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ABSTRACT. In this article, we introduce a composite variational-like inequalities with weakly
relaxed,-pseudomonotone multi-valued maping in reflexive Banach spaces. We obtain existence
of solutions to the composite variational-like inequalities with weakly relaxpdeudomon -

otone multi-valued maps in reflexive Banach spaces by using KKM theorem. We have also
checked the solvability of the composite variational-like inequalities with weakly relasedni-

pseudomonotone multi-valued maps in arbitrary Banach spaces using Kakutani-Fan-Glicksberg
fixed point theorem.
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1. INTRODUCTION

The theory of variational inequality provides us an elegant framework to study a wide class of
linear and nonlinear problems arising in fluid flow through porous media, optimization, trans-
portation, physical, applied and pure sciences, see [1,12,/4] 8, 12,114,115 16} 17, 18] and the
references therein. Variational-like inequality, which is an extensions and the generalization
of the variational inequality theory have been studied by several authors including Fang and
Huang [7], Kang et al [10], Irffan and Khah![9] and references therein. By using the KKM
technique, we study some existence results for variational-like inequalities with weakly-relaxed
monotone mappings in reflexive Banach spaces. We also obtain the solvability of variational-
like inequalities with weakly relaxed pseudomonotone mappings in reflexive Banach spaces
using the Kakutani-Fan Glicksberg fixed point theorem. KKM theorem gives the foundation for
many of the modern essential results in diverse areas of mathematical sciences.

Monotonicity is very important concept in nonlinear functional analysis. It plays an important
role in variational inequality problems, equilibrium problems, fixed point theories, game theory
and so on. In recent years a number of authors have also introduced many important generaliza-
tions of monotonicity such as quasimonotonicity, pseudomonotonicity, relaxed monotonicity,
p-monotonicity, semimonotonicity etc.

In 1995 Chang et al [4] studied variational inequalities for monotone operators in non-
reflexive Banach spaces. Kamaradian [11] showed that the problem of complementarity can
be reduced to the variational inequality, while the relationship between mathematical program-
ming and variational inequality was shown by Stampachia and Mancino[4, 5,7,/12) 13} 15, 16].

Inspired and motivated by the recent research work, in this paper, we introduce and study
a multi-valued generalized variational-like inequalities problem in real reflexive Banach vector
space and then by using KKM technique, we proved some existence results. Our results improve
and extend some corresponding results bf [3].

2. PRELIMINARIES

In this paper, we suppodgis a reflexive Banach space afid is the topological dual o8,
K a nonempty subset &.

Definition 2.1. Let A,g : K — K, ¢ : K x K — B be the mappingsanfl: K x K — R
be a function. A multi-valued mappirfj : K — 25 (25" denotes the set of all the subset of
B*) is said to be weakly relaxegtpseudomonotone if there exists a mapping Z — R with
(a(tz) = k(t)a(z) for z € E andt € (0, 1), wherek is a function from(0, 1) to (0, 1) with
Iimt_,()@ = 0, such that for every pair of points y € K and for everyu € T'(x), we have

(Au, ¥(q, 9(p))) + f(a,9(p)) — f(9(p), 9(p)) = 0,

implies
(Av,¥(q, 9(p))) + fla,9(p)) — f(9(p), 9(p)) > alq — g(p)), for somev € T(q).

Definition 2.2. Let K be a nonempty convex subsetl®fg : K — K, ¢ : K x K — B and
T : K — 25 are mappingsT is said to bey-hemicontinuous if for any fixeg, ¢ € K, the

AJMAA Vol. 17(2020), No. 1, Art. 4, 9 pp. AIMAA


https://ajmaa.org

COMPOSITEVARIATIONAL -LIKE INEQUALITIES SOLVING BY WEAKLY RELAXED MULTI-VALUED MAPPING 3

map
t — (T'(g(p) + (g — 9(p)). (g, 9(p))) for 0 <t < 1,
is upper semicontinuous @t .

