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1. I NTRODUCTION

In this paper, letxi > 0, ti > 0 (i = 1, 2, · · · , n; n ≥ 2, n ∈ lN) , 1 ≤ k ≤ m ≤ n, Tn =
n∑

i=1

ti, T0 = 0. Then

(1.1)
n

1
x1

+ 1
x2

+ · · ·+ 1
xn

≤ n
√

x1x2 · · ·xn ≤
x1 + x2 + · · ·+ xn

n
.

(1.1) is the well-known classical harmonic-geometric-arithmetic mean inequalities with wide
applications (see [1]).

For some recent results which generalize, improve and extend these classical inequalities,
see [2]-[5]. In [2]-[3], the generalized form of inequalities (1.1) is further introduced: weighted
harmonic-geometric-arithmetic mean inequalities

(1.2) Tn

(
n∑

i=1

tixi
−1

)−1

≤
n∏

i=1

xi
ti/Tn ≤

n∑
i=1

ti
Tn

xi.

To go further into (1.2), we define four mappingsF , G, H andL by

F (k, m) =
m∑

i=k

tixi − (Tm − Tk−1)
m∏

i=k

xi
ti/(Tm−Tk−1),

G (k, m) =
m∑

i=k

ti
xi

− Tm − Tk−1
m∏

i=k

xi
ti/(Tm−Tk−1)

,

H (n, k) =
∑

1≤i1<i2<···<ik≤n

1

Ck
n

 k∑
j=1

tijxij −

(
k∑

j=1

tij

)
k∏

j=1

xij

tij

,
kP

j=1
tij

,

L (n, k) =
∑

1≤i1<i2<···<ik≤n

1

Ck
n


k∑

j=1

tij
xij

−

k∑
j=1

tij

k∏
j=1

xij

tij

,
kP

j=1
tij

.

The aim of this paper is to study monotonicity properties ofF , G, H andL, and obtain some
new refinements of (1.1) and (1.2).

2. M AIN RESULTS

Theorem 2.1.LetF be defined as in the first section. For1 ≤ k ≤ m ≤ n, we write

F̄ (k,m) =
1

Tn

F (k,m) +
n∏

i=1

xi
ti/Tn .

We have
(1) F (1, k) is monotonically increasing with respect tok, and F (k, n) is monotonically

decreasing with respect tok.
(2) For α ∈ [0, 1] andβ = 1− α, we have
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(2.1)

n∏
i=1

xi
ti/Tn = αF̄ (1, 1) + βF̄ (n, n) ≤ αF̄ (1, 2) + βF̄ (n− 1, n)

≤ · · · ≤ αF̄ (1, n− 1) + βF̄ (2, n) ≤ F̄ (1, n) =
n∑

i=1

ti
Tn

xi,

(2.1) is the refinements of the right end of (1.2).

Remark 2.1. (1) Whenti = 1 (i = 1, 2, · · · , n), (2.1) becomes refinements of the right end of
(1.1).

(2) Replacexi in (2.1) with xi
−1 (i = 1, 2, · · · , n), and then take the reciprocal, the refine-

ments of the left end of (1.2) can be obtained.

Theorem 2.2.LetG be defined as in the first section. For1 ≤ k ≤ m ≤ n, we write

Ḡ (k,m) =

n∏
i=1

xi
ti/Tn

n∑
i=1

tixi
−1

G (k, m) +
Tn

n∏
i=1

xi
ti/Tn

 .

We have
(1) G (1, k) is monotonically increasing with respect tok, and G (k, n) is monotonically

decreasing with respect tok.
(2) For α ∈ [0, 1] andβ = 1− α, we have

(2.2)

Tn

(
n∑

i=1

tixi
−1

)−1

= αḠ (1, 1) + βḠ (n, n) ≤ αḠ (1, 2) + βḠ (n− 1, n)

≤ · · · ≤ αḠ (1, n− 1) + βḠ (2, n) ≤ Ḡ (1, n) =
n∏

i=1

xi
ti/Tn ,

(2.2) is the refinements of the left end of (1.2).

Remark 2.2. Whenti = 1 (i = 1, 2, · · · , n), (2.2) becomes refinements of the left end of (1.1).

Theorem 2.3.LetH be defined as in the first section. For1 ≤ k ≤ n, we write

H̄ (n, k) =
1

Tn

H (n, k) +
n∏

i=1

xi
ti/Tn .

We have
(1) H (n, k) is monotonically increasing with respect tok.
(2)

(2.3)
n∏

i=1

xi
ti/Tn = H̄ (n, 1) ≤ H̄ (n, 2) ≤ · · · ≤ H̄ (n, n) =

n∑
i=1

ti
Tn

xi,

(2.3) is the refinements of the right end of (1.2) with non-repetitive sample.

