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1. INTRODUCTION

In the literature, there are several methods of solving the integral equations, we put in place a
new idea in order to simplify the problem, inspired by the method of Adomian. In this paper, we
propose a new approach based on the Adomian decompositional method (ADM) [3/4]5, 6, 8, 9]
to solve the linear integral equations of Fredholm and second-type Volteria [1)/2] 13} 14, 16]. In
doing so, we obtain interesting results.

2. THE NEW ADOMIAN APPROACH FOR FREDHOML LINEAR INTEGRAL EQUATIONS
SECOND TYPE

2.1. Description of the new Adomian approach.Let us consider the following Fredholm
integral equation second kind:

s
2.1) go(x):f(x)+)\/K(x,t)<p(t)dt,)\>O
Wherey is the unknown functionk (z, t) is the kernel of the integral equation and €
[, 5] CR, K (z,t) € C(2) whithQ = [a, 8] X [a, (] .. Taking
s
2.2) h(z) = /K (2.1) o (£) dt
we get: )
(2.3) p(z) = f(2) + A ()
Then
/K z,t) )+ AR (t))dt
(2.4) /th dt+/\/thh(t)dt

l(x)

(2.4) is the canonical form of Adomian. Let's look for the solution of the equation in the
+oo

form of a convergent seri Z hn, (x)) , we obtain the relationship
n=0

+o00 B +oo
> ha(x) :l(x)+)\/K(x,t) (Zhn (t)) dt

then we get the following Adomian algorithm:

ho (z) =1 (x)
B

hor () = A/K (2.4) b () dt,m > 0

«Q

(2.5)
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2.2. Convergence of the algorithm.
Theorem 2.1.1f f € C ([o, f]) and K € C () withQ = [«, 5] X [, 5] thenVt € [«, 5], Im >
<

0 such that/f ()| < m andV (z,t) € [, 0] X [, 5] ,3M > 0 such thal K (z,t)|] < M, and
the senes(Z ho, is convergent and the solution of the equation
n=0

is
exists and is unique.

Proof. The existence of the solution of the equatiofir) = )+ A / K (z,t) ¢ (t)dt has

been proved in [15]
Let’s show that the serieéz hn (x)) is convervent, we obtain successively the following

n=0
inequalities, wheren = sup f(z) etM = sup K (z,t):
z€la,f (z,t) €[e,B] x [, 0]

(|ho (2)] <mM |G —a

mM | — a|)?
(@) < A5 =)
mM |3 —a
mM |3 —a
()] < w010 = el
o (mM |3 —a)""!
<
| [ (2)] < (03 1)
=
S ()] < L35 MO D™ Lo arajs - - 1)
— T A= (n+1)! A
+00 +oo
then the serie{Z |, (x)\) is convergent and the serie the ser(e I, (;c)) is conver-
gent too. " "

Let us consider two different solutions ¢f (R4 )z) andy (z) .
Let's apply the Adomian method to both(z) andgo( ) two functions supposed different,

then it becomesy (= Z ¢, (z) andy (z Z ¢, () solutions of [Z.]L)

=

AJMAA Vol. 16, No. 2, Art. 8, pp. 1-16, 2019 AIJMAA


http://ajmaa.org

4 OUEDRAOGO $NY, NEBIE ABDOUL WASSIHA, YOUSSOUFPARE, BLAISE SOME

and

©o (2) = f ()
B
Pni1 (7) = A/K(m) @, (t)dt,n >0
so by making the difference of the two series, we get:
G0 (2) — o (x) = f(x) — f(z) =0

B8
brer (&) = Por () = A / K (2,1) (6, (t) — o, (8)) dtsn > 0

«

SO we get:

{% () = o ()
On () =, (2) ,n > 1

= Vx € [a, (], we obtain: ¢ (z) = ¢ (z),which is impossible because by hypothesis
¢ (z) # ¢ (z). So they are necessarily equal and we@et) = ¢ (7). 1

2.3. Applications.

2.3.1. Example 1.Let us consider the following linear integral of Fredholm second kind:
1

(2.6) o(z)=o+ / (xtlnt) o (t)dt
0

¢ (x) = f(z)+h(z)
where

h(x)= / (xtint) o (t)dt.