Definition 2.3. Let K be a nonempty convex subset®fA. g : K — K, T : K — 25 and
¥ : K x K — Baremappings and : K x K — R U {400} be a proper function? is said
to bewy-coercive with respect tg if there exists am, € K such that

(Au — Auo, ¥(g(p), 9(p0o))) + f9(p), 9(r0))

¥(g(p), 9(po))
whenevel|p|| — oo forall u € T'(g(p)) andug € T(g(po))-

Definition 2.4. Let K be a nonempty subset of a vector spBcé\ multi-valued mapl’ : K —
25 is said to be a KKM-map if for any finite subsat of K, we have

co(N) C U T(p).

pEN

Theorem 2.1. (Fan-KKM Theorerf6].) Let B be a topological vector spacé C B an arbi-
trary set, andl’ : K — 2% a KKM map. If all the setd’(p) are closed in3 and at least one of
them is compact, then{7'(p) : p € K)} is nonempty.

Theorem 2.2.Let K be a convex subset Bf A, g : K — K are mappings] : K — 25" be an
1-hemicontinuous and weakly relaxégseudomonotone multi-valued map, ghdK x K —
R U 400 a proper function.

(i) (g9(p),9(p)) = 0andf(g(p),g(p)) = 0forp € K;
(ii) forfixedv € B*, p — (Av,v¥(g(p),.)) + f(g(p),.) is convex.

Then the following variational inequalitiefs (2.1) aid (2.2) are equivalent.

Find p € K such that for eacly € K , there exists. € T'(p) satisfying,

(2.1) (Au,(q,9(p)) + f(g,9(p)) = 0.
Find p € K such that for eacly € K, there exists € T'(¢) satisfying,
(2.2) (Av, (g, 9(p))) + f(a,9(p)) > ¢(g — g(p))-

Proof. By the weakly relaxed-pseudomonotonicity df', equation[(2.]1) implies (2].2).

Conversely, lep be a point of K’ such that forg € K with f(q,9(p)) < oo there exists
v € T'(q) satisfying,

(Av, (g, 9(p))) + f(a,9(p)) > ¢(a - 9(p)).
Putg, = (1 —t)g(p) +tq,t € (0,1) theng, € K. It follows that,
(Avi, ¥(q, 9(p))) + f(@: 9(p)) = (@ — g(p)), for somev, € T(q).
Since,((¢: — 9(p)) = ((t(q — 9(p))) = k(t)¢(q — g(p)), by the condition(i) and(ii), we have
t((Av, (g, 9(p)) + f(q,9(p)) = k(t)C(q — 9(p))-

(Avg, ¥(q,9(p))) + f(a,9(p)) = @C(q —9g(p))-

Hence
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Since,T" is y-hemicontinuous and weakly relaxégpseudomonotone, by lettirig— 0, we get

(Au, (g, 9(p))) + f(g,9(p)) =0,

for someAu € T(p) and for allg € K with f(q,g(p)) < co. When f(q,g(p)) = +o0,
the inequality(Au, ¥(q,9(p))) + f(g,9(p)) > 0is trivial. Thereforep € K is a solution of

equation|[(2.11).
1

Theorem 2.3.Let K be a nonempty bounded closed convex subset of a real reflexive Banach
spaceB. LetA,g : K — K, ¢ : K x K — B are mappings] : K — 25 be any-
hemicontinuous and weakly relaxeegpseudomonotone map with nonempty compact values,
andf : K x K — R U 400 a proper function. Assume that

() ¥(g(p).a) +(a.9(p)) =0andf(g(p),q) + f(a.9(p)) = 0 forp,q € K,
(i) for fixedv € B*, p — (Av,¥(9(p),.)) + f(g(p,.)) is convex, weakly lower semicon-

tinuous,

(i) ¥(p,g(p)) =0andf(p,g(p)) =0forall p € K,
(iv) ¢ : B — R is weakly lower semicontinuous.

Then problem[(2]1) is solvable.

Proof. Define a multi-valued maps : K — 25 as,

F(q) = {p € K|(Au,¥(q,9(p))) + f(q, 9(p))| > 0 for someu € T(p)for ¢ € K}.