Remark 2.3. (1) Whenti = 1 (i = 1, 2, · · · , n), (2.3) becomes refinements of the right end of
(1.1).

(2) Replacexi andxij in (2.3) withxi
−1 (i = 1, 2, · · · , n) andxij

−1 (ij = i1, i2, · · · , in) re-
spectively, then take the reciprocal, the refinements of the left end of (1.2) can be obtained.
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Theorem 2.4.LetL be defined as in the first section. For1 ≤ k ≤ n, we write

L̄ (n, k) =

n∏
i=1

xi
ti/Tn

n∑
i=1

tixi
−1

L (n, k) +
Tn

n∏
i=1

xi
ti/Tn

 .

We have
(1) L (n, k) is monotonically increasing with respect tok.
(2)

(2.4) Tn

(
n∑

i=1

tixi
−1

)−1

= L̄ (n, 1) ≤ L̄ (n, 2) ≤ · · · ≤ L̄ (n, n) =
n∏

i=1

xi
ti/Tn ,

(2.4) is the refinements of the left end of (1.2) with non-repetitive sample.

Remark 2.4. Whenti = 1 (i = 1, 2, · · · , n), (2.4) becomes refinements of the left end of (1.1).

3. PROOF OF THEOREMS

Proof. Theorem 2.1.(1) For k = 1, 2, · · · , n − 1, from the right end of (1.2), the inequality
signs in the following two formulas can be obtained

(3.1)

F (1, k + 1) =
k+1∑
i=1

tixi − Tk+1

k+1∏
i=1

xi
ti/Tk+1

=
k+1∑
i=1

tixi − Tk+1

( k∏
i=1

xi
ti/Tk

)Tk/Tk+1

· xk+1
tk+1/Tk+1


≥

k+1∑
i=1

tixi − Tk+1

(
Tk

Tk+1

k∏
i=1

xi
ti/Tk +

tk+1

Tk+1

xk+1

)

=
k∑

i=1

tixi − Tk

k∏
i=1

xi
ti/Tk = F (1, k) ,

(3.2)

F (k, n) =
n∑

i=k

tixi − (Tn − Tk−1)
n∏

i=k

xi
ti/(Tn−Tk−1)

=
n∑

i=k

tixi − (Tn − Tk−1)

( n∏
i=k+1

xi
ti/(Tn−Tk)

)(Tn−Tk)/(Tn−Tk−1)

· xk
tk/(Tn−Tk−1)


≥

n∑
i=k

tixi − (Tn − Tk−1)

(
Tn − Tk

Tn − Tk−1

n∏
i=k+1

xi
ti/(Tn−Tk) +

tk
Tn − Tk−1

xk

)

=
n∑

i=k+1

tixi − (Tn − Tk)
n∏

i=k+1

xi
ti/(Tn−Tk) = F (k + 1, n) .

(3.1) and (3.2) imply thatF (1, k) is monotonically increasing with respect tok andF (k, n) is
monotonically decreasing with respect tok, respectively.
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(2) From the definition ofF , we can getF (1, 1) = F (n, n) = 0 andF (1, n) =
n∑

i=1

tixi −

Tn

n∏
i=1

xi
ti/Tn, from the construction of̄F , we can getF̄ (1, 1) = F̄ (n, n) =

n∏
i=1

xi
ti/Tn and

F̄ (1, n) =
n∑

i=1

ti
Tn

xi. Then from the structure of̄F and (3.1), (3.2), it is obvious that̄F (1, k)

is monotonically increasing with respect tok and F̄ (k, n) is monotonically decreasing with
respect tok. Thus the following two formulas hold

(3.3)
n∏

i=1

xi
ti/Tn = F̄ (1, 1) ≤ F̄ (1, 2) ≤ · · · ≤ F̄ (1, n) =

n∑
i=1

ti
Tn

xi,

(3.4)
n∏

i=1

xi
ti/Tn = F̄ (n, n) ≤ F̄ (n− 1, n) ≤ · · · ≤ F̄ (1, n) =

n∑
i=1

ti
Tn

xi.

Forα ∈ [0, 1] andβ = 1− α, formula (3.3) multiplied byα plus formula (3.4) multiplied by
β yield (2.1).

This completes the proof of Theorem 2.1.

Proof. Theorem 2.2.(1) The left end of formula (1.2) can be rewritten as the following inequal-
ity

(3.5)
Tn

n∏
i=1

xi
ti/Tn

≤
n∑

i=1

ti
xi

.

