco + Zscics + Zyercy + Zscics
+ Z6C%C2C3 + Z7c§(33 + chlcg + ch:fc4 + Zipci1Cacy
+Z11c304 + Zracics + Zizcacs + 2140166)
where
P (1 —2a)(1 —3a)(1 —4a) P (1 —2a)(1 —3a)
e : 123(1 + a)p ’ >7 6(a + 1)32(a +2)
—2a — 2
X - X =
P 2 bla+2? 2t *(a+3)
T (at2)(a+3) T lat)(ard)
v, — (1 —2a)(1 —3a)(1 —4a)(1 —bda) v, — (1 —20)(1 —3a)(1 —4a)
! 720(a + 1)6 r 2 24(a + 1) (v + 2)
Y_(1—2a)(1—3a) v — 1 -2«
ST 4(a+1)2(a+2)? YT 6+ 2)3
Y_(1—2a(1—3a) Y. — 1 -2«
5_6(a1+1)3<a+3>’ " (o a+D(a+2)(a+3)
Y; = Yy = _
T2Aar et 1platd
— Vi —
T (a+2)(a+4) Y7 @+ )(a+5)
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and
(1 —2a)(1 —3a)(1 —4a)(1 —ba)(1 — 6a) (1—-2a)(1 —3a)(1 —4a)(1 —5a)
Zl = ; Z2
5040(1 + )7 1201 + @) (2 + @)
(1 =2a)(1 —3a)(1 —4a) (1 —2a)(1 —3a)
ZS = ) Z4
12(1 4+ @)?(2 + «)? 6(1+a)2+a)
7 (1 -2a)(1 —3a)(1 —4a) B (1 —2a)(1 —3a)
T 24(1+a)'B+a) T 2(14+ )22+ a)(3+ )
_ 1 -2« 7 = 1 -2«
224+ a)?)(3+ )’ 214+ o) (3 + «)?
7, = (1-— 2a§(1 3a) 21 = 1 -2«
(1+a%3( +a)’ 1+« 1)_(22+ a)(4+ o)
M= Gy adta) STr @5+ 0)
Ziz = ! Z
P 2+a)5+a) " (1+®@+a)

For completeness, we include the coefficientsas, a4, as andag(without proof) proven in
[4] and [€].

Theorem 3.1.1f f € Bi(a) and is given byL.1), then

2
lag| < T fora >0,
«

23+ )

foro0<a<1
1+a)22+a) =®=5

las| <

VAN

fora > 1,
2+«

2 4(1 — a)(2 + 5a + a?)

for0<a<1
340 31+aP2+a) sas

lag| <

< fora >1

3+«
as] < 2 N 2(1 — ) (3a® + 22a* + 68a® + 11302 + 121a + 81)
a
T4t 31+ ) 2+ )23+ )

2
|CL6| < F + (1 — OZ)<32X1 4+ 16X, 4+ 8X35 4+ 8X, + 4X5 +4X6) for0 <a< 1/2,
«

for0<a<m

wherea; = 0.96942... is the smallest positive root of the equation
12(1+a)' =241+ a)’(2a — )2+ a) + 5Ba —1)(2a —1)(2+a)* =0

All the inequalities are sharp.
We next proof the seventh and eighth coefficients.

Theorem 3.2.Let f € B;(«) is given b . Then fora € [0, & (v/393 — 13)]

16

2
|az| g6+—a+(1—a)(64Y1+32Y2+16Y3+8Y4+16Y5+8Y6+4Y7+8Y8+4Y9+4Y10)
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Proof. From(3.2)), we have

Cé 6 4 2 2 3 3
= 1-— Y, Y, Y- Y, Y-
(3.3) ar 6t a + ( a)(Yie] + Yacico + Yacics + Yicy + Yscies

+ Ysercaes + Yocs + Yacicy + Yocacs + Yigeics).

11

We divide the interval into 4 cases: € |0, 2

V/393)].

11 11
a€ o, =] ae[- ]andae[g,ﬁ(—liwr

5] 43

. 1 .
Note first that forx € [0, 5], we haveY:,Ys, Y3, Y, Y5, Y, Yo, Ys, Yy, Yo > 0. Then applying
len] < 2in (3.3]) to obtain the result.

