
Aust. J. Math. Anal. Appl.
Vol. 17 (2020), No. 1, Art. 4, 9 pp.
AJMAA

COMPOSITE VARIATIONAL-LIKE INEQUALITIES GIVEN BY WEAKLY
RELAXED ζ-SEMI-PSEUDOMONOTONE MULTI-VALUED MAPPING

SYED SHAKAIB IRFAN, IQBAL AHMAD, ZUBAIR KHAN AND PREETI SHUKLA

Received 2 October, 2019; accepted 31 January, 2020; published 28 February, 2020.

COLLEGE OFENGINEERING, QASSIM UNIVERSITY, BURAIDAH , AL-QASSIM, SAUDI ARABIA .
shakaib@qec.edu.sa

COLLEGE OFENGINEERING, QASSIM UNIVERSITY, BURAIDAH , AL-QASSIM, SAUDI ARABIA .
iqbal@qec.edu.sa

DEPARTMENT OFMATHEMATICS, INTEGRAL UNIVERSITY LUCKNOW, INDIA .
zkhan@iul.ac.in

DEPARTMENT OFMATHEMATICS, INTEGRAL UNIVERSITY LUCKNOW, INDIA .
shuklapreeti1991@gmail.com

ABSTRACT. In this article, we introduce a composite variational-like inequalities with weakly
relaxedζ-pseudomonotone multi-valued maping in reflexive Banach spaces. We obtain existence
of solutions to the composite variational-like inequalities with weakly relaxedζ-pseudomon -
otone multi-valued maps in reflexive Banach spaces by using KKM theorem. We have also
checked the solvability of the composite variational-like inequalities with weakly relaxedζ-semi-
pseudomonotone multi-valued maps in arbitrary Banach spaces using Kakutani-Fan-Glicksberg
fixed point theorem.

Key words and phrases:Existence results; KKM-mapping; Weakly Relaxedζ-Semi-Pseudomonotone.

2010Mathematics Subject Classification.Primary 49J40. Secondary 19C33.

ISSN (electronic): 1449-5910

c© 2020 Austral Internet Publishing. All rights reserved.

The script communication number(MCN) IU/R and D/2019-MCN 000730, Office of Doctoral Studies and Research, Integral University,

Lucknow, India.

https://ajmaa.org/
mailto:<shakaib@qec.edu.sa>
mailto: <iqbal@qec.edu.sa>
mailto: <zkhan@iul.ac.in>
mailto: <shuklapreeti1991@gmail.com>
https://www.ams.org/msc/


2 S. S. IRFAN, I. AHMAD , Z. KHAN AND P. SHUKLA

1. I NTRODUCTION

The theory of variational inequality provides us an elegant framework to study a wide class of
linear and nonlinear problems arising in fluid flow through porous media, optimization, trans-
portation, physical, applied and pure sciences, see [1, 2, 4, 8, 12, 14, 15, 16, 17, 18] and the
references therein. Variational-like inequality, which is an extensions and the generalization
of the variational inequality theory have been studied by several authors including Fang and
Huang [7], Kang et al [10], Irfan and Khan [9] and references therein. By using the KKM
technique, we study some existence results for variational-like inequalities with weakly-relaxed
monotone mappings in reflexive Banach spaces. We also obtain the solvability of variational-
like inequalities with weakly relaxed pseudomonotone mappings in reflexive Banach spaces
using the Kakutani-Fan Glicksberg fixed point theorem. KKM theorem gives the foundation for
many of the modern essential results in diverse areas of mathematical sciences.

Monotonicity is very important concept in nonlinear functional analysis. It plays an important
role in variational inequality problems, equilibrium problems, fixed point theories, game theory
and so on. In recent years a number of authors have also introduced many important generaliza-
tions of monotonicity such as quasimonotonicity, pseudomonotonicity, relaxed monotonicity,
p-monotonicity, semimonotonicity etc.

In 1995 Chang et al [4] studied variational inequalities for monotone operators in non-
reflexive Banach spaces. Kamaradian [11] showed that the problem of complementarity can
be reduced to the variational inequality, while the relationship between mathematical program-
ming and variational inequality was shown by Stampachia and Mancino [4, 5, 7, 12, 13, 15, 16].