1 1

Then we geth (z) = / (xtlnt) f(t)dt + / (xtlnt) h(t) dt. Let's look for the solution of

0 0
“+o00

the equation in the form of a convergent ser(e hon (x)) and we get the following Adomian

n=0

algoritm:

ho (x) = /(xt Int) f(t)dt

hpi1 () = /(xtlnt) hy (t)dt ;m >0
\ 0

Let us calculate the following termség () , hy (x) , he (), hs (z), ...
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We obtain:

n=0
Hence the exact solution gf (2.6) is:

1 9

gp(x):x—l—ole—ox.

2.3.2. Example 2.Let us consider the following linear integral of Fredholm second kind:

1

(2.7) gp(x)zx+%/(x—t)g0(t)dt
We obtain:
o (a) = f () + 5h(x) with h () = ]@:—tm(t)dt
we get: 0
h(z) = ](m ) (f(t) + %h(t)) dt
i 0
ho () = 57— 3

0

Let us calculate the following termég (z) , hy (x) , he (), hs (z), ...
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. 11
1
hl (I‘) = —ﬁx
I 1
hs () = 1755
YT 46087 6912
1
hs (*) = ~ 55556
? 1
he (7) =

We obtain:
1 \=/ 1\ 17 1\
h — [ Zp— 2 ) - = i
N (=) (2 3)2_:( 48) 24Z< 48)
22 16
T 19" 19
Then, we obtain the exact solution of the equatjon|(2.7):
©)=27- 1
AT

2.3.3. Example 3.Let us consider the following linear integral of Fredholm second kind:

(2.8) o(r)=a+ ! /xt2go (t)dt

2
o (x) = f(x) + 3h (x)
Where

1

h(x)= /xt%p (t)dt

0
1 1

:>h($):/:thf(t)dH—%/astzh(t)dt

0 0
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Let us calculate the following termég () , hy (z) , he (z), hs (z), ...

[ 1, (z) = G) x

6
1 3
: o
o (1) = (—) ho () in >0
L 8
We obtain:
+o0 1 n
e =@ 3 (5)
= "
h(x) = %x
Hence the exact solution df (2.8) is:
o () = %x

2.3.4. Example 4.Let us consider the following linear integral of Fredholm second Kirtd)

(2.9) @ (1) =e* — %e“” (e—1)+ % /ew_tcp (t)dt

Whereh (z) = /e‘”‘tgo (t)dt

0

1 1
We obtain:h (z) = /e’”—tf (t)dt + %/ex‘th(t) dt
0 0
( 1

ho (z) = /emtf (t)dt

1
hpit (z) = 5 /e"”thn (t)dt;n>0

\ 0

Calculating:hg (z) , hy (), he (z), hs (x), ...
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hy (z) = %/e“”_t (3¢ (e—1))dt
hy (x) = %/ex_t (3e' (e —1))dt
hs (z) = %/ew_t (3¢ (e—1))dt

We obtain:

h(x)z@f(%)n:em(e—l)

n=0

Hence the exact solution exact pf (2.9) is:
=pr)=e¢

3. THE NEW ADOMIAN APPROACH FOR VOLTERRA LINEAR INTEGRAL EQUATIONS
SECOND TYPE

3.1. Description of the new approach. Let us consider the following Volterra integral equa-
tion second king:

(3.1) gp(x):f(x)+)\/K(:L',t)gp(t)dt,)\>(),T<—|—oo

Wherez,t € [, T] C R, K (z,t) € C (Jo, T] X [, T]) and f € C (e, T]) . Taking

T

h(x) :/K(:B,t)go(t)dt

«

we get
p(x) = f(z) + Ah(x)