Then F is a KKM-map. In fact, suppose that there exigt(q:), 9(¢2), -..., 9(¢,)} In K and
t; > 0with Y°" | ¢, = 1 such that

n

9(a) = > _tiglar) ¢ U Fla).

=1
Then for allv € T'(q)

(Av,¥(q,9(q:))) + f(a,9(q:)) <0, i=1,2,....n.
It follows that

0 = (Av,9¥(q,9(q) + f(a.9(q))

= <Av,w (q, Ztig(%))> +f (q, Ztig(qi)>
< Zm(flv, (g, 9(q:))) + Ztif(Q7g(Qi))

< 0,

which is a contradictiong

Define another multi-valued mag, : K — 25 by

G(q) = {p € K : forsomev € T(q), (Av,¥(q,9(p))) + f(q,9(p)) = ¢(q — 9(p))}

for ¢ € K. Then by the relaxed-pseudomonotonicity ot it follows thatG is also a KKM-
map. On the other hand, I€¢ps} be a net inG(¢q) converging weakly tgp. Then for some
vg € T(q),

(Avg, ¥(q, 9(ps))) + f(a,9(ps)) > C(q — g(ps)), for 3 € I.
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Hence,T'(¢) is compact, so that we may assume that} converges to some < 7'(¢q). Since,
p — (Av, (., 9(p))) + f(.,9(p)) is weakly upper semicontinuous, agds weakly lower
semicontinuous, an¢lis weakly lower semicontinuous, we have

(Av,9(q,9(p) + fla.g(p)) = Tims({Avs, ¥(q.9(ps)) + f(q.9(ps))

> li?(<Avﬁ,¢%q,g(pﬁ)>%-f(q,g(pﬂ))
zl%ﬂ@—MWD
> alqg—g(p))

It follows thatp € G(q) andG(q) is weakly closed for aly € K. SinceK is bounded closed
and convex K is weakly compact, s6/(q) is weakly compact ik’ for eachg € K. It follows
from Theoreny 2J1 and Fan-KKM theorem, that

UF@=G0#¢

Hence, there exists ane K such that for each € K, there exists € T'(p) satisfying

(Au,v¥(q,9(p))) + f(g,9(p)) = 0.

Theorem 2.4.Let K be a nonempty unbounded closed convex subset of a real reflexive Banach
spaceB. LetA,g : K — K, ¢ : K x K — B are mappings] : K — 25 be any-
hemicontinuous and relaxedpseudomonotone multi-valued map, ghdK x K — RU 400

a proper function. Assume that

(i) ¢ : B — Ris weakly lower semicontinuous,
(i) forfixedv € B*, p — (Av,9¥(g(p),.)) + f(g(p,.)) is convex, weakly lower semicon-
tinuous and

(i) ¥(g9(p),q) + (g, 9(p)) =0and f(g(p),q) + f(q,9(p)) = 0forp,q € K.

If T" is ¢)-coercive with respect t@,then problem[(2]1) is also solvable.

Proof. SupposeB, = ¢q € B : ||¢|| < r and consider the following problem;

Findp, € K N B, such that for each € K N B,, there exists,. € T'(p,) satisfying

(2.3) (Au,, P(g(po), 9(pr)) + f(a,pr) > 0.

By Theorenj 2.8, problen (2.3) has a solutign & K N B,. Chooser > ||po|| with p, in the
coercivity condition of Definitiof 2]3. Sincgy € K N B,, we haveu, € T'(p,) satisfying

{(Aur, ¥(g(po, 9(pr))) + f(9((po), 9(pr)) = 0.

Moreover
<AUT, 7?(9(290)»9(2%))) + f(g(pO)ag(pr))
= <Aur Aan (g(pr) ( ))>+f( ( ) (pr)) <Au0, ( (pO) g(pr)»
< —(Au, — Auo, ¥(g(pr), 9(po))) + f(9(po), 9(pr)) + [[Auol[[|¥(g(pr), 9(po)) |
<f4u¢ Aug, Y(g(pr); 9(po))) + f(9(pr), 9(po))
< Ibtotr) ot (- [6(s(pr), 9(po))] )

for ug € T'(po).
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Now if ||p.|| = r for all r, we may choose large enough so that the above inequality and the
1-coercivity of T with respect tof implies that,

