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2 RINCHEN TUNDUP

1. I NTRODUCTION

Let D be the open unit disc of the complex planeC and∂D be the boundary ofD. Consider
the algebraH(D) of all holomorphic functions with domainD and letS(D) be the set of all
analytic self maps ofD. Now if ϕ is an analytic self map ofD, thenϕ induces a composition
operatorCϕ defined by

Cϕf = foϕ,

for any analytic functionf : D → C. The study of composition operators on Bloch spaceB and
little Bloch spaceBo began with the paper [10] by Madigan and Matheson in which they have
characterized the necessary and sufficient condition for compactness of composition operator
on B. In the last few decades the study of composition operator on various function spaces
have been an active area of research for mathematician all across the globe. However in the
last few years researchers have now started understanding the topological structure of the set
of composition operators acting on certain function spaces specially the holomorphic function
spaces. Berkson [1] in 1891 first introduced the idea of studying the topological structure of the
sets of composition operator in the operator norm topology with his isolation results on Hardy
space. Shapiro and Sunderg [14] continues the work of Berkson and went on further to raise a
question on "when the difference of two composition operator on Hardy spaceH2 is compact?"
Since then the compact differences of composition operator on various settings has been an
active area of research nowadays. While this question still remains unsolved for the Hardy space
H2, however various papers characterizing the compact differences of composition operators on
Bloch spaces, little Bloch spaces and Bergman spaces has appeared in recent years. Moorhous
[11] was the one who answered the question of when differences of two composition operator
on Bergman spacesA2

α, α > −1 is compact. Hosokawa and Ohno ([5], [6]) initiated the study
of the topological structures of the sets of composition operators on Bloch spacesB and little
Bloch spaceBo in the unit disc and gave a characterization on the question of compact difference
of composition operator on these spaces. For more details on Bloch space and differences of
composition operator on Bloch spaces one can refer to [3], [7],[8],[9], [12],[15] and [16].
Notations:Throughout the paper we shall use the notationA � B for nonnegative quantitiesA
andB to mean thatA ≤ KB for some constantK > 0 and the notationA ≈ B mean that both
A � B andB � A.

2. PREMILINARIES

We recall that the classical Bloch space denoted byB consists of all functionsf ∈ H(D)
such that

(2.1) supz∈D
(
1− |z|2

)
|f ′(z)| <∞.

and the little Bloch spaceBo consists of allf ∈ H(D) such that

(2.2) lim
|z|→1

(
1− |z|2

)
|f ′(z)| = 0

The Bloch spaceB becomes a Banach space under the norm defined as

(2.3) ‖f‖B = |f(0)|+ supz∈D
(
1− |z|2

)
|f ′(z)|

and the little Bloch spaceBo is a closed subspace ofB. We shall now review some basic prop-
erties of functions in the the Bloch spaceB and the little Bloch spaceBo.
Let z, w ∈ D, then the pseudo-hyperbolic distance between the two point is given by

(2.4) ρ(w, z) =

∣∣∣∣ w − z

1− wz

∣∣∣∣
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and the hyperbolic metric which is also called the Bergman metric is then given by

(2.5) β(w, z) =
1

2
log

1 + ρ(w, z)

1− ρ(w, z)
.

As Hosokawa and Ohno [5] has used the behavior of the Schwartz-Pick type derivativeϕ# on
the neighborhood of∂D to study compact difference of composition operator onB, we shall
continue using this behavior ofϕ# and results from Hosokawa and Ohno ( see [5] and [6]) to
study the double difference of composition operator onB and so we shall define the Schwartz-
Pick type derivative as follows.
Forϕ ∈ S(D), the Schwartz-Pick type derivativeϕ# of ϕ is defined as

(2.6) ϕ# =
1− |z|2

1− |ϕ(z)|2
ϕ′(z)

Further
∣∣ϕ#(z)

∣∣ ≤ 1 follows from the Schwartz-Pick lemma. We shall further use the estimate

(2.7) |f(z)| ≤ 1

log 2
‖f‖B

1

1− |z|2
∀ f ∈ B

given in [13] in the proof of our main results. Note that we also write

ρi,j(z) = ρ
(
ϕi(z), ϕj(z)

)
.

