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2 V.R. HAMITI AND SH. LOHAJ

1. INTRODUCTION

In this paper let{ be a complex Hilbert space with inner prodyct) and let£(H) denote
theC* algebra of all bounded operatorsanForT" € £(H), we denote byerT the null space,
by T'(H) the range ofl". By o(T") we write the spectrum df, ther(T) is the spectral radius
of operatorT” which is defined by:(T") = sup{|A| : A € o(T)}. Theo,(T) is the approximate
point spectrum of operatdr and it is proved that if\ € o,(7T), then there exist the sequence
(x,), such ad|z,|| = 1 and||(T — A )x,| — 0,n — oo. A complex numben is said to be in
the point spectrum,(7') if there is a nonzera € H such tha{7" — \)z = 0.

The null operator and the identity @ will be denoted byO and !, respectively. IfI" is an
operator, thed™ is its adjoint, and|T’|| = ||7||.

An operator]’ € L(H) is a positive operatof]" > O, if (Tz,x) > 0 forall z € H. If
two operatorl’ € L(H) andS € L(H) are positive operators arfdS = ST thenT'S is also
positive operator.

The operatof is an isometry if|Tz|| = ||z||, for all z € H. The operatof’ is called unitary
operator if™*T = TT* = I. The operatof is normaloid ifr(T") = ||T'|| and it is quasinilpotent
if r(T) = 0.

An operatorT’ € L(H) belongs to clasg) if 7**T? — 2T*T + I > O. ltis proved that an
operatorl’ € L(H) is of classQ if || Txz||? < 3(||T%z|* + ||z||*) (seel[2]).

Definition 1.1. ([4]) An operator]” € L(H) belongs tat—quasi class) if

1T ) < 5 (1T 2] + | T%2]%) ,

N —

for all z € H, wherek is a natural number.

Equivalently operatof” € £(’H) belongs tok—quasi class) if
T*(T2T? — 2T*T + I)T* > O,

wherek is a natural number.
Fork = 1, thenl—quasi class) coincides with the quasi clagg (see[3]).

2. MATRIX REPRESENTATION OF k—QUASI CLASS (Q OPERATORS

In this section we give some results for the matrix representatién-giiasi class) opera-
tors.

Theorem 2.1. Suppose that™* does not have a dense range, then the following statements are
equivalent:
(1) OperatorT is ak—quasi clasg) operator, for a positive integek;

1= (61 g) on H = T*(H) @ ker T**, where A is an operator of the clas§ on

Tk(H),C* =0 ando(T) = o(A) U {0}.
Proof. (1) = (2) It has been proved in [4].
(2) = (1) Suppose thdt’ = (61 g) on ‘H = T*(H) @ ker T**, whereA is an operator
of the class) on T*(H), andC* = O.
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A simple calculation shows that:

. (A0
o (AA A'B
= (B*A B*B+(J*C) ’

- A2 A2 A2AB + A2 BC
T\ B*A*A%? + C*B*A%? |AB+ BC)?* +|C?)2 )

— (S ABCt )T 0)

e (4 (S AR,

Then, we have
T(T2T? — 27T + I)T"

B Ak 0
(X ABCtiye 0
y D A2 AB + A®BC
B*A*A2 + C*B*A? —2B*A |AB + BC|* + |C?)? —2(B*B+ C*C) + I
L [(AF S AIBORT
0 0
B Ak D AF ARD Y AT ROk
- () AIBCH179) DA M ’
whereD = A*2A% — 2A*A+ I, M = (Y07 AIBC*'I)*D Y\ F AIBCH 1. Letw =

r @ y be avector i = T*(H) @ ker T**, wherez € T*(H) andy € ker T**. Then,

(T*(T*T* = 27T + I)T*v,v)
= <A*kDAkm,x>

k—1
+ <A*kD Z AV BC*1=dy, x>

7=0
k—1
+ <(Z AJ‘Bcklj)*DA’fx,y>
j=0
k—1 k—1
+ <(Z AIBCHI)' DY T AIBC Ty, y>
j=0 J=0

k—1 k—1
= <D(Akx + Z AIBCH 1 y), AR+ Z AjBCkljy> .

