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1. INTRODUCTION

A new structure of generalized metric spa¢@sd) have been introduced by Mustafa and
Sims [13]. They are called’-metric spaces. Note that the metric sp&ded) is considered
as a generalization of metric space. Many fixed point results for various mappings in this new
structure have been developed. Many researchers proved many interesting results in fixed point
theory in this metric space; we can refer the reader to consider([2] 4,114,123, 16]. Also, various
problems of fixed point problems of contractive mappings in metric spaces endowed with a
partially order have been studied [3/ 5] 9] 10].

Different generalizations of metric spaces were considered by many researchers. For ex-
ample, the concepts of 2-matric spaces anthetric spaces, respectively, were introduce by
Gahler [8] and Dhage [6], but some authors pointed out that these attempts are not valid (see
[11,[19,17| 18, 15]). A modification of the definition of D-metric introduced recentlyby Dhage
[6], called theD*-metric. For more results, we refer the reader to consider [25, 28, 29].

In this article, we introduce the concept of partial S-metric spaces. Many fixed point theo-
rems in ordered partigl*-metric Spaces and common fixed point theorem for self-mapping on
completeS*-metric spaces are investigated.

We begin with the following definitions.

Definition 1.1. Let ¥ be a nonempty set ariglbe a nonnegative function on the detk ¥ x ¥
that satisfies the following condition: for &l v, w, a € W,

(G1) G(,v,w)=0if 0 =v =w,

(G2) 0 < G(0,0,v)forall §,v € ¥ with 6 # v,

(G3) G(0,0,v) < G(0,v,w) forall ,v,w € ¥ with  # v,

(G4) G(0,v,w) =G(0,w,v) =G(v,w,0) =,

(G5) G(O,v,w) <G, a,a) + G(a,v,w) forall b, v, w, a € V.
The functiong is called ageneralized metrior aG-metric on¥ and the paif¥, G) is called a
G-metric space.

Definition 1.2. A G-metric spacéV, G) is symmetric if

(G6) G(0,v,v) =G(0,0,v) forall §,v € V.

We can find some examples and basic propertieS-ofietric spaces in Mustafa and Sims
[13].

Definition 1.3. Let ¥ be a nonempty set. A generalized metric [o-metric) onV is a func-
tion: D* : U3 —; R* that satisfies the following conditions for eath, w, o € .

(1) D*(0,v,w) >

(2) D*(0,v,w) = 0 |fand onlyifd =v =w,

(3) D*(0,v,w) = D*(p{h,v,v}),(Symmetry ) where is a permutation function,

(4) D*(0,v,w) < D*(6,v a) + D* (o, w, w).
The pair(¥, D*) is called a generalized metric (&r*-metric) space.

Remark 1.1. It is easy to see that every symmetfiemetric is aD*-metric.

Proof. For allf, v,w,a € ¥ we have
G0,v,w) = Gw,b,v)
< Gw,a,a)+G(a,0,v) =G(0,v,a) + Gla,w,w).
|
Remark 1.2. ([30]) In a D*-metric spaceD*(0,60,v) = D*(0,v,v).
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For more details oD*-metric seel[31, 33]
Note that the converse may not hold as shown in the following example.

Example 1.1.Let ¥ = R and define the functio®* such that

D*(0,v,w)=10+y—2w|+ |0 +w — 20|+ |v+w — 20|.
Then one can easily verify théR, D*) is a D*-metric, but it is notG-metric. For, if set) =
5, v =—=5andw = 0theng(0,0,v) < G(0,v,w) is not hold.

Now, we recall the concept ¢f-metric spaces, which modifies tli& -metric andG-metric
spaces as follows:

Definition 1.4. Let ¥ be a nonempty set. Af-metricon ¥ is a functionS : ¥3 — [0, co) that
satisfies the following conditions, for eaéhv, w, o« € ¥,
(1) S(0,v,w) >0,
(2) S(0,v,w)=0ifandonly if 0 = v = w,
(3) S(0,v,w) < 5(0,8,a)+ S(v,v, ) + S(w,w, ).
The pair(¥, S) is called anS-metric space
Remark 1.3. It is clear that everyD*-metric is anS-metric.
Namely, for allf, v, w, « € ¥ we have
D*(0,v,w) < D*(0,v,a)+ D*(o,w,w) = D*(a,y,0
D*(a,y,a) + D*(a,0,0) + D" (w,w,
= D*(a,a,v) + D*(,0,0) + D" (w,w, «
= D*(0,0,a) + D*(v,v,a) + D" (w, w, &

+ D" (w, w, a)

IN

Note that it is not always true that evesymetric is aD*-metric.

Example 1.2.Let¥ = R" and|| - || a norm on¥, thenS (0, v, w) = ||v + w — 20|| + ||v — w||
is an.S-metric onV, but it is notD*-metric,since it is not symmetry.

Lemma 1.1.[26,127 [32]In an S-metric space, we havg(, §,v) = S(v, v, 0).
In this section we recall the concept of partial-metric space.

Definition 1.5. [24] A partial D*-metric on a nonempty sétis a functionp* : U x U x ¥ — R*
such that foralb,v,w, o € U :

(p) 0 = v =wifand only if p*(0,0,0) = p* (6, v,w) = p*(v,v,0) = p*(w, w,w),
(p2) p* (9’ 9, 0) < p*<0v v, w)7

(p3) p*(0,v,w) = p*(p{0,v,v}),(Symmetry) where is a permutation function,
(p4) p* (97 v, w) S p*(ev v, Oé) + p* (@, W, w) - p*(Oé, «, CY).

A partial D*-metric space is a pa{, p*) such thatl is a nonempty set angl is a partial
D*-metric onV. It is clear that, ifp*(0,v,w) = 0, then from (p) and (B) § = v = w. Butif
0 =v=w,p*(f,v,w) may not be). We can consider the partiél*-metric space to be the pair
(R, p*), wherep* (6, v,w) = max{f,v,v} forall §,v,v € R*. Then(R*, p*) is a D*-metric
space.

Itis easy to see that evefy*-metric is a partiaD*-metric, but the converse is not necessarily
hold.

In the following examples a partid)*-metric that fails to satisfy propertids*-metric.

AJMAA Vol. 16, No. 2, Art. 16, pp. 1-19, 2019 AIJMAA


http://ajmaa.org

4 M. M. REZAEE AND S. SEDGHI AND A. MUKHEIMER AND