<Aura ¢(g<p0)v g(pr))> + f(g(p0>a g(pr)) < 07
which contradicts

(Aur, ¥ (g(po), 9(pr))) + f(9(po), 9(pr)) = 0.
Hence there exist such that||p.|| < r. For anyq € K, we can choose < (0,1) small

enough such that(p,) + v(¢ — g(p,)) € K N B,. It follows from (2.3) that

(Aur, (g(pr)) +v(g = g(pr), 9(pr)) + f(9(pr) +v(a — g(pr), 9(pr)) = 0,
for someu, € T(p,). By conditions (i) and (ii), we have

(Aur, (g, 9(pr))) + f(a.9(pr)) = 0.
Thusp, € K is a solution of[(2.]1) s

3. WEAKLY RELAXED (-SEMI-PSEUDOMONOTONE COMPOSITE MULTI -VALUED
VARIATIONAL -LIKE INEQUALITIES

In this section, we introduce and prove the existence of solutions for variational-like inequalities
problems with a wakly relaxe¢tsemi-pseudomonotone multi-valued mappifig K’ x K —
25" whereK is a nonempty closed convex subsef3f.

Findp € K such that for each € K there exists. € B(g(p), g(p)) satisfying

(3.1) (Au, (g, 9(p))) + f(q,9(p)) = 0.

Definition 3.1. Letg : K — K,v : K x K — B** are the mappings anfl: K x K — R be
a function. LetK be a nonempty subset 8f*. A multi-valued mapB : K x K — 25" is said
to be weakly relaxed-semi-pseudomonotone if the following conditions hold:

(a) for each fixedv € K, B(w,.) : K — 25" is weakly relaxed,-pseudomonotone, i.e.,
there exists a functiom : B — R with «a(tz) = k(t)a(z) for z € B**, where
k:(0,1) — (0,1) is a function with IimHO@ = 0, such that for every pair of points
p,q € K and for everyu € B(w, p), we have

(Au, (g, 9(p))) + f(a,9(p)) = 0
implies
(Av,¥(q, 9(p))) + (g, 9(p))a(q — g(p)) for somev € T'(q).
(b) for each fixed; € K, B(., q) is completely continuous, i.e., for any nfgt;} in B* such
thatps —* po, for every ne{vi} in B with vz € B(pgs, ¢) has a convergent subnet, of

each limit belongs t@(py, ¢) in the norm topology oB*, where— denotes the weék
convergence i8**.

Theorem 3.1. Let B be a real Banach space and be a nonempty bounded closed convex
subset of3**. LetB : K x K — 25 be a weakly relaxed-semi-pseudomonotone multi-
valued map(G : K — K beamapandf : K x K — R U 400 a proper function such
that
(i) forfixedv € B*, x — (Av,v¥(g(p),.)) + f(g(p),.) is linear, weakly lower semicontin-
uous;

(i) ¥(9(p),q) + (g g(p)) = 0and f(g(p),q) + f(q,9(p)) = 0forp,q € K;
(i) ¢ : B* — R is convex, weakly lower semicontinuous;
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(iv) foreachp € K , A(g(p),.) : K — 25" is finite dimensional continuous.
Then problem[(3]1) is solvable.

Proof. Let F' C B** be a finite dimensional subspace wify = K (| F # ¢. For each
w € K, we consider the following problem.

Findp, € Kr such that foly € K, there exists,, € B(w, g(po)) satisfying,

(3.2) (Auo, ¥(q,9(po))) + f(g, 9(po)) = 0.

For eachw € K, sinceB(w,.) is weakly relaxed,-pseudomonotone and continuous on
a bounded closed convex subgét of F. By Theoreni 2.3, above problem has a solution
pw € Kp. If we define a multi-valued maff; : Kr — 257 as follows;

T(w) = {pe€ Kp: forq e Ky, there exists, € B(w, g(p)) such that Au, v (q, g(p)))

+f(a,9(p)) = 0},
thenT'(w) is nonempty, since,, € T'(w). By Theoren 2]17(w) is equal to the set,

{p € Kp: forq € Kp, there exists € B(w, g(p)) such that Av, (g, g(p)))

+f(q,9(p)) > alqg — g(p))}.