Let ∆ denote the collection of all sequence{zn} in the unit discD of C which converges to
some point on the boundary of the unit disc denoted by∂D such that the sequence{ϕi(zn)},
{ϕ∗i (zn)} and{ρij(zn)} also converges for everyi, j. Now we shall further state the following
set which is defined in [4] as under

I{zn} = {i : {zn} ∈ Γi}
Ij{zn} =

{
i : {zn} ∈ Γ?i,j

}
I#
j {zn} =

{
i : {zn} ∈ Γ#

i,j

}
I∗j {zn} =

{
i : {zn} ∈ Γ∗i,j

}
where

Γi = {{zn} ∈ ∆ : |ϕi(zn)| → 1}
Γ?i,j =

{
{zn} ∈ ∆ : ρi,j(zn) → 0

}
Γ#
i,j =

{
{zn} ∈ Γ?i,j : ϕ#

i (zn) 9 0
}

Γ∗i,j =
{
{zn} ∈ Γ?i,j : limn→∞ϕ

#
i (zn) = limn→∞ϕ

#
j (zn)

}
Then it is clear thatΓ#

i,j ⊆ Γ?i,j ⊆ Γi ⊆ ∆ andΓ∗i ⊆ Γ?i,j ⊆ Γi ⊆ ∆. Now if Card Γ#
i = φ, then

by Madigan and Matheson [10] Compactness criterion,Cϕi
is compact on the Bloch spaceB.

The above construction induces a natural partition of the setI{zn} into disjoint sets of the form
Ij{zn} defined above which can further be partitioned into disjoint sets of the formI∗j {zn} as
follows

(2.8) I{zn} = ∪ts=1Ijs{zn}
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4 RINCHEN TUNDUP

for somej1, j2, · · · , jt ∈ I{zn} and

(2.9) Ij{zn} = ∪pq=1I
∗
sq
{zn}

for somes1, s2, · · · , sp ∈ Ij{zn}.
We have the following equivalent condition for an operatorT to be compact on the Bloch Space
B due to [4].

Theorem 2.1.Letϕ1, ϕ2, · · ·ϕm be any analytic self-maps of the unit discD. Let

(2.10) T =
m∑

i=1

λiCϕi

be an operator on the Bloch spaceB whereλ1, λ2 · · · , λm are nonzero complex scalars. Then
the following condition are equivalent

(1) T is compact.

(2) Σi∈I#j {zn}λi = 0 for all {zn} ∈ ∆, j ∈ I{zn}.

(3) Σi∈I∗j {zn}λi = 0 for all {zn} ∈ ∆, j ∈ I{zn} with ϕ#
j (zn) 9 0.

In [5] Hosokawa and Ohno further proved the following theorem.

Theorem 2.2. Letϕ andψ be any analytic self maps of the unit discD. Suppose that neither
Cϕ norCψ is compact onB. Then the differenceCϕ − Cψ is compact on Bloch spaceB if and
only if

(1) ϕ#(zn)ρ (ϕ(zn), ψ(zn)) → 0 whenever|ϕ(zn)| → 1.

(2) ψ#(zn)ρ (ϕ(zn), ψ(zn)) → 0 whenever|ψ(zn)| → 1 and

(3) |ϕ#(zn)− ψ#(zn) | → 0 whenever|ϕ(zn)| → 1 and|ψ(zn)| → 1.

3. M AIN RESUT

We shall first prove for Bloch space a result similar to [2, Theorem 1.1] proved for Bergman
spaces.

Theorem 3.1. Letϕ1,ϕ2 andϕ3 be an analytic self map of the unit disc andλ1,λ2 andλ3 be
three non zero complex number. Suppose that each ofCϕi

is not compact on the Bloch spaceB
for i = 1, 2, 3. If T = λ1Cϕ1

+ λ2Cϕ2
+ λ3Cϕ3

is compact onB, Then the following holds.

(1) T = λi

(
Cϕi

− Cϕj
− Cϕk

)
where(i, j, k) is some permutation of the set{1, 2, 3}.

(2) T = λ2

(
Cϕ2

− Cϕ1

)
+ λ3

(
Cϕ3

− Cϕ1

)
Proof. SinceT is compact implies that for each sequence{zn} ∈ ∆ and for allj ∈ I{zn}, we
have from Theorem 2.1, that

(3.1) Σi∈I#j {zn}λi = 0.