Then

h(x) :/K(a:,t) (f (&) + AR (1)) dt
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(3.2) h(x):/K(x,t)f(t)dtJr/\/K(x,t)h(t)dt

(3.2) is the canonical form of Adomian. Let'’s look for the solution[of|3.2) in the form of a
+0o0

convergent serigs» h, (x)) , we obtain the relationship
n=0

x):/K(a;,t)f(t)dt+)\/K(x,t) (Ji.ohn(t)) dt

then [3.8) is the algorithm of Adomian:

(3.3)

B ( _/\/th t)dt;n >0

3.2. Convergence of the algorithm.

Theorem 3.1.If f € C(|o,T]) and K € C (2) whith Q = [a,T] x [a,T] thenVt €

(
[, T],3m > 0 such that|f (t)] < m andV¥ (z,t) € [a,T] x [a,T],3IM > 0 such that
“+oo

K (x,)] < M, and the serieg )  h,, (z) | is convergent and the solution of the equation
n=0

w(x)zf(:v)JrA/K(:v,t)w(t)dt

exists and is unique.

Proof. The existence of the solution of the equatiofir) = )+ A / K (z,t) ¢ (t)dt has

been proved in[15]
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+o0o
Let’s show that the serieéz ho, (x)) is convervent, we obtain successively the following
n=0
inequalities, wheren = sup f(z) etM = sup K (z,t):
z€[o, T (z,t)€la,B]x [, T

|ho ()| < mM |x — al

(mM |z — a|)2
[ ()] < A=
mM |x —a
(mM |x —al)!
by (2)] < N
|h ({L‘)| < n(mM’x_aDn—H
L o (n + 1)!
=
S i (o) < 2 3 MM e =)™ L e — al) - 1
n >~ 7 = T \&X - -
o ) s (n+ 1)! A
+oo +o0o
then the serie<z | (x)|) is convergent and the series the ser(e hy (:13)) is con-
n=0 n=0

vergent too.
Let us consider two differents solutions pf (2.&),x) andy (x) .
Let’'s apply the Adomian method to bol;zh( ) andy (x) two functions supposed different,

then it comesp (= Z ¢, (z) andy (z Z ¢, (x) solutions of [[Z]L).

=

and

so by making the dlfference of the two series, we get:
¢ () — o (z) = f(z

)~ 1) =0
brir (2) — rr (@) = A / K (,1) (6, (£) — o (1)) dtsn > 0

(x

SO we get:

Op (1) = @ (2) ;0 2> 1
= Vzr € [a, ], we obtain: ¢ () = ¢ (z),which is impossible because by hypothesis
¢ () # ¢ (x). So they are necessarily equal and we@get) = ¢ (z) . B

{ ¢y (x) = o (z)

3.3. Applications.
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3.3.1. Example 1.Let us consider the following linear integral equation of Volterra second
type:

T

(3.4) p(r)=¢€e"+ /ex_tgp (t) dt

Let us takeh (z) = /ex_tgp (t)dt, we gety (z) = e* + h (z)

0
T

o h(2) = /ex—t (e + h (1)) dt

0

=
h(x) = /exdt+/exth (t)dt
0 0

And we get the following Adomian Algorithm:

( T

ho (z) = /e“”dt: xe”

0
T

By (z) = /ez_thn (t)dt;n >0
\ 0
Calculating some termsiy () , by (x) , he (z) , h3 (x), ...

r—t142 ¢t -131’
e’ tstTeldt: gxe

24

1
r—t 1 44 . 5 x
et toptteldt —120x e

0

x—t143 .t 1 4, x

hs(v) = [ e*'teldt: —ae
2
[

We obtain:
—+00 n+1

h(x) =exp(z) CES (exp (z) — 1) exp (x)

n=0

Hence the exact solution exact pf (3.4) is:

¢ () = exp (22).
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3.3.2. Example 2.Let us consider the following linear integral equation of \Volterra second
type:

(3.5) go(x):xjt%/(ac—t)go(t)dt

Takingh (x

/a:—t t)dt, Wegetgo()—a:%—%h(x)

0
Whereh (z / x —t) (t + h( )) dt, we obtain:
0

xT

h(m):/(x—t)tdt—%/(x—t)h(t)dt

0

And we get the following Adomian Algorithm:

( T

ho (z) = /(:13 ) tdt

0

1

Pt () :5/(x—t)hn(t)dt;n20

xT

\ 0

Calculating some termsiy () , hy (x) , he (z) , h3 (x), ...

ho (z) = / (x —t)tdt = %x?’

i) =5 [@=0Ge)a: ()5

() =5 [ (1) (58") dt = (3)° 5
(3.6) , 2

hs (z) = 2 / (x —1) (201160t7) dt (%)3 f)_?

ha (z) = %/(5’3 t) (2903040t9) dt (%)4 x_i

1 n x2n+3
i (@) = (5) (2n + 3)!
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( 400
h(z) = Z hy (2)

n=0

B f (1)” x2n+3
£=\2) (2n+3)

B +oo 1\" 22(nt1)+1

- =\2) 2@n+1)+1)
= 2(n+1)+1

1

+oo (\E) 22(n+1)+1

g 1. @Qn+1)+1)
2
= 1 2(n+1)+1
2 2(n+1)+1

; 1\F n+1)—|—1)
2\ 2

We obtain:

h(z )—2\/_Slnh<\/gx>—2x

Hence the exact solution exact pf (3.5) is:

¢ (x) = V2sinh (%) .

3.3.3. Example 3.Let us consider the following linear Volterra integral equation second kind:

xT

(3.7) o) =x— %1:1:4 + / (2 =) o (t)dt
0
By posing:
hz)= [ (2% —1t*) ¢ (t)dt
/
we get
= h(z) = }lx‘l - %x7+/(x2 — *) h(t)dt

AJMAA Vol. 16, No. 2, Art. 8, pp. 1-16, 2019 AJMAA
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+oo
Let’s look for the solution of{(3]7), in the form of a convergent serik$z) = Z hy (x)
n=0

+oo
Let’s calculate some of the terms of the serjey h, (:c)) , for that use the modified Ado-

n=0

mian Algorithm#yg (x) , hy (z) , ha (x) , hg (z) , ha (z), ...

( ho(z) = 12t

B (2) :/(x2 _ Vb, () dtin > 1

\ 0

We have, after calculation:

ho () = ja*

h (z) = =52 + / (z? — %) (2t")dt =0

So we get:

Hence the exact solution df (3.7) is:

1 1
w(m):x—1x4+1x4:x.

3.3.4. Example 4.Let us consider the following integral equation:

(3.8) o (z) = %:1: + %/t% (t) dt
0

wherezx > 0.
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xT

By posingh (z) = i4 /t3<p (t) dt, we get:
x
0

(3.9) hiz)=— [f@)dt+ | —h(t)dt
L frsoms ]!

By applying the Adomian algorithm tp (3.9), we obtain:

(

ho@) = [ Loty

0
T

t3
hptt (z) = /?hn (t)dt;n >0

0

Let's calculate some terméy () , by (x) , ho () , b3 (z), ...

We obtain:

n=0
Hence the exact solution exact pf (3.8) is:

-ty ]
r)=-x+-x =1
14 5775

4. CONCLUSION

In this paper, we propose a new approach of the Adomian method for the integral equations
of Fredholm and Volterra of the second kind, then prove the convergence of the algorithm
associated with this new approach. Finally, we used this new approach to solve several examples
successfully. Also, we can say that this new approach of the Adomian method is a good tool for

these types of equations.
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