Inspired and motivated by the recent research work, in this paper, we introduce and study
a multi-valued generalized variational-like inequalities problem in real reflexive Banach vector
space and then by using KKM technique, we proved some existence results. Our results improve
and extend some corresponding results of [3].

2. PRELIMINARIES

In this paper, we supposeB is a reflexive Banach space andB∗ is the topological dual ofB,
K a nonempty subset ofB.

Definition 2.1. Let A, g : K → K, ψ : K ×K → B be the mappings andf : K ×K → R
be a function. A multi-valued mappingT : K → 2B

∗
(2B

∗
denotes the set of all the subset of

B∗) is said to be weakly relaxedζ-pseudomonotone if there exists a mappingα : E → R with
(α(tz) = k(t)α(z) for z ∈ E andt ∈ (0, 1), wherek is a function from(0, 1) to (0, 1) with
limt→0

k(t)
t

= 0, such that for every pair of pointsx, y ∈ K and for everyu ∈ T (x), we have

〈Au, ψ(q, g(p))〉+ f(q, g(p))− f(g(p), g(p)) ≥ 0,

implies

〈Av, ψ(q, g(p))〉+ f(q, g(p))− f(g(p), g(p)) ≥ α(q − g(p)), for somev ∈ T (q).

Definition 2.2. LetK be a nonempty convex subset ofB, g : K → K, ψ : K ×K → B and
T : K → 2B

∗
are mappings.T is said to beψ-hemicontinuous if for any fixedp, q ∈ K, the
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map
t 7−→ 〈T (g(p) + t(q − g(p)), ψ(q, g(p))〉 for 0 < t < 1,

is upper semicontinuous at0+.

Definition 2.3. Let K be a nonempty convex subset ofB, A, g : K → K, T : K → 2B
∗

and
ψ : K ×K → B are mappings andf : K ×K → R ∪ {+∞} be a proper function.T is said
to beψ-coercive with respect tof if there exists anp0 ∈ K such that

〈Au− Au0, ψ(g(p), g(p0))〉+ f(g(p), g(p0))

ψ(g(p), g(p0))
→∞

whenever‖p‖ → ∞ for all u ∈ T (g(p)) andu0 ∈ T (g(p0)).

Definition 2.4. LetK be a nonempty subset of a vector spaceB. A multi-valued mapT : K →
2B is said to be a KKM-map if for any finite subsetN of K, we have

co(N) ⊂
⋃
p∈N

T (p).

Theorem 2.1. (Fan-KKM Theorem[6].) LetB be a topological vector space,K ⊂ B an arbi-
trary set, andT : K → 2B a KKM map. If all the setsT (p) are closed inB and at least one of
them is compact, then

⋂
{T (p) : p ∈ K)} is nonempty.

Theorem 2.2.LetK be a convex subset ofB,A, g : K → K are mappings,T : K → 2B
∗

be an
ψ-hemicontinuous and weakly relaxedζ-pseudomonotone multi-valued map, andf : K×K →
R ∪+∞ a proper function.

(i) ψ(g(p), g(p)) = 0 andf(g(p), g(p)) = 0 for p ∈ K;
(ii) for fixedv ∈ B∗, p 7−→ 〈Av, ψ(g(p), .)〉+ f(g(p), .) is convex.

Then the following variational inequalities (2.1) and (2.2) are equivalent.

Find p ∈ K such that for eachq ∈ K , there existsu ∈ T (p) satisfying,

(2.1) 〈Au, ψ(q, g(p))〉+ f(q, g(p)) ≥ 0.

Find p ∈ K such that for eachq ∈ K, there existsv ∈ T (q) satisfying,

(2.2) 〈Av, ψ(q, g(p))〉+ f(q, g(p)) ≥ ζ(q − g(p)).

Proof. By the weakly relaxedζ-pseudomonotonicity ofT , equation (2.1) implies (2.2).
Conversely, letp be a point ofK such that forq ∈ K with f(q, g(p)) < ∞ there exists

v ∈ T (q) satisfying,

〈Av, ψ(q, g(p))〉+ f(q, g(p)) ≥ ζ(q − g(p)).

Putqt = (1− t)g(p) + tq, t ∈ (0, 1) thenqt ∈ K. It follows that,

〈Avt, ψ(qt, g(p))〉+ f(qt, g(p)) ≥ ζ(qt − g(p)), for somevt ∈ T (qt).