Also we see from equation (3.1) thatCard I#
j {zn} 6= 1, since we haveλi 6= 0 for all

i = 1, 2, 3. Thus we see that for each sequence{zn} ∈ ∆ and for anyj ∈ I{zn}, we have
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Card I#
j {zn} = {0, 2, 3} . Thus we have the following cases

Case I: We first suppose thatCard I#
j {zn} = 0 for some sequence{zn} ∈ ∆ and some

j ∈ I{zn}. This implies that for eachi ∈ I{zn}, eitherρi,j(zn) 9 0 or ϕ#
i {zn} → 0.

Subcase I: Ifϕ#
i (zn) → 0 for i ∈ I{zn}, then by Madigan and Matheson [10] compactness crite-

rion,Cϕi
is compact which is not true.

Subcase II: Ifρi,j(zn) 9 0 implies thati ∈ I{zn} but i /∈ Ij{zn}. However sinceI{zn} =
∪ts=1Ijs{zn} for somej1, j2, · · · jt implies thati ∈ Ijk{zn} for somek = 1, 2, · · · t.
Thus i ∈ I#

jk
{zn} which is a contradiction to the fact thatCard I#

j {zn} = 0 for all

sequence{zn} ∈ ∆ and for eachj ∈ I{zn}. ThusCard I#
j {zn} = 0 is not possible.

Case II: IfCard I#
j {zn} = 2. Suppose we assume thatI#

j {zn} = {1, 2}. Then we have

(3.2) λ1 + λ2 = 0.

Since3 /∈ I#
j {zn} implies that eitherϕ#

3 (zn) → 0 or ρ3,j(zn) 9 0. If ϕ#
3 (zn) → 0

as |ϕ3(zn)| → 1 implies thatCϕ3
is compact which is not true. Thus we must have

ρ3,j(zn) 9 0 which further implies that3 /∈ Ij{zn}. But since3 ∈ I{zn} andI{zn} =
∪ts=1Ijs{zn} for somej1, j2 · · · jt ∈ I{zn}. Thus3 ∈ Ijs{zn} for somes = 1, 2 · · · t.
Thus we have3 ∈ I#

js
{zn} and since we are assuming thatCard I#

j {zn} = 2 for all

sequence{zn} ∈ ∆ and for eachj ∈ I{zn}. Thus we must have eitherI#
j {zn} = {3, 1}

or I#
j {zn} = {3, 2}. Thus we have

(3.3) λ1 + λ3 = 0 or λ2 + λ3 = 0

Solving equation (3.2) and (3.3) we getT = λ1(Cϕ1
− Cϕ2

− Cϕ3
) or T = λ2(Cϕ2

−
Cϕ1

− Cϕ3
). Similarly we can get the other permutation in(1).

Case III: We suppose thatCard I#
j {zn} = 3 for some sequence{zn} and j ∈ I{zn}. Then

I#
j {zn} = {1, 2, 3} which further implies thatλ1 + λ2 + λ3 = 0. Solving this we find

the required result (2).

In the next result we shall prove the necessary and sufficient condition for the double differ-
ence of composition operators to be compact constructed using three non compact composition
operators.

Theorem 3.2. Let a, b ∈ C \ {0} anda + b 6= 0. Assume thatCϕi
is not compact onB for

eachi = 1, 2, 3. ThenT = a(Cϕ2
−Cϕ1

) + b(Cϕ3
−Cϕ1

) is compact on Bloch spaceB iff both
Cϕ2

− Cϕ1
andCϕ3

− Cϕ1
are compact onB.

Proof. The sufficiency condition is trivial. So we suppose thatT = a(Cϕ2
−Cϕ1

)+b(Cϕ3
−Cϕ1

)
is compact. We need to prove thatCϕ2

− Cϕ1
andCϕ3

− Cϕ1
are both compact.

Suppose on the contrary thatCϕ2
− Cϕ1

is not compact for instance. Then by Theorem 2.2,
there exist someε > 0 and some sequence{zn} ∈ ∆ such that

(3.4) ϕ#
i (zn)ρ(ϕ1(zn), ϕ2(zn)) > ε or |ϕ#

2 (zn)− ϕ#
1 (zn)| > ε

whenever|ϕi(zn)| → 1 for i = 1, 2.