For k = 1, 2, · · · , n − 1, from (3.5), the inequality signs in the following two formulas can
be obtained

(3.6)

G (1, k + 1) =
k+1∑
i=1

ti
xi

− Tk+1

k+1∏
i=1

xi
ti/Tk+1

=
k+1∑
i=1

ti
xi

−

 Tk + tk+1(
k∏

i=1

xi
ti/Tk

)Tk/Tk+1

· xk+1
tk+1/Tk+1



≥
k+1∑
i=1

ti
xi

−

 Tk

k∏
i=1

xi
ti/Tk

+
tk+1

xk+1


=

k∑
i=1

ti
xi

− Tk

k∏
i=1

xi
ti/Tk

= G (1, k) ,
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(3.7)

G (k, n) =
n∑

i=k

ti
xi

− Tn − Tk−1
n∏

i=k

xi
ti/(Tn−Tk−1)

=
n∑

i=k

ti
xi

−

 (Tn − Tk) + tk(
n∏

i=k+1

xi
ti/(Tn−Tk)

)(Tn−Tk)/(Tn−Tk−1)

· xk
tk/(Tn−Tk−1)



≥
n∑

i=k

ti
xi

−

 Tn − Tk
n∏

i=k+1

xi
ti/(Tn−Tk)

+
tk
xk


=

n∑
i=k+1

ti
xi

− Tn − Tk
n∏

i=k+1

xi
ti/(Tn−Tk)

= G (k + 1, n) .

(3.6) and (3.7) imply thatG (1, k) is monotonically increasing with respect tok andG (k, n) is
monotonically decreasing with respect tok, respectively.

(2) From the definition ofG, we can getG (1, 1) = G (n, n) = 0 andG (1, n) =
n∑

i=1

ti
xi
−

Tn
nQ

i=1
xi

ti/Tn
, from the construction of̄G, we can getḠ (1, 1) = Ḡ (n, n) = Tn

(
n∑

i=1

tixi
−1

)−1

and

Ḡ (1, n) =
n∏

i=1

xi
ti/Tn. Then from the structure of̄G and (3.6), (3.7), it is obvious that̄G (1, k)

is monotonically increasing with respect tok and Ḡ (k, n) is monotonically decreasing with
respect tok. Thus the following two formulas hold

(3.8) Tn

(
n∑

i=1

tixi
−1

)−1

= Ḡ (1, 1) ≤ Ḡ (1, 2) ≤ · · · ≤ Ḡ (1, n) =
n∏

i=1

xi
ti/Tn ,

(3.9) Tn

(
n∑

i=1

tixi
−1

)−1

= Ḡ (n, n) ≤ Ḡ (n− 1, n) ≤ · · · ≤ Ḡ (1, n) =
n∏

i=1

xi
ti/Tn .

Forα ∈ [0, 1] andβ = 1− α, formula (3.8) multiplied byα plus formula (3.9) multiplied by
β yield (2.2).

This completes the proof of Theorem 2.2.

Proof. Theorem 2.3.(1) Let 1 ≤ i1 < i2 < · · · < ik ≤ n (k ≥ 2), arbitrarily takek − 1
elements fromi1, i2, · · · , ik and mark them asr1, r2, · · · , rk−1, respectively. Then mark the
remaining one asrk. From the right end of (1.2), the inequality sign in the following formula
can be obtained
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(3.10)

k∑
j=1

tijxij −

(
k∑

j=1

tij

)
k∏

j=1

xi

tij

,
kP

j=1
tij

=
k∑

j=1

tijxij −

(
k∑

j=1

tij

)
k−1∏

l=1

xrl

trl

,
k−1P
l=1

trl


k−1P
l=1

trl

,
kP

j=1
tij

· xrk

trk

,
kP

j=1
tij



≥
k∑

j=1

tijxij −

(
k∑

j=1

tij

)
k−1∑
l=1

trl

k∑
j=1

tij

k−1∏
l=1

xrl

trl

,
k−1P
l=1

trl

+
trk

k∑
j=1

tij

xrk


=

k−1∑
l=1

trl
xrl

−

(
k−1∑
l=1

trl

)
k−1∏
l=1

xrl

trl

,
k−1P
l=1

trl

.

