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2 XIU-FEN MA

1. INTRODUCTION
In this paper, letc; > 0,¢;, > 0(i=1,2,--- ,n;n>2neN),1 <k <m <nT, =
E t;,To = 0. Then

=1

n T+ T+ -+ Ty

(11) x_ll_i_%_i_”._'_ié\vl-rll?'”xng n
(1.7) is the well-known classical harmonic-geometric-arithmetic mean inequalities with wide
applications (see [1]).

For some recent results which generalize, improve and extend these classical inequalities,
see[2]45]. In[2]-[3], the generalized form of inequalitiés (1.1) is further introduced: weighted
harmonic-geometric-arithmetic mean inequalities

n 1 n n
12) n(Ztixi—l) Lo <30
i=1 i=1 i=1 "

To go further into[(1.R), we define four mappingsG, H andL by

F (k, TTL) = Z tzxz - (Tm — Tk—l) H Iiti/(Tm*kal)’
=k i=k
S ti T — Tt
G (k’ m) - Z _ T m )
ik Ui I ;i (Tm=Tk—1)
i=k

1 k k k ti, fjti.
H(n,k)z Z a Ztijxij_ (Ztij>Hmi]‘ T)i= Y ’

1<d <ig << <n

1 [ &t 2.t
Linky= >, |- k
1<ip<io<--<ip<n 7 | j=1 "% k ti; [ 30t

The aim of this paper is to study monotonicity propertie$'otz, H andL, and obtain some
new refinements of (1.1) and (1.2).

2. MAIN RESULTS

Theorem 2.1. Let I be defined as in the first section. PK k£ < m < n, we write

n 1 - tz/Tn
F (k,m) = ﬁF(k,m) +11x .
We have
(1) F (1,k) is monotonically increasing with respect to and F' (k,n) is monotonically
decreasing with respect ta
(2 Fora € [0,1] andf = 1 — «, we have
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Hx In = aF (1,1) 4+ BF (n,n) < aF (1,2) + BF (n — 1,n)
(2.1)

_ _ _ Lt
<. <aF(1,n—1)+pF(2,n) gF(l,n):Z%xi,
i=1 "

(2.7) is the refinements of the right end[of {1.2).

Remark 2.1. (1) Whent; = 1(: = 1,2,--- ,n), (2.1) becomes refinements of the right end of

@.2).
(2) Replacer; in ) withz;~' (i = 1,2,--- ,n), and then take the reciprocal, the refine-
ments of the left end of (I].2) can be obtained.

Theorem 2.2. Let G be defined as in the first section. K k£ < m < n, we write

- 4ti/Tn
~ zl;ll i Tn
G(k,m)=——|G(k,m)+ 77—
Z til‘i_l H l’z‘ti/Tn
=1 =1

We have

(1) G (1, k) is monotonically increasing with respect to and G (k,n) is monotonically
decreasing with respect ta

(2) Fora € ]0,1]and =1 — «, we have

T, (i tixi_1> =aG (1,1) + 3G (n,n) < aG (1,2) + 8G (n — 1,n)
(2.2) =1

<---<aG(l,n—-1)+pG(2,n) <G th/T”

(2.9) is the refinements of the left end[of[1.2).
Remark 2.2. Whent; =1 (i = 1,2,--- ,n), (2.3) becomes refinements of the left end of|(1.1).

Theorem 2.3. Let H be defined as in the first section. oK k£ < n, we write

_ 1
H(n,k)=—H (n,k) —I—Hazt/T"

T =1
We have
(1) H (n, k) is monotonically increasing with respectto
2)
(2.3) Hwt/T"— n1)<Fl(n,2)§---§ﬁ(n,n):z%xi,

=1
(2.3) is the reflnements of the right end|of {1.2) with non-repetitive sample.

Remark 2.3. (1) Whent; = 1 (i = 1,2,--- ,n), (2.3) becomes refinements of the right end of

@.D).
(2) Replacer; andz;, in (2.3) witha; ™ (i = 1,2,--- ,n) andx;, ™ (i; = i1, 42, ,ip) ré-
spectively, then take the reciprocal, the refinements of the left end ¢f (1.2) can be obtained.
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Theorem 2.4.Let L be defined as in the first section. K k& < n, we write

- tz/Tn
- Il T,
Ln k) = —— | L(n, k) + 57—
Z ti.fEi*l H .fEiti/T"
=1 =1
We have
(1) L (n, k) is monotonically increasing with respectio
2)

(2.4) T, (i: tixi_1> =L(n,1)<L(n2)<---<L(n,n) Hm

(2.4) is the refinements of the left end[of [1.2) with non-repetitive sample.

Remark 2.4. Whent; = 1(i = 1,2,--- ,n), (2.4) becomes refinements of the left end of|(1.1).