We first suppose that|ϕ#
2 (zn) − ϕ#

1 (zn)| > ε whenever|ϕi(zn)| → 1 for i = 1, 2. Then it is
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clear that1, 2 ∈ I{zn}. SinceT is compact implies that

(3.5) Σi∈I∗j {zn}λi = 0

for all {zn} ∈ ∆, j ∈ I{zn} with ϕ#
j (zn) 9 0 whereλ1 = −(a + b), λ2 = a andλ3 = b.

Now since1 ∈ I{zn} and clearlyϕ#
1 (zn) 9 0 for otherwiseCϕ1

is compact which is not
true. Now consider the setI∗1{zn}. Then clearly2 /∈ I∗1{zn} because of our assumption. Thus
Card I∗1{zn} = 1 or 2, so thatI∗1{zn} = {1, 3} or I∗1{zn} = {1} or I∗1{zn} = {3}.
Case I: IfI∗1{zn} = {1, 3}. Then we have

Σi∈I∗1 {zn}λi = 0

So that−a = 0 a contradiction.
Case I: IfI∗1{zn} = {1} implies thata+ b = 0 a contradiction.

Case III If I∗1{zn} = {3} implies thatb = 0 again a contradiction.

Similarly we will again arrive at a contradiction when we consider2 ∈ I{zn}. Next we suppose
thatϕ#

i (zn)ρ(ϕ1(zn), ϕ2(zn)) ≥ ε say fori = 1. Then we must have

(3.6)
1− |zn|2

1− |ϕ1(zn)|2
≥ ε1 andρ1,2(zn) = | ϕ1(zn)− ϕ2(zn)

1− ϕ1(zn)ϕ2(zn)
| ≥ ε1

for someε1 smaller thenε. This implies that1 − |zn|2 ≥ ε11 − |ϕ1(zn)|2. Thus we see that
1− |zn|2 ≈ 1− |ϕ1(zn)|2. Now we shall consider the sequence of test function

fn(z) =
1

(1− zϕ1(zn))
k

We have from our estimate that

|fn(ϕ1(zn))| � ‖fn‖B log
2

(1− |ϕ1(zn)|2)
So that

(3.7)
1

(1− |ϕ1(zn)|2)k
� ‖fn‖B log

2

(1− |ϕ1(zn)|2)
Also

(3.8) |Tfn(zn)| � ‖Tfn‖B log
2

(1− |zn|2)
From equation (3.7) and (3.8) we have

(3.9) (1− |ϕ1(zn)|2)k|Tfn(zn)| �
‖Tfn‖B
‖fn‖B

log 2
(1−|zn|2)

log 2
(1−|ϕ1(zn)|2)

Further since

(3.10) log
2

(1− |ϕ1(zn)|2)
≈ log

2

(1− |zn|2)
.

We have

(3.11) (1− |ϕ1(zn)|2)k|Tfn(zn)| �
‖Tfn‖B
‖fn‖B

Now let us construct a sequence as follows.

(3.12) sj,n =
1

1 + ϕ1(zn)αj(zn)
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whereαj(zn) =
ϕ1(zn)−ϕj(zn)

1−|ϕ1(zn)|2 andj = 1, 2, 3. The it is clear from equation (3.12), thatlim supn→∞|s2,n| �
1, otherwise there is a subsequence say{znk} ∈ ∆ such thatαj(znk) → 0 which implies that

ρ12(znk) = |αj(znk)|

∣∣∣∣∣ 1− |ϕ1(znk)|
1− ϕ1(znk)ϕ2(znk)

∣∣∣∣∣→ 0

a contradiction to equation (3.6). Now from equation (3.11)

‖Tfn‖B
‖fn‖B

� (1− |ϕ1(zn)|2)k|Tfn(zn)|

�

∣∣∣∣∣∣λ1 + λ2

(
1− |ϕ1(zn)|2

1− ϕ1(zn)ϕ2(zn)

)k

+ λ3

(
1− |ϕ1(zn)|2

1− ϕ1(zn)ϕ3(zn)

)k
∣∣∣∣∣∣

�
∣∣∣∣1 +

λ2

λ1

sk2,n +
λ3

λ1

sk3,n

∣∣∣∣
whereλ1 = −(a + b), λ2 = a andλ3 = b. SinceT is compact and so we have‖Tfn‖B

‖fn‖B
→ 0 as

n→∞ implies that

(3.13) 1 +
λ2

λ1

sk2,n +
λ3

λ1

sk3,n → 0.