Since,ζ(qt − g(p)) = ζ(t(q − g(p))) = k(t)ζ(q − g(p)), by the condition(i) and(ii), we have

t(〈Avt, ψ(q, g(p))〉+ f(q, g(p)) ≥ k(t)ζ(q − g(p)).

Hence

〈Avt, ψ(q, g(p))〉+ f(q, g(p)) ≥ k(t)

t
ζ(q − g(p)).
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Since,T isψ-hemicontinuous and weakly relaxedζ-pseudomonotone, by lettingt→ 0, we get

〈Au, ψ(q, g(p))〉+ f(q, g(p)) ≥ 0,

for someAu ∈ T (p) and for all q ∈ K with f(q, g(p)) < ∞. Whenf(q, g(p)) = +∞,
the inequality〈Au, ψ(q, g(p))〉 + f(q, g(p)) ≥ 0 is trivial. Therefore,p ∈ K is a solution of
equation (2.1).

Theorem 2.3. LetK be a nonempty bounded closed convex subset of a real reflexive Banach
spaceB. Let A, g : K → K, ψ : K × K → B are mappings,T : K → 2B

∗
be anψ-

hemicontinuous and weakly relaxedζ-pseudomonotone map with nonempty compact values,
andf : K ×K → R ∪+∞ a proper function. Assume that

(i) ψ(g(p), q) + ψ(q, g(p)) = 0 andf(g(p), q) + f(q, g(p)) = 0 for p, q ∈ K,
(ii) for fixedv ∈ B∗, p 7−→ 〈Av, ψ(g(p), .)〉 + f(g(p, .)) is convex, weakly lower semicon-

tinuous,
(iii) ψ(p, g(p)) = 0 andf(p, g(p)) = 0 for all p ∈ K,
(iv) ζ : B → R is weakly lower semicontinuous.

Then problem (2.1) is solvable.

Proof. Define a multi-valued map,F : K → 2B as,

F (q) = {p ∈ K|〈Au, ψ(q, g(p))〉+ f(q, g(p))| ≥ 0 for someu ∈ T (p)for q ∈ K}.

ThenF is a KKM-map. In fact, suppose that there exist{g(q1), g(q2), ...., g(qn)} in K and
ti ≥ 0 with

∑n
i=1 ti = 1 such that

g(q) =
n∑

i=1

tig(qi) /∈
n⋃

i=1

F (qi).

Then for allv ∈ T (q)

〈Av, ψ(q, g(qi))〉+ f(q, g(qi)) < 0, i = 1, 2, ..., n.

It follows that

0 = 〈Av, ψ(q, g(q)) + f(q, g(q))

=

〈
Av, ψ

(
q,

n∑
i=1

tig(qi)

)〉
+ f

(
q,

n∑
i=1

tig(qi)

)

≤
n∑

i=1

ti〈Av, ψ(q, g(qi))〉+
n∑

i=1

tif(q, g(qi))

< 0,

which is a contradiction.

Define another multi-valued map,G : K → 2B by

G(q) = {p ∈ K : for somev ∈ T (q), 〈Av, ψ(q, g(p))〉+ f(q, g(p)) ≥ ζ(q − g(p))}

for q ∈ K. Then by the relaxedζ-pseudomonotonicity ofT it follows thatG is also a KKM-
map. On the other hand, let{pβ} be a net inG(q) converging weakly top. Then for some
vβ ∈ T (q),

〈Avβ, ψ(q, g(pβ))〉+ f(q, g(pβ)) ≥ ζ(q − g(pβ)), for β ∈ I.
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Hence,T (q) is compact, so that we may assume that{vβ} converges to somev ∈ T (q). Since,
p 7−→ 〈Av, ψ(., g(p))〉 + f(., g(p)) is weakly upper semicontinuous, andζ is weakly lower
semicontinuous, andζ is weakly lower semicontinuous, we have

〈Av, ψ(q, g(p))〉+ f(q, g(p)) ≥ limβ(〈Avβ, ψ(q, g(pβ)〉+ f(q, g(pβ))

≥ lim
β

(〈Avβ, ψ(q, g(pβ)〉+ f(q, g(pβ))

≥ lim
β
α(q − g(pβ))

≥ α(q − g(p)).