=0 j=0
SinceA is an operator of the clagg, we have thatD = A*?A% —2A4*A + I > 0. Therefore,
(T**(T**T* = 2T*T + I)T*v,v) > 0
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for all v € H. Hence,
TH(T**T? - 2T*T + )T* > 0
So we have thdt’ is ak—quasi class) operator.y

Theorem 2.2. LetT" be an operator ok —quasi clasg, 0 # X\ € 0,(7) and

T = <g g) on H = ker(T — \) @ (ker(T — \))™.

Then
A(B—\)B*=0.
Proof. Without loss the generality, we may assume that 1. For each natural numbét

e (1 A(I+ B+ B*+ ...+ B*1)
- O Bk )

1 0
- <[A(1+B+B?+...+Bk1)]* B*k> ’

k) a2 _ 1 A(I + B+ ...+ B
[A(I+ B+ ...+ B |A(I+ B+ ...+ B¥)2 + | B0+

Since operatof’ is ak—quasi class) operator, then,

T*(k+2)Tk+2 o 2T*(k;+1)Tk‘+1 + T*k;Tk’ Z 0’

1 A(I + B+ ...+ B
([A(I+B+ e BMO] AT+ B+ o+ B2 4| B|2(k+2))
_2< 1 A(I+ B+ ...+ BY )
[AI + B+ ...+ B"]* |A(I + B+ ...+ BY)|2 + | B]2*+D
+( 1 A(I + B+ ...+ B¥1) )
[AI +B+ ..+ B¥Y* |AI+ B+ ..+ B¥H2+| B|*
So,
T+ 2 opr(k) kil prkk
0 ABFY — AB¥
= ((ABk+1_ABk>* %, ) >0,

for any positive operataf’.
Hence AB*! — AB* = A(B — I)B* = 0.
|

Theorem 2.3.LetT € L(H) be the operator defined as

r-(48).

If Ais operator of class), thenT is an operator ofc—quasi classy).
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Proof. LetbeD = A*?A%? — 2A*A + I. A simple calculation shows that:

. (A0
r _<B* o>’

k+2) _ ( Ax(k+2) O)

B*A*(k+1) 0
T(kJr?) A(k+2) A(k—l—l)B
- 0 0 ’

B*A*(k+1)A(k+2) B*A*(k+1)A(k+1)B
T(T2T? — 27T + I)T*

k) p(kt2) okt D) (kD) 4 pkepk
( A*kDAk A*kDA(k—l)B )

(k+2) p(k+2) ( A*(k+2) A(k+2) A*(k+2) A(k+1) B )

B A*k=1) DAk pr A1) D AK-D B
Letu =2 ®y € HS H. Then,
(T E+D k) _ et plett) | ey gy
= (A*DAFz z) + (A** DAV By z)
+ (B AU D ARy ) + (B*A* R D AR By o)
= (DAFz, AFz) + (DAY By, A*z)
+ (DAFz, A*D By + (DAK=D By, A®=1) By)
= (D(A*z 4+ A DBy (AFz + AV By)) >0
becausel is operator of clas® then,D = A*2A2 —2A*A+1 > O, so this proves the resulj.
3. SOME PROPERTIES OF k—QUASI CLASS () OPERATORS

In this section we prove some propertieskefquasi class) operators. First, we give the
inclusion of approximate point spectrum/ofquasi class) operators.