3. PROOF OF THEOREMS

Proof. Theorenh 2]1(1) Fork = 1,2,--- ,n — 1, from the right end of[(1]2), the inequality
signs in the following two formulas can be obtained

k+1 k+1

F(l,k+1) thl Tk+1H£L‘t/Tk“

k+1 Tk/Tk—H
t; /T t T
— E tixi — Thit H:CZ i/Th - Thp b1/ Thy1
i=1 =1

(3.1)
k+1 T k -
> tix; — 1, il Te 4 .
= ; k+1 Tk+1 E Tk+1 k+1
k k
= thxz — Tk H:Uiti/Tk _ F(l,]{j) ’
=1 i=1
n) = tix; — (T — Thy) [ [ /T
i=k Pl
n n (Tn—T3) /(T —Th—1)
— Zt z; — (T, — Ti—1) ( H xiti/(Tn—Tk)> o T
(3.2) =k Mt

> Zt Ti— (T Ty 1) <ﬁ H xitz/(Tn Ty) + T——Tk_1xk>

itk n

=Yt — (T, - Tq) Hx (=) — F(k+1,n).

i=k+1 i=k+1

(3.1) and|[(3.R) imply thaf" (1, k) is monotonically increasing with respectk@nd F' (k, n) is
monotonically decreasing with respectitorespectively.
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(2) From the definition of", we can gett' (1,1) = F'(n,n) = 0andF (1,n) = > t,x; —

T, T] =s*/™, from the construction of", we can getf’ (1,1) = F (n,n) = [ ;%/™ and
=1 =1

F(l,n) = Z 7-xi. Then from the structure af and (3.1), ) it is obvious that (1, k)

is monotonlcally increasing with respect koand F (k,n) is monotonically decreasing with
respect tdk. Thus the following two formulas hold

(3.3) H:ct/Tn— (1,1) < ﬁ(1,2)§-~~§ﬁ(1,n)22?xi,
=1 n
n B B B n +
(3.4) Hxiti/T" =F(nn)<Fn-1n)<---<F(l,n) = ZT_ZIZ
i=1 i=1 "

Fora € [0,1] and$ = 1 — «, formula [3.8) multiplied by plus formula [(3.4) multiplied by

fyield 2.1).
This completes the proof of Theorgm24l.

Proof. Theorer 2]2(1) The left end of formuld (1]2) can be rewritten as the following inequal-
ity
T .
(3.5) — < E
H xiti/Tn i=1 Li

Fork =1,2,---,n — 1, from (3.5), the inequality signs in the following two formulas can
be obtained
k+1
t; Tt
i=1 " H xiti/TkH
=1
k+1
i: i T+t
o T; k Ty /Th+1
(H xiti/Tk> - T o1/ T
(3.6) =
k:+1
T, t
> Z K . k X k+1
Z; Ll+1
=1 H mztl/Tk
k tz
Z - =G (17 k) )
Ts k
i=1 " H /T
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Gy =32 In= T
= ST S B e
i=k H ;b Un—lk—1
i=k

~ i (T, — Th) +
ZT; B n (T =Tk) /(Tn—Tk-1)
=k ( I] xl-ti/(Tn—Tw) 2t/ (Ta=Ti 1)

(3.7) —k+1
>y b st B
i—r L [T it/ (Tn=Tx) Tk
i=k+1
"t T, — T,
=), = b =G (k+1n).
s ] /T Th)
i=k+1

(3.6) and|(3.]r) imply that? (1, k) is monotonically increasing with respectk@ndG (k,n) is
monotonically decreasing with respectitorespectively.
(2) From the definition of, we can getG (1,1) = G (n,n) = 0 andG (1,n) =

ti_

_ _ _ n 1

o from the construction ofy, we can get? (1,1) = G (n,n) = T,, (Z tm_l) and
i=1

n
I xitz‘/Tn
i=1

-

(2

G (1,n) = [ x%/™. Then from the structure af and ),H7), it is obvious that (1, k)
=1

is monotonically increasing with respect koand G (k,n) is monotonically decreasing with

respect tdk. Thus the following two formulas hold

n -1 n
(3.8) T, (Z mu) =G(L,)<G(1,2)<---<G(1,n) = Hxiti/Tn7
=1 i=1

Fora € [0,1] and$ = 1 — «, formula [3.8) multiplied by plus formula [(3.p) multiplied by

g yield 2.3).
This completes the proof of Theor¢m 2.