11 :
For casex € [5’ Z]' write 1) as

Ce

Ys c}
a7:6+a+(1_a>{<YI 2)01—1—3/201(02—5)‘*'5/30102"‘}/402

+Y;ccs + Yocioacs + Yoch + Yscica + Yocacs + Yipeics |
. Y, 11 .
Since ( Y7 + 5 > 0 whena € [5, Z]’ then applying Lemma 2.1 and,,| < 2 forn =

1,2,3,4,5,6 to obtain

2 Y, 2
]a7|§6+—a+(1—o¢){(Y1+ >|c1|6+Y2|c |4( |;| )+4Y|cl|2+8Y4

+2Y5|c1[* + 4Yg|er| 4 4Y7 + 2Y5|er | + 4Y5 + 2Yi|ei |}

2
= 6—1——a + (1 — CY) {Y1|Cl|6 + 2YQ|01|4 + 4YE’,|01|2 + 8Y4
+2Y5|c1[* + 4Yg|er| 4 4Y7 + 2Y5|er | + 4Y5 + 2Yi|ei |}
2
< oo+ (1= ) {641+ 32, + 16Y; + 8Y,
o

+16Y5 4 8Ys 4 4Y7 + 8Yx + 4Y, + 4Yi}

. 1 1 .
For mtervalé—l <a< 3 we write (3.3)) as

Cg 2

Ys i
ay = 6t a +(1—a) {}/101 <Y2 5 ) ciCy + Yg,clcQ <02 — E) 4 y402

+Y5¢es + Yocioacs 4 Yach + Yscica + Yocacs + Yipeics | -

11
We observe that, < 0 andY;, Y3, Yy, Vs, Vs, Y7, Vg, Yy, Vg > O for a € [15]'
Furthermore,

Y3\ (1—20)(1—3a)(5—0a—a)
(3/2+ 2)_ 24(1+a)4(2+a)2 >0, 046[

Therefore, by Lemmia 2.1 and,| < 2 forn =1,2,3,4,5,6, we have

]

e~ =
W
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9 Ys 2
|a7|§6+—a+(1—a){Y1|cll +2<Y+ )Icll4+2Y3Icl2( ‘;’)+8Y4

+2V5c1[* + 4Y5|er | 4 4Y7 + 2Ys|er|? + 45 + 2Yilei |}

2
+ (1= ) (Yi]ar|® + 2Ya|er|* + 4Y3]e|* + 84

6+ «
+2V5c1[* + 4Y5|er | 4 4Y7 + 2Ys|er|? + 45 + 2Yiolei |}

2
< 61 + (1 — o) {64Y7 + 32Y5 + 16Y3 + 8Y)
«
+16Y5 + 8Ys 4 4Y7 + 8Ys + 4Yy + 4Y10}

For the last interval, we observe that Y3, Y5 < 0 andYs, Yy, Ys, Y7, Yg, Yy, Yig > 0. Then
we write (3.3)) as

c Y, c Y,
a7 = —2 +(1—a){<Y1+2)cl+chl(62—§) (Yg~|—2>cfc§

6+
c? Ys c
+ Yics (02 - 51) (Y5 5 ) cics + Yecics <02 - é)

+Y7C§ + )@C%C4 + }/90204 + )/10C105} .

We also check that
v, Yo (1 —2a)(1 — 3a)(1 — 4a) (10a? + 21 + 17) >0
2 ) 720(1+ a)5(2 + a) =
Y, (1—2a)(—8a* —13a+T7)
Y: = >
( 3+ 2) 12(1+ a)2(2 + o) 0

Ye\ (54 a)(1 —2a)
<Y5+?) T 61t ar2ra)Bra)

for a € [3, & (=13 + v/393)]. Then we apply Lemn@ 1and,| <2forn=1,2,3,4,56t0

get
2 Y- 2 Y,
laz| < 6+—a+<1 —a){(YlJr?Q) c1]® + Yale|* <2— l ;' ) +4 (Y3+?4> 1|2

c1]? Y e |?
(o) (s 2 e (2 )
+4Y7 + 23/&;’01‘2 +4Yy + 2Ylo|01|}

2
+ (1= a) {Yi]ar|® + 2Ya ey [* + 4Y3]e1|* + 8Yy + 2Y5|cq °

6+«
+4Y5|er| + 4Y7 4 2Yz|er|? + 4Y5 + 2Yigci |}

2
= 1 (1 —a) {64Y; + 32Y; + 16Y3 + 8Y; + 16Y;

T 60+«
+8Y5 + 4Y7 + 8Ys + 4Y, + 4Yi0}

The sharpness of the bound far| whenc; =cy =c3 =cs =5 =6 = 2. 1
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Theorem 3.3.Let f € B;(«) is given by(1.1). Then fora € [0,1/3]

2
+ 875 + 167 + 8710 + 4211 + 8719 + 4713 + 4714)
Proof. From (3.2), we have
C7

7T+«
(3.4) + Z6C§CQC3 + Z7C§Cg + chlc§ + ch:fcz; + Z10C1CaCy

+Z11c304 + Zracics + Zizcacs + 2140106) :

ag = + (1 — ) (Zic] + Zacico + Zscics + Zyercy + Zscics

We consider each of the casese [0, ¢], @ € [3, 1], a € [£.3] anda € [1, 3].