It follows thatp ∈ G(q) andG(q) is weakly closed for allq ∈ K. SinceK is bounded closed
and convex,K is weakly compact, soG(q) is weakly compact inK for eachq ∈ K. It follows
from Theorem 2.1 and Fan-KKM theorem, that⋃

q∈K

F (q) =
⋃
q∈K

G(q) 6= φ.

Hence, there exists anp ∈ K such that for eachq ∈ K, there existsu ∈ T (p) satisfying

〈Au, ψ(q, g(p))〉+ f(q, g(p)) ≥ 0.

Theorem 2.4.LetK be a nonempty unbounded closed convex subset of a real reflexive Banach
spaceB. Let A, g : K → K, ψ : K × K → B are mappings,T : K → 2B

∗
be anψ-

hemicontinuous and relaxedζ-pseudomonotone multi-valued map, andf : K ×K → R∪+∞
a proper function. Assume that

(i) ζ : B → R is weakly lower semicontinuous,
(ii) for fixedv ∈ B∗, p 7−→ 〈Av, ψ(g(p), .)〉 + f(g(p, .)) is convex, weakly lower semicon-

tinuous and
(iii) ψ(g(p), q) + ψ(q, g(p)) = 0 andf(g(p), q) + f(q, g(p)) = 0 for p, q ∈ K.

If T is ψ-coercive with respect tof ,then problem (2.1) is also solvable.

Proof. SupposeBr = q ∈ B : ‖q‖ ≤ r and consider the following problem;
Findpr ∈ K ∩Br such that for eachq ∈ K ∩Br, there existsur ∈ T (pr) satisfying

(2.3) 〈Aur, ψ(g(p0), g(pr)〉+ f(q, pr) ≥ 0.

By Theorem 2.3, problem (2.3) has a solution 0pr ∈ K ∩ Br. Choose,r ≥ ‖p0‖ with p0 in the
coercivity condition of Definition 2.3. Since,p0 ∈ K ∩Br, we haveur ∈ T (pr) satisfying

〈Aur, ψ(g(p0, g(pr))〉+ f(g((p0), g(pr)) ≥ 0.

Moreover
〈Aur, ψ(g(p0), g(pr))〉+ f(g(p0), g(pr))

= −〈Aur − Au0, ψ(g(pr), g(p0))〉+ f(g(p0), g(pr)) + 〈Au0, ψ(g(p0), g(pr))〉
≤ −〈Aur − Au0, ψ(g(pr), g(p0))〉+ f(g(p0), g(pr)) + ‖Au0‖‖ψ(g(pr), g(p0))‖

≤ ‖ψ(g(pr), g(p0))‖
(
−〈Aur − Au0, ψ(g(pr), g(p0))〉+ f(g(pr), g(p0))

‖ψ(g(pr), g(p0))‖
+ ‖u0‖

)
,

for u0 ∈ T (p0).
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Now if ‖pr‖ = r for all r, we may chooser large enough so that the above inequality and the
ψ-coercivity ofT with respect tof implies that,

〈Aur, ψ(g(p0), g(pr))〉+ f(g(p0), g(pr)) < 0,

which contradicts
〈Aur, ψ(g(p0), g(pr))〉+ f(g(p0), g(pr)) ≥ 0.

Hence there existr such that‖pr‖ < r. For anyq ∈ K, we can chooseν ∈ (0, 1) small
enough such thatg(pr) + ν(q − g(pr)) ∈ K ∩Br. It follows from (2.3) that

〈Aur, ψ(g(pr)) + ν(q − g(pr), g(pr))〉+ f(g(pr)) + ν(q − g(pr), g(pr)) ≥ 0,

for someur ∈ T (pr). By conditions (i) and (ii), we have

〈Aur, ψ(q, g(pr))〉+ f(q, g(pr)) ≥ 0.

Thuspr ∈ K is a solution of (2.1).

3. WEAKLY RELAXED ζ -SEMI -PSEUDOMONOTONE COMPOSITE MULTI -VALUED

VARIATIONAL -LIKE INEQUALITIES

In this section, we introduce and prove the existence of solutions for variational-like inequalities
problems with a wakly relaxedζ-semi-pseudomonotone multi-valued mappingB : K ×K →
2B

∗
, whereK is a nonempty closed convex subset ofB∗∗.