Theorem 3.1.LetT € L(H) be a regulark—quasi clasg) operator. Then the approximate
point spectrum of operatdf lies in the disc

V2
7=+ - \/IIT’““H2 At

Proof. Let T be a regulak—quasi class) operator. For every unit vectarin Hilbert spaceH,
we have:

0a(T) C{A e < [AF< 1T}

l]|* = [|(T*H = (T )|
<IT=H7HP T

— 2 2
<D 5 - (T2l + 1T )

1

2
1 _ 2 112 2
=5 I(TE P (I Tl + T T,
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So,
2 < ||l - [T Y712 - (T + 1 T)%),

V2
1=+ - \/HT’“HII2 + (TR

Now, assume that € o,(7), then there exists a sequenes ), such ag|z,| = 1 and|[(T —
M)zx,|| — 0,n — oc.
From the last inequation we have:

where we have

[T]| >

V2
[ \/HT’f“H2 + [T

[Tn = Azl 2 [ Txnl| = AL - [l = = Al

Now, whenn — oo we have
V2
| T=+=1| - \/IIT’““II2 + || TR

|A| >

So, we have
V2
| T=+=1] - \/HT’““H2 + | TR

Therefore the proof is completenl.

o.(T)C{ e C:

< A< T3

A contraction is an operatdr such that|T'|| < 1, or ||Tz|| < ||z||, for everyz in H (equiva-
lently 7*T < I) (seel2]).

Theorem 3.2.LetT be an operator of:—quasi clasg). If operator 77 is a contraction then
So is operatorT .

Proof. Let T" be ak—quasi class) operator.
Then,
TH(T*T? - 2T*T + 1)T* > O,

T*(k+2)Tk’+2 o 2T*(k+l)Tk‘+1 + T*ka’ Z 0
From this we have:

2T*(k‘+1)Tk+1 . 2T*ka < T*(k+2)Tk+2 o T*ka
<2T*(T*T — INT* < T**(T**T* — I)T*
<AT*T — 1) <T*T* 1.

Since operatof™ is a contraction then
T=T?* < 1.

From the last inequation we have that, I’ < I. So this implies that operatdris a contraction
wheneverl? is. §

Theorem 3.3. Let beT an invertible operator andV be an operator such thaV commutes
with 7*T. ThenN is k—quasi clasgy if and only if ’NT ! is of k—quasi class).
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Proof. Let N be ak—quasi class) operator. Then,
N*(N*2N? —2N*N + I)N* > 0.
From this we have that:
TN*[N**N? —2N*N + I|N*T* > 0.
Consider,

TN**[N**N? —2N*N + I|N*T*[TT"]
=TN*[N*2N? — 2N*N + [|N*[T*T|T*
=T[T*T|N**[N**N? — 2N*N + I|N*T*
=[TT*|TN**[N**N* — 2N*N + I|N*T*.

So, we have that operat@t7™ commutes with operator
TN*[N*2N? — 2N*N + I|N*T*.

Then operatof7T'T*]~! also commutes with operator
TN*[N**N? — 2N*N + I|N*T*.

Since the operatof§'7*]~! andT N**[N*2N? — 2N*N + I|N*T* are positive and since they
commute with each other we have that their product is also positive operator:

Now, since operatoN commutes with operatdr* 7, we get,
(TNTY)* = (TNTYH)(TNTY*... (TNT1)*

(3'1) B LV Ay s At Ny G At Ny oLy iR W NSy o
(3.2) (ITNT Y =TNT'TNT'...TNT' = TN*T~!
(3.3) (TNT Y**(TNT')> = TN**N?*T!

(3.4) (TNTY(TNT™Y) =T* 'N*T*TNT~' = TN*NT™!

To prove that’ NT~! is k—quasi class) operator, the equatioh (3.1), (B.2), (3-3) ahd](3.4)
we substitute in above expression:

(TNTY*[(TNTY)**(TNT1)? —2(TNT )" (TNTY) + I|(TNT')*
and we have
T IN*T*TN*2N?*T~' —2TN*NT + I|[TN*"T~*
:T*_lN*kT*T[N*ZNZ —9N*N + []T—lTNkT—l
=T* 'N*T*T[N**N? — 2N*N + I|N*T~!
=T*'T*TN**[N**N? — 2N*N + I|N*T~!
=TN**[N* N? — 2N*N + I|N*T~!