From the definition ofH, (3.10) and combinatorial knowledge, we can get

(3.11)

H (n, k)

=
∑

1≤i1<i2<···<ik≤n

1

Ck
n

 k∑
j=1

tijxij −

(
k∑

j=1

tij

)
k∏

j=1

xij

tij

,
kP

j=1
tij


≥

∑
1≤i1<i2<···<ik≤n

∑
{r1,r2,··· ,rk−1}⊂{i1,i2,··· ,ik}

1

k

· 1

Ck
n

k−1∑
l=1

trl
xrl

−

(
k−1∑
l=1

trl

)
k−1∏
l=1

xrl

trl

,
k−1P
l=1

trl


=

∑
1≤j1<j2<···<jk−1≤n

1

Ck−1
n

 k−1∑
m=1

tjmxjm −

(
k−1∑
m=1

tjm

)
k−1∏
m=1

xjm

tjm

,
k−1P
m=1

tjm


= H (n, k − 1) .

(3.11) implies thatH (n, k) is monotonically increasing with respect tok.
(2) FromH (n, 1) = 0 and the structure of̄H, we have

(3.12) H̄ (n, 1) =
1

Tn

H (n, 1) +
n∏

i=1

xi
ti/Tn =

n∏
i=1

xi
ti/Tn .

FromH (n, n) =
n∑

i=1

tixi − Tn

n∏
i=1

xi
ti/Tn and the structure of̄H, we have

(3.13) H̄ (n, n) =
1

Tn

H (n, n) +
n∏

i=1

xi
ti/Tn =

n∑
i=1

ti
Tn

xi.
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From (3.11) and the structure of̄H, it is obvious thatH̄ (n, k) is monotonically increasing with
respect tok. Therefore, the following formula holds

(3.14) H̄ (n, 1) ≤ H̄ (n, 2) ≤ · · · ≤ H̄ (n, n) .

Combination of (3.12), (3.13) and (3.14) yields (2.3).
The proof of Theorem 2.3 is completed.

Proof. Theorem 2.4.(1) Similar to the proof of (1) in Theorem 2.3, from (3.5), the inequality
sign in the following formula can be obtained

(3.15)

k∑
j=1

tij
xij

−

k∑
j=1

tij

k∏
j=1

xij

tij

,
kP

j=1
tij

=
k∑

j=1

tij
xij

−

k−1∑
l=1

trl
+ trk

k−1∏
l=1

xrl

trl

,
k−1P
l=1

trl


k−1P
l=1

trl

,
kP

j=1
tij

· xrk

trk

,
kP

j=1
tij

≥
k∑

j=1

tij
xij

−


k−1∑
l=1

trl

k−1∏
l=1

xrl

trl

,
k−1P
l=1

trl

+
trk

xrk

 =
k−1∑
l=1

trl

xrl

−

k−1∑
l=1

trl

k−1∏
l=1

xrl

trl

,
k−1P
l=1

trl

.

From the definition ofL, (3.15) and combinatorial knowledge, we can get

(3.16)

L (n, k) =
∑

1≤i1<i2<···<ik≤n

1

Ck
n


k∑

j=1

tij
xij

−

k∑
j=1

tij

k∏
j=1

xij

tij

,
kP

j=1
tij



≥
∑

1≤i1<i2<···<ik≤n

∑
{r1,r2,··· ,rk−1}⊂{i1,i2,··· ,ik}

1

k
· 1

Ck
n


k−1∑
l=1

trl

xrl

−

k−1∑
l=1

trl

k−1∏
l=1

xrl

trl

,
k−1P
l=1

trl



=
∑

1≤j1<j2<···<jk−1≤n

1

Ck−1
n


k−1∑
m=1

tjm

xjm

−

k−1∑
m=1

tjm

k−1∏
m=1

xjm

tjm

,
k−1P
m=1

tjm


= L (n, k − 1) .
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(3.16) implies thatL (n, k) is monotonically increases with respect tok.
(2) FromL (n, 1) = 0 and the structure of̄L, we have

(3.17) L̄ (n, 1) =

n∏
i=1

xi
ti/Tn

n∑
i=1

tixi
−1

L (n, 1) +
Tn

n∏
i=1

xi
ti/Tn

 = Tn

(
n∑

i=1

tixi
−1

)−1

,

FromL (n, n) =
n∑

i=1

ti
xi
− Tn

nQ
i=1

xi
ti/Tn

and the structure of̄L, we have

(3.18) L̄ (n, n) =

n∏
i=1

xi
ti/Tn

n∑
i=1

tixi
−1

L (n, n) +
Tn

n∏
i=1

xi
ti/Tn

 =
n∏

i=1

xi
ti/Tn ,

From (3.16) and the structure ofL̄, it is obvious that̄L (n, k) is monotonically increasing with
respect tok. Therefore, the following formula holds

(3.19) L̄ (n, 1) ≤ L̄ (n, 2) ≤ · · · ≤ L̄ (n, n) .

Combination of (3.17), (3.18) and (3.19) yields (2.4).
The proof of Theorem 2.4 is completed.
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