Findp ∈ K such that for eachq ∈ K there existsu ∈ B(g(p), g(p)) satisfying

(3.1) 〈Au, ψ(q, g(p))〉+ f(q, g(p)) ≥ 0.

Definition 3.1. Let g : K → K,ψ : K ×K → B∗∗ are the mappings andf : K ×K → R be
a function. LetK be a nonempty subset ofB∗∗. A multi-valued mapB : K ×K → 2B

∗
is said

to be weakly relaxedζ-semi-pseudomonotone if the following conditions hold:
(a) for each fixedw ∈ K,B(w, .) : K → 2B

∗
is weakly relaxedζ-pseudomonotone, i.e.,

there exists a functionα : B∗∗ → R with α(tz) = k(t)α(z) for z ∈ B∗∗, where
k : (0, 1) → (0, 1) is a function with limt→0

k(t)
t

= 0, such that for every pair of points
p, q ∈ K and for everyu ∈ B(w, p), we have

〈Au, ψ(q, g(p))〉+ f(q, g(p)) ≥ 0

implies

〈Av, ψ(q, g(p))〉+ f(q, g(p))α(q − g(p)) for somev ∈ T (q).

(b) for each fixedq ∈ K,B(., q) is completely continuous, i.e., for any net{pβ} in B∗ such
thatpβ ⇀

∗ p0, for every net{vβ} in B∗∗ with vβ ∈ B(pβ, q) has a convergent subnet, of
each limit belongs toB(p0, q) in the norm topology ofB∗, where⇀ denotes the weak∗

convergence inB∗∗.

Theorem 3.1. Let B be a real Banach space andK be a nonempty bounded closed convex
subset ofB∗∗. LetB : K × K → 2B

(∗) be a weakly relaxedζ-semi-pseudomonotone multi-
valued map,G : K → K be a map andf : K × K → R ∪ +∞ a proper function such
that

(i) for fixedv ∈ B∗, x 7−→ 〈Av, ψ(g(p), .)〉+ f(g(p), .) is linear, weakly lower semicontin-
uous;

(ii) ψ(g(p), q) + ψ(q, g(p)) = 0 andf(g(p), q) + f(q, g(p)) = 0 for p, q ∈ K;
(iii) ζ : B∗∗ → R is convex, weakly lower semicontinuous;
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(iv) for eachp ∈ K , A(g(p), .) : K → 2B
∗

is finite dimensional continuous.
Then problem (3.1) is solvable.

Proof. Let F ⊂ B∗∗ be a finite dimensional subspace withKF = K
⋂
F 6= φ. For each

w ∈ K, we consider the following problem.

Findp0 ∈ KF such that forq ∈ KF , there existsu0 ∈ B(w, g(p0)) satisfying,

(3.2) 〈Au0, ψ(q, g(p0))〉+ f(q, g(p0)) ≥ 0.

For eachw ∈ KF , sinceB(w, .) is weakly relaxedζ-pseudomonotone and continuous on
a bounded closed convex subsetKF of F . By Theorem 2.3, above problem has a solution
pw ∈ KF . If we define a multi-valued map,T : KF → 2KF as follows;

T (w) = {p ∈ KF : for q ∈ KF , there existsu ∈ B(w, g(p)) such that〈Au, ψ(q, g(p))〉
+f(q, g(p)) ≥ 0},

thenT (w) is nonempty, sincepw ∈ T (w). By Theorem 2.1,T (w) is equal to the set,

{p ∈ KF : for q ∈ KF , there existsv ∈ B(w, g(p)) such that〈Av, ψ(q, g(p))〉
+f(q, g(p)) ≥ α(q − g(p))}.

By conditions (i),(ii) and (iii),T : KF → 2KF has a nonempty bounded closed and convex
multi-values, andT is upper semicontinuous by the complete continuity ofB(., q). By the
Kakutani-Fan-Glickberg fixed point theorem,T has a fixed pointw0 inKF i.e., for eachq ∈ KF ,
there existsu ∈ B(w0, w0) satisfying,

(3.3) 〈u, ψ(q, w0)〉+ f(q, w0) ≥ 0.