Also sincelim supn→∞|s2,n| � 1 and so equation (3.13) is possible only ifλ3

λ1
= −1, so that

0 = a a contradiction. Thus in each case we get a contradiction. Thus we must have both
Cϕ2

− Cϕ1
andCϕ3

− Cϕ1
compact.

Corollary 3.3. Letϕi for i = 1, 2, 3 be three distinct holomorphic self maps of the unit disc and
Cϕi

is not compact onB for eachi = 1, 2, 3. ThenT = (Cϕ2
−Cϕ1

) + (Cϕ3
−Cϕ1

) is compact
on Bloch spaceB iff bothCϕ2

− Cϕ1
andCϕ3

− Cϕ1
are compact onB.

4. CONCLUSION

Applying the behavior of the Schwartz Pick type derivative near the boundary of the unit
discD,we have concluded the necessary and sufficient conditions for double difference of three
non-compact composition operators on Bloch spaceB to be compact. These results will further
help researchers in understanding the topological structure of the set of composition operators
on Bloch spaceB.

REFERENCES

[1] E. BERKSON, Composition operators isolated in the uniform operator topology,Proc. Amer. Math.
Soc.,81 (1981), pp. 230-232.

[2] B. R. CHOE, H. KOO and M. WANG, Compact double differences of composition operators on
Bergman spaces,Journal of Functional Analysis,272(2017), pp. 2273-2307.

[3] J. A. CIMA, The basic properties of Bloch functions,Int. J. Math.& Math. Sci.,2 (1979), No.3, pp.
369-413.

[4] T. HOSOKAWA, P. J. NIEMINEN and S. OHNO, Linear combinations of composition operators
on Bloch spaces,Canad. J. Math.,63 (2011), No.4, pp. 862-877.

[5] T. HOSOKAWA and S. OHNO, Differences of composition operators on the Bloch spaces,J. Op-
erator Theory,57 (2007), pp. 229-242.

AJMAA, Vol. 17 (2020), No. 1, Art. 12, 8 pp. AJMAA

https://ajmaa.org


8 RINCHEN TUNDUP

[6] T. HOSOKAWA and S. OHNO, Topological structures of the sets of composition operators on the
Bloch spaces,J. Math. Anal. Appl.,314(2006), pp. 736-748.

[7] T. HOSOKAWA and S. OHNO, Differences of weighted composition operators acting on Bloch
space toH∞, Tran. of the Amer. Math. Soc.,363(2011),No. 10, pp. 5321-5340.

[8] S. LI, Differences of generalized composition operators on the Bloch space,J. Math. Anal.
Appl.,394(2012), pp. 706-711.

[9] X. LIUA and S. LIA, Differences of generalized weighted composition operators from the Bloch
space into Bers-type spaces,Filomat,31 (2017), No. 6, pp. 1671-1680.

[10] K. MADIGAN and A. MATHESON, Compact composition operator on the Bloch spaces,Tran. of
the Amer. Math. Soc.,347(1995), No.7, pp. 2679-2687.

[11] J. MOORHOUSE, Compact differences of composition operators,J. Funct. Anal.,219(2005), pp.
70-92.

[12] P. J. NIEMINEN, Compact differences of composition operators on Bloch and Lipschitz
spaces,Comput. Methods and Funct. Theory,7 (2007), pp. 325-344.

[13] S. OHNO and R. ZHAO, Weighted composition operators on the Bloch space,Bull. Austral. Math.
Soc.,63 (2001), pp. 177-185.

[14] J. SHAPIRO and C. SUNDBERG, Isolation amongst the composition operators,Pacific J.
Math.,145(1990), No.1, pp. 117-152.

[15] Y. SHI and S. LI, Differences of composition operators on Bloch type spaces,Complex Anal. Oper.
Theory, 11 (2017), pp. 227-242.

[16] K. YANG and Z. ZHOU, Essential norm of the differences of composition operators on Bloch
spaces,Czech. Math. Journal,60 (2010) pp. 1139-1152.

AJMAA, Vol. 17 (2020), No. 1, Art. 12, 8 pp. AJMAA

https://ajmaa.org

	1. Introduction
	2. Premilinaries
	3. Main Resut
	4. Conclusion
	References