Now we have to prove that that the last expression is positive. From the fact that we prove
before, that

TN*[N**N? —2N*N + [|N*T*[TT*]"* > 0
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we have:
TN*[N*3N? —2N*N + [|N*T*T* T~ >0
= TN*[N**N? — 2N*N + [|N*T~ > 0

Hence,I'NT~! is k—quasi class) operator.
Conversely, lef’ NT~! be ak—quasi class) operator.

(TNT Y™ [(TNTY)Y*TNT 1?2 —2(TNTH)*(TNT™) + I|(TNT")* > 0.

Then similar as before, after substituting the equafior] (3.1), (8.2), (3.3) and (3.4) we have:
TN*[N*2N? —2N*N + [|N*T~! > 0
= T*TN*[N**N? — 2N*N + I[|N*T7'T > 0
= [T*T|N**[N*2N? — 2N*N + I|N* > 0.
Since operatof7™* 7] commutes with operata¥ and hence with operator
[T*T|N**[N**N? — 2N*N + I|N"*.
Then also operatdff™*7"|~! commutes with operator
[T*T)N**[N*?N? — 2N*N + I|N*.
Since the operatof§™T|~! and[T*T|N**[N*2N? — 2N*N + I|N* are positive and since they
commute with each other we have:
[T*T) Y T*T|N**[N**N? — 2N*N + I|N* > 0.
Therefore,
N**[N*2N? —2N*N + I|N* > 0.
Hence,N is k—quasi class) operator.g

Theorem 3.4.1f k—quasi clasg) operator? commutes with an isometric operatsythenT'S
is k—quasi clasg) operator.

Proof. Let T’ be ak—quasi class) operator. Then,
T*(T2T? - 2T*T + I)T* > O.

(TS)* (T S)*(TS)* —2(TS)(TS) + I)(TS)*
=(TS)(TS)" - (TS)"(TS)(TS)(TS)(TS)—2(TS)(TS)+1)
(TS)(TS) -+ (TS)
=S ST STTH(STTTS* T TSTS — 25*T*TS + 1)
TSTS---TS
=S TR (TT? - 2T*T + 1)T*S* > 0.
Hence,I'S is an operator of thé—quasi class). 1

In the following we give the necessary and sufficient conditions for a weighted shift operator
T with decreasing weighted sequerieg, ) to be an operator gf—quasi class).

Theorem 3.5. A weighted shiff” with decreasing weighted sequerieg ) is k—quasi classy)
operator if

2 2 2
Wk o1 — 2004, +1 2 0.
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Proof. SinceT is a weighted shift, its adjoifi™ is also a weighted shift and defined by
T(e,) = neni1
we have:
T*(en) = Op—16p—1,
(T*T)(e,) = a2en,
(T**T?)(en) = aZal, en.
Now, sinceT’ is k—quasi class) operator then,
TH(T**T? = 2T*T + )T* > 0

2 2 2 2
=000 41 Ot (VO — 205, +1) 2 0

2
=0 o1 — 204 + 1> 0.

The following example shows that there exists quasi nilpotent operator thatjgasi class

Q.
Example 1. Consider the operatdr : > — 2 defined by

T(x) = (0,121, s, . . .)

wherea,, = 2% for n > 1. OperatorT is of k—quasi class) and quasi nilpotent.
GivenT' (z) = (0, 121, o, .. .). Then,T*(z) = (ayz1, ags, . . .),

T?(x) = (0,0, ayapwy, apasTy, . . ),

k—time
k
T ( ):(0 0 0 ,0,0&10&2...OZkQZ'l,OZQOZ;;...OZk.;,_lQS'Q,...),
(k—1)—time
——N—
k 2 2
T*T%(x) = (0,0,0,...,0, 109 . .. )1, a3 . .. Q1 T2, - . .),