Let χ = {F : F is a finite-dimensional subspace ofB∗∗ with KF 6= φ} and, forF ∈ χ,

WF = {p ∈ K : 〈Av, ψ(q, g(p))〉+ f(q, g(p)) ≥ α(q − g(p)) for q ∈ KF ,

and for somev ∈ B(g(p), q))},
By Theorem 2.1 and (3.3), we know thatWF is nonempty and bounded. Since, the weak∗

closureWF of WF in B∗∗ is weak∗ compact inB∗∗, for anyFi ∈ χ, (i = 1, 2, ....., n), we know
thatW∪Fi

⊂
⋂

iWFi
so{WF : F ∈ χ} has the finite intersection property. Therefore, it follows

that, ⋂
F∈χ

WF 6= φ.

Let p ∈
⋂

F∈χWF . We claim that for eachq ∈ K, there existsu ∈ B(g(p), g(p)) satisfying
〈Au, ψ(q, g(p))〉 + f(q, g(p)) ≥ 0. Indeed, for eachw ∈ K, let F ∈ χ such thatw ∈ KF and
p ∈ KF , there exists a net{pβ} in WF such thatpβ ⇀ p. It follows that

〈Avβ, ψ(q, g(pβ))〉+ f(q, g(pβ)) ≥ ζ(q − g(pβ))

for all q ∈ KF and for somevβ ∈ B(g(pβ), q). Hence, we get

〈Av, ψ(q, g(p))〉+ f(q, g(p)) ≥ ζ(q − g(p))

for all q ∈ K and for somev ∈ B(g(p), q) by using the complete continuity ofB(., q) and the
assumptions onf, ψ andζ. From Theorem 2.1, for eachq ∈ K , there existsu ∈ B(g(p), g(p))
satisfying,

〈u, ψ(q, g(p))〉+ f(q, g(p)) ≥ 0.
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Theorem 3.2. Let B be a real Banach space andK a nonempty unbounded closed convex
subset ofB∗∗. Let g : K → K be a map,B : K × K → 2B

(∗) be a weakly relaxedζ-semi-
pseudomonotone multi-valued map, andf : K ×K → R ∪+∞ a proper function such that

(i) for eachp ∈ K,B(g(p), .) : K → 2B
∗

is finite dimensional continuous;
(ii) ζ : B∗∗ → R is convex, weakly lower semicontinuous;

(iii) ψ(g(p), q) + ψ(q, g(p)) = 0 andf(g(p), q) + f(q, g(p)) = 0 for p, q ∈ K;
(iv) for fixedv ∈ B∗, p→ 〈Av, ψ(g(p), .)〉+ f(g(p), .) is linear, lower semicontinuous;
(v) there exists anp0 ∈ K such that,

lim‖p‖→∞〈u, ψ(g(p), g(p0)) + f(g(p), g(p0)) ≥ 0

for all p ∈ K and for allu ∈ B(g(p), g(p)). Then problem (3.1) is solvable.

Proof. Denote the closed ball with radiusr and center at0 in B∗∗ byBr. By Theorem 3.1, there
exists a solutionpr ∈ Br

⋂
K such that for eachq ∈ Br

⋂
K there exists,ur ∈ B(g(pr), g(pr))

satisfying,
〈Aur, ψ(q, g(pr))〉+ f(q, g(pr)) ≥ 0.

Let r be large enough so thatp0 ∈ Br, therefore there existsur ∈ B(g(pr), g(pr)) such that,

〈Aur, ψ(g(p0), g(pr))〉+ f(g(p0), g(pr)) ≥ 0.

By the condition(v), we know that{pr} is bounded. So, we may suppose that,pr ⇀ p as
r ⇀∞. It follows from Theorem 2.1 that for eachvr ∈ B(g(pr), y)

〈Avr, ψ(q, g(pr))〉+ f(q, g(pr)) ≥ ζ(q − g(pr)) for all q ∈ K.
Letting r →∞, we have for allv ∈ B(g(p), q),

〈Av, ψ(q, g(p))〉+ f(q, g(p)) ≥ ζ(q − g(p)) for all q ∈ K
Again by Theorem 2.1, we have forq ∈ K , there exists,u ∈ B(g(p), g(p)) satisfying

〈Au, ψ(q, g(p))〉+ f(q, g(p)) ≥ 0.
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