For first case, we have
Zl7 227 Z37 Z47 ZS? Zﬁa Z7a Z87 Z97 ZlO) le? Zl?a 2137 Zl4 Z 0
Then applyingc,| < 2in (3.4) to obtain the result.

We now consider on interva}, 1]. We write (3.4) as

Cr ZQ 62
as = 7—— +(1—a) (<21 + 7) cl + Zsc; <02 - 51) + Zseicy + Zyeic

+ Z5ci‘03 + ZGC%CQC;), + Z7c§cg + chlcg + ch:fc4
2
+Z10C1CoCs + Z11C3C4 + Z12¢1C5 + Z13Cacs + Z14CICG) .
Since

>0
5040(1 + a)7(2 + ) -

whena € [0, 1], then applying Lemmia 2.1 and,| < 2for n = 1,2,3,4,5,6,7 to obtain

<Z1 N %) _ (1—20)(1 = 3a)(1 — 4a)(1 — 50)(23 + 3lov + 15a%)

|01|2

2 Z:
|CL8| S 7—}——(1 + (1 - Oé) (<Z1 + ?2> ’Cl|7 + ZQ|01|5 (2 - T) + 4Zg’€1|3 + SZ4|01|

+ 2Zs|c1|* + 4Zg|c1|* + 877 + 4Zs|cy| + 2Z|e1 P

—|—4Z1()Cl + 4211 —|— 2212|Cl|2 + 4213 + 2214|Cl|)
2
= 7—|——a + (1 — Oj) (Zl|61|7 + 222|61|5 + 4Z3|Cl|3 + 8Z4|Cl|
+ 2Zs|c1|* + 4Zs|er [P + 827 + AZg|er| + 27y |?
+4Z1061 + 4Z11 + 2212‘61’2 + 4Z13 + 2214’01‘)
2

<
T T4+

+ 8Zs + 167 + 8719 + 4211 + 8719 + 4713 + 4714).

: 1 1 .
For mtervalg <a< T we write 1) as

AJMAA Vol. 17(2020), No. 2, Art. 2, 11 pp. AIMAA
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2

4 c1
ag = - +(1—a) (Zlcz + (Zz + 73) dles + Zzcie (02 - 5) + Zse165

4 2 2 2 3
+ Zscics + Zgcicacs + Zrcyes + Zgcics + Zgcicy

+Z1gc1ca¢s + Z1icscq + Ziacics + Ziseacs + ZI4CIC6) .
We observe tha¥, < 0 and
Zy, 23, Ly, Zs, L, Ziny s, Ly, Zno, 211, Z12, 13, Z1a 2 0
.1]. Furthermore,
1—2a)(1— 1—-4 11
( ) & a)1<20(1 f3)4<)5(2 ia(l(y V20, ac 57
Therefore, by Lemm@.l and,| <2forn=1,2,3,4,5,6,7, we have

whena € |

2
+ 8Z4|e1| + 2Zs|c|* 4+ 4Zs|e1|* + 877 + 4Zg|cr| + 27 ey P
+4Z1o|c1| + A2y + 2Z1s|er|* + 4213 + 2214 c4])

2 Zs 2
as] < T+a +(1-a) (Z1|Cl| +2 <ZQ + ) ler|® + 2Z3|cy |2 ( el )

2
T Tra + (1= a) (Zi|a|" + 22| 1 + 4Zs|e1 [P + 8Za e

+2Zs5|e1[* + 4Zs|er[* + 827 + AZs|ei| + 2Zy)er

+4Z0|c1| + 4211 + 2Z10|c1|? + 4703 + 2214|01|)
2

<
T T+«

+ (1 — a)(128Z; + 6425 + 3273 + 1624 + 3275 + 16 Zs + 827
+ 875 + 1679 + 8710 + 4211 + 8712 + 4713 + 4214).

For the last interval, we observe thét, 75, Z5 < 0 and
Lo, Ly, L, Ly Ly, Ly, Lo, L1ty Li2, 213, Z1a 2> 0.
Then we write(3.4) as

2
Cr 2 C Z4
ag = 7_|_a —|—(1—Oé ((Z1+—2 ) 1+Z201 <62—§1) + (Zg+—2 )C?Cg
% Z6 '\ 4 2 ci
+ Z40162 Cy — B Z5 + — 5 C1C3 + chlcg Cy — 5

2 2 3
-+ Z7C263 —+ ZgClC3 + 2901C4 —+ ZloC162C4
2
+Z1103¢4 + Z1acics + Z13cacs + Z140106) .