T*TH(z) = (afa3 ... afwy, 0305 ... a4, (T, . . .),

THTR N z) = (0,0703 . . . Qhg1T1, Q305 . . . Ay Qg paTa, .. ),
T*EITEL () = (@23 ... afad 11,0505 ... af ) 4T, .. ),
T*EITE2(3) = (0,303 . .. OF 1 Qg 2T1, O30 . . . Oy oy 3T, - - )

(k+2) k42 2 2 2 2 2
T*TH2(2) = (afaj .. Q1 OGya T, Q505 - OO 3T, - ).
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Now consider,

*(k+2)Tk+2 o 2T*(k+1)Tk+1 + T*(k)Tk)x’ x>

2 2 2 92 2 9 2 92
(@05 . .. QG Oy o1, A5 . .. O 9Ol 5T, . . )

—2(ajas ... ajag T, Q505 . . QG (o T, - )
QTS .. T, Q505 . . G Ty ), (21,20 )
=((ajaj... 0} 10h s — 20505 ... QGG + das .. af)Tr, T )+
303 ... Qg — 20505 ... QG + QBQ5 . .. Qi q) T2, To) + . ..

(22 2 2 2 2 2 2 2 2 2 2
=(0f0g ... o Qg — 2000 g+ ajag - ag) |||
2 2

(305 ... Oy — 20505 . .. (U O + QB0 ... Q)
2| +
=010 . .. 04 (1 Ohyp — 204y + 1|21

+a303 ... 1 (000 — 2040 + D)||22|* + ... > 0.

Because

2 2 2
Xk Oy — 200, + 1

n+k\> (n+k+1\ n+k\?
:(2n+k> ( on+k+1 ) _Q(W) +1>0,k>1,n>1.

k
FromT'(ex) = —ex.1 We have

2k
kE k+1
T2(€k) — ﬁ . Wek-l-?
" ko k+1 k+n—1
I (er) = ok okl T T okgn—1 Ckin:
. k k+1 k4+n-—1 1 2 n
SII’]CG,HT”H:SI;pHg 2k+1 2k+n—1 |’:§§2_n’
1
L 1.2 n ol
e . n B n
r(T) = lim 1T H”—Jz&( n.<n+1>> T
2 2 2 2
. LH)n n—+1
< lim 2 = lim 2 0
2 2 2 2

Hence, operatdrf’ is quasi nilpotent.
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4, ALUTHGE TRANSFORMATION OF k—QUASI CLASS () OPERATORS

In this section we give the equivalence between Aluthge transformation-afidithge trans-
formation ofk—quasi class) operators.

Aluthge defined a transformatidhi of operator? by 7' = |T|zU|T|z, whereT = U|T| is
the polar decomposition of operatbr 7" is called Aluthge transformation (see [1]).
Yamazaki defined the—Aluthge transformation of operat@r. The x—Aluthge transforma-

tion is defined byl % (T+)* = |T*|3U|T* |3 (seel[6]).
Itis proved that/*|T*|2 = |T|=U*, U*|T*| = |T|U*,U|T|z = |T*|2U,U|T| = |T*|U.

Theorem 4.1.Let T € L(H). ThenT is k—quasi classQ operator if and only if7*) is
k—quasi class) operator.

Proof. Assume thaf is k—quasi class) then,
T (P22 — o T + )T > 0,
We need to prove th&t™ is k—quasi -class) operator.

T(*)*k(T(*)*2T(*)2 _ o ple) I)T(*)k
=(|T*|zU|T*|2)*

(IT*[2U|T*[2)2(|T* |2 U| T 2)?