Proof. Theoren 2|3.(1) Let1l < iy < iy < --- < iy < n(k > 2), arbitrarily takek — 1
elements fromiy, is, - - - , 7, and mark them as,,r,,--- ,ry_1, respectively. Then mark the
remaining one as;. From the right end of (1}2), the inequality sign in the following formula
can be obtained

AJMAA Vol. 16, No. 2, Art. 7, pp. 1-9, 2019 AJMAA


http://ajmaa.org

SOME NEW MAPPINGS RELATED TO WEIGHTED MEAN INEQUALITIES 7

k
k k k t/ o
Z Z i) =
tz]l'ij — tz] sz
Jj=1 Jj=1 Jj=1
kz—:l /zk:
t t
- k—1 £ Tl "t k
k k k—1 t?"l/z trl =1 J= t”’k/z tzj
— E t’lj :L‘Z] — E t’LJ H x’l‘l =1 :Brk Jj=1
j=1 j=1 =1
(3.10)
k—1
k k by k-1 =
2 : j : =1 " b l; i tTk
Z tij :C’L'] - ti]’ L H xT‘l + xrk
j=1 Jj=1 Z tij =1 Z tz]
Jj=1 Jj=1
k—1
k—1 k—1 k—1 tq/;:l tr,
= by Tp, — g ty, Ty, -
=1 =1 =1

From the definition of7, (3.10) and combinatorial knowledge, we can get

H (n, k)

- ) Ck Dt — (Z%) [[e /77
no\ =1 j=1

1<iy <ig<-<ix<n j=1

> > .

1<y <io<-<ig<n {ry,ro, rp—1YC{i1,2, ig}

k—1
1 k—1 k—1 k—1 try T tr)
o —_ — =1
A E by X, E (2 Hasn
n =1

v

(3.11)

1 k—1 k—1 k—1 - kil .
= > | 2t (Z%> Lo/

1<j1<ja<<jg—1<n " m=1

=H(nk-1).

(3.11) implies that (n, k) is monotonically increasing with respectio
(2) FromH (n,1) = 0 and the structure aoff/, we have

s 1 T t/Te _ TT 0 t/T
(3.12) H(n,1) = TnH (n,1) + sz = zl_lel :

FromH (n,n) = tyx; — T, [[ ;%" and the structure off, we have
=1 =1

B 1 n . n t
— vl/ n — _Z .
(3.13) H(n,n)= TnH (n,n) + J |1 xti/1 ; 1 Tnzlrl.
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From (3.11) and the structure &f, it is obvious that// (n, k) is monotonically increasing with
respect tdc. Therefore, the following formula holds

(3.14) H(n,1) < H(n,2)<---<H(n,n).

Combination of[(3.12)[(3.13) and (3]14) yieldls (2.3).
The proof of Theorerp 213 is completesl.

Proof. Theorem 2]4(1) Similar to the proof of (1) in Theorem 2.3, fron (B.5), the inequality
sign in the following formula can be obtained

k
k Z tij
ti; j=1
1 k k
=1 J t; t;
J Y ]-; J
[ Liy
Jj=1
k—1
k ts Z tr + 1t
_ }: i =1
o T, k—1 k
(3.15) =17 k—1 2 try [ 2ty k
k=1 ty, [ 3ty \ T I= try, | 3 ti;
'T’r‘l =1 xrk j=1
=1
k—1 k—1
ko > b ; -1 > b
> E o =1 4o | = by I=1
-~ T, 5 Ly L, 51
j=1 J kﬁl tr, > tr, k =1 1 kﬁl tr, > tr,
, =1 Z, i=1
=1 =1

N A 2"
ij Jj=
Link)= > G| k
1<iy<dp<o<ig<n ~ " | j=1 74 i %/_th]
Hmij =
j=1
k—1
1 k—1 Zt’rl

1 L -
1) = 2o ) PR Dy v

1<in<io<-<ig<n {ri,ra, ,re—1}C{i1,2, i}

=1
H Ly
=1
k—1
1 k-1 t Z t]m
_ 2 : z : Jm m=1
Ck_l €T k—1
1<j1<jo<<jp—1<n T m=1 """ k-1 tim | 2 tim
T m=1
]’"L

=L(nk—1).
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(3.18) implies that_ (n, k) is monotonically increases with respectto
(2) FromL (n,1) = 0 and the structure aof, we have

ﬁ -fiti/Tn T n -1
1) Len)=S—— L)+ | =T, (Z”> |
otir ! [T it/ i—1
=1 i=1
FromL (n,n) =Y & — "T—?/T and the structure af, we have
i=1"" [T/
=1
ﬁ xiti/Tn T n
(3.18) Ln,n)=—— | L(n,n)+ —— | = Ha:iti/T",
> tir ™! [T it/ ™ i=1
i=1 i=1

From (3.16) and the structure &f it is obvious thatl (n, k) is monotonically increasing with
respect tdk. Therefore, the following formula holds

Combination of [(3.1]7)] (3.18) and (3]19) yiel{s (2.4).
The proof of Theorem 24 is completegl.
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