By conditions (i),(ii) and (iii),7 : Kr — 2%7 has a nonempty bounded closed and convex
multi-values, andl" is upper semicontinuous by the complete continuity3f, ¢q). By the
Kakutani-Fan-Glickberg fixed point theoreifihas a fixed poini, in K i.e., foreachy € Kp,
there exists: € B(wy, wy) satisfying,

Let x = {F : F'is a finite-dimensional subspace®f* with Kr # ¢} and, forF' € y,

Wi = {pe€ K :{Av,¥(q,9(p)) + fg,9(p)) = alqg — g(p)) for g € K,
and for some» € B(g(p),q))},
By Theoreni 2.[1 and (3.3), we know thHfr is nonempty and bounded. Since, the weak
closureWr of W in B** is weakK compact in3**, for any F; € x, (i = 1,2, .....,n), we know
thatW,r, C N, Wr, SO{Wr : F € x} has the finite intersection property. Therefore, it follows
that,

N Wr # 6.

Fex
Letp € Ny, Wr. We claim that for each € K, there exists: € B(g(p), g(p)) satisfying
(Au,v(q,9(p))) + f(q,9(p)) > 0. Indeed, for eaclw € K, let F € x such thatv € K and
p € Kr, there exists a ndpg} in Wy such thaps — p. It follows that

(Avs,b(q,9(ps))) + f(a.9(ps)) = Cla — g(ps))
for all ¢ € K and for someys € B(g(ps), ¢). Hence, we get

(Av,¥(q,9(p))) + f(a,9(p)) > C(qg — g(p))

for all ¢ € K and for some € B(g(p), q) by using the complete continuity d(., ¢) and the
assumptions otf, > and¢. From Theorerh 2|1, for eache K , there exists. € B(g(p), g(p))
satisfying,

(u,¥(q,9(p))) + f(a,9(p)) = 0.
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Theorem 3.2. Let B be a real Banach space and a nonempty unbounded closed convex
subset of53**. Letg : K — K beamap,B : K x K — 28 pe a weakly relaxed-semi-
pseudomonotone multi-valued map, ghdK x K — R U +oco a proper function such that

(i) foreachp € K, B(g(p),.) : K — 25 is finite dimensional continuous;
(i) ¢: B* — Ris convex, weakly lower semicontinuous;

(iii) ¥(g(p). q) +¢(q,9(p)) = 0and f(g(p). q) + f(g, 9(p)) = 0for p,q € K;
(iv) for fixedv € B*, p — (Av,¥(g(p),.)) + f(g(p),.) is linear, lower semicontinuous;
(v) there exists ap, € K such that,

limy oo (U (g(p), 9(p0) + f(9(p), 9(po)) >0
forall p € K and for allu € B(g(p), g(p)). Then problem (3]1) is solvable.

Proof. Denote the closed ball with radiusand center &t in 8** by B,.. By Theorenj 31, there
exists a solutiop, € B, [ K such that for each € B, () K there existsy, € B(g(p,), 9(pr))
satisfying,

(Aur, ¥(q,9(pr))) + (g, 9(pr)) = 0.
Letr be large enough so thag € B,, therefore there exists. € B(g(p.), g(p.)) such that,
(Aur, ¥ (g(po), 9(pr))) + f(9(po), 9(pr)) = 0.

By the condition(v), we know that{p,} is bounded. So, we may suppose that,— p as
r — oo. It follows from Theorenj 2]1 that for eaeh € B(g(p,),y)

(Avy, ¥(q, 9(pr))) + fa:9(pr)) = C(q — g(pr)) forall g € K.
Lettingr — oo, we have for alb € B(g(p), q),
{(Av,¥(q,9(p)) + fg,9(p)) = C(qg — g(p)) forall g € K
Again by Theorem 2|1, we have fore K , there existsy € B(g(p), g(p)) satisfying

(Au, (g, 9(p))) + f(q,9(p)) = 0.
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