— 2(|T*|2U|T*|2)"(|1T*|2U|T*|2) + 1)

(|7 |zU|T*|2)k
=(|T*[ZU|T*[2)*(|T*|2U|T*|2)* - - (|T*|2U|T*|2)*

(|7 [2U|T*2)" (| T*|2U|T*|2)*(|T* |2 U|T*|2) (|T*|2U|T*|2)

—2(|T*|2U|T*|2)"(|1T*|2U|T7|7) + 1]

(|7 [2U|T*[2)(|T*[2U|T*|2) - - (|T*[2U| T 2)
=(|T*[2U|T*|2)(|T*|2U*|T*[2) - - (|7 |2U*|T7|7)

(|7 [zU*|T*|)(|T*|2U*|T*|2)(|T*|2U|T*|2) (|T*|2U T 2)

— 2(|T*[2U*|T*[2)(|1T*2U|T7|7) + 1]

(|7 [2U|T*[2)(|T*[2U|T*|2) - - (|T*[2U|T]2)
—UU*(|T*|2U*|T*|U* - - - U*|T*|2)UU*

(| T*|2U*|T*|U* | T*U|T*|U|T* |2 — 2|T*[2U*|T*|U|T*|2 + 1]

UU*(|T*2U|T*|U - - - U|T*|2)UU*

AIJMAA Vol. 16, No. 2, Art. 18, pp. 1-13, 2019 AJMAA
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=U(U*|T*|2U*|T*|U* - - - U*|T*|2U)
[U*|T*|2U*|T*|\U*|T*U|T*|U|T*|2U
— QU |TH U |T*|U|T*|2U + I)(U*|T*|2U\T*|U - - - U|T*|2U)U*
=U(|T|zU*|T|U* - - U*|T | U) (| T2 U*|T|U*|T|U|T|U|T |2
—2|T|2U*|T|U|T|z + I)(|T|2U|T|U - - - U|T|2)U*
=U(|T|2U*|T|2)(|T12U*|T|2) - (|T|2U*|T|?)
[(IT|2U*|T|2)(|T|2U*|T12)(|T|zUT|2)(|T | U|T|?)
— 2(|T|2U*|T|2)(|T|2U|T %) + 1]
(|T12U|T|2)(|TzU|T|2) - - (|T|2U|T|2)U”
=UT*(T2T? - 27T + I)T*U* > 0.

Therefore,
THT2T? — 9T T 4 )T > 0.

Hence,T'™ is k—quasi class) operator.
Conversely, assume that*) is k—quasi class) operator, then

We need to prove th&t is k—quasi class).
Consider,

TH(T2T? — 27T 4 1T
=U*U(|T|2U*|T|2)(|T|2U|T|2) - (|T|2U*|T|2) U U
[(|T|zU*|T|)(|T|2U*|T12)(|T|zU|T|2)(| T |2 U|T|?)
— 2(|T|2U|T12)(|T | U|T|2) + 1]
UU(|T2UIT|2)(IT|2UT)2) - (T2 U|T|2) U U
—U*(U|T|2U*|T|U* - - - U*|T|2U*)
[U|T|2U*|T|U*|T|U|T|U|T|2U* — 2U|T|2U*|T|U|T|2U* + I]
(U|T|2U|T|U - - - U|T|2U*U
=U*(|T*|2U*|T*|U" - - U*|T*|7)
(| T*|2U* | T U*| T |U|T*|U|T* |2 — 2|7 |[2U*|T*|U|T*|% + 1]
(|T*|2U|T*|U - - U|T*|2)U
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=U([T* 20\ T*[2) (1T [ U*[T7|2) - - - (IT"[2U™[T7|7)
x| L x| L w1 x| L x| L %L %L x| 1
(T[0T |2)(|T*[2U*|T*[2)(IT*[2U|T"[2)(IT"[2 U|T"|?)
— 2T 2 U°|T°|2)(|T°|2UT°|?) + 1]
(T [2U|T* )T [=U|T*|2) - - - (IT"[2U|T"[2)U
=U(|T" U T )
(T [=U T |2)=(|T*|2U|T"|2)?
= 2T FUIT =Y (T2 UIT[#) + DT [UIT" 1)U
Therefore, S o .
T(T**T? — 21T + 1)T*) > 0.
HenceT is k—quasi class) operator.g
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