We also check that
(Z N Z2> (1—2a)(1 —3a)(1 —4a)(1 — 5a)(23 + 31la + 15a?)
L+ 22 =

_ >0
5040(1 4 @)7(2 + @) =

(10 22) = (=200 0o

>0,

2 12(1 4+ «)?(2 + a)? -
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Zs\ (1 —2a)(1—3a)(8+ 5a+2a°)
(Z5+ 2)_ 241+ a)* 2+ a)3+a) —

for a € [1, 3]. Then we applying Lemnfa 2.1 ang,| < 2forn = 1,2,3,4,5,6,7 to get

2 Zy c1]? Z
ol < 2ot (=) (204 2 ) ol + zdal (2-55) 44 (24 2 o

c1? Zs c1?
+ 4Z,|cq| ( | ;| >+2 (Z5+ ) ler|* + 27| 1 | (2— | ;‘ )

-+ 8Z7 + 4Z8|Cl| + 2Z9|Cl|3 + 4ZlO|Cl|
+4Z11 + 2Zs|c1|? 4+ 4215 + 22141
2
= + (1 —a) (Zila|" + 2Zs|c1|” + 4Z5]c1 > + 8Z4|er| + 225 e |*
+ 426’01‘2 + 8Z7 + 428‘61’ + 2Zg|61’3 + 4Zlo‘C1|
+4Z11 + 2Z1s|er|* + 4213 + 2Z14] 1)
2

<
T T+a

+ 875 + 1629 + 8710 + 4211 + 8712 + 4713 + 4214).

The sharpness of the bound fog| whenc; = co =cs=cs=c; =cs =c7 =2. 1

4. INVERSE COEFFICIENTS

Suppose thaB; ()~ is the set of inverse functions ™ of B;(«), then we can write

fHw) = w+ Agw? + Asw® + Ayt + ...

valid in some dis¢w| < ro(f), wherery(f) > 1/4.

Sincef(f~'(w)) = w, equating coefficients gives

A2 = —Aa2,
41 Ag = 2&3 — as,
4.1) Ay = —5a3 + 5asaz — ay,

As = 14@‘21 — 21aga3 + 3a§ + 6agas — as.

Singh has been studied the inverse coefficigitfor n = 2,3,4for f € By(a)with0 < a <
1[6]. But, Thomas has been succeeded prove it fatall 0[9]. The next observation is inverse
coefficientA; by Marjono et.al. fol0 < o < 1[4]. We rewrite again the theorem of the inverse
coefficientA; together with the proof and show the mistake of this proof. For completeness, we
include the theorem of the inequalities|af; |, | A;| and|A4| for all & > 0(without proof).

Theorem 4.1.Let f € Bi(a) and f~!(w) = w + Asw? + Azw® + Ayw* + ..., then

AJMAA Vol. 17(2020), No. 2, Art. 2, 11 pp. AIMAA
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2

Ayl <
’ 2|_1+a

Y

|As] < for a>1,

2+«
2(5+ 3a)
(1+a)?(2+ «)

< for0<a<1

|Ay] < fora>1,

3+«

- 2(a* + 503 + 4102 + 139« + 126)
- 31+ a)2+a)(3+ )

All the inequalities are sharp.

for0<a<1.

We now give a correction for Theorem 4.1 in [4].
Theorem 4.2.Let f € Bi(a) and f~!(w) = w + Asw? + Azw® + Ayw* + ..., then
10a® + 104a° + 553at + 207503 + 49812 + 6245a + 3024)

31+ a)* 2+ a)?(3+«)
for 0 < a < ay, witha; = 0.2687... is the smallest positive root of the equation

18 — 492 — 6622 — 52 + 62 = 0.

|As| < 2(

The inequalities is sharp.

Proof. From (4.1)) and(3.2)), we have

A+a)5+a)b+2a)(5+3a))\ 4 A+ a)b+a)b+2a)) ,

@+“M5:( 24(1 + )t )q_( 21+ @)2(2 + a) )QQ
A+ a)5+a)\ , (44 a)(5+ ) e
+( 2(2 + a)? )2+((1+a)(3—|—a)) e

Write this as

(44 a)As = (c] — 3y + c5 + 2c103 — c4)

14+ a — a? 3
+ (1+a)(3+a) 01(01—26102+03)

152 4+ T7a — 8a? — 5a% \ ( u 2)
— C Cy — —C
21+ a)2+a)B+a)) '\F 27!

2
N ((4—a)(3+a)> )

2(2 + a)? 2

with

(2 4 @)(1092 + 1331 + 251a% — 16103 — 23a* + 6°)
6(1+ «)?(152 + 77 — 8 — 5a3) '

#:

Note thaty > 2 when0 < o < a;. Then we use Lemnja 2.2 and Lemjna| 2.3 together with
the inequality|c;| < 2 and|c;| < 2 to obtain
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10a® + 104a° + 553a* + 207503 + 4981 + 6245a + 3024)

2(
|45 < 31+ )2+ a3+ a)

The inequality sharp whefy = ¢; = ¢3 = ¢4 = 2. So that fora; < o < 1 remains an open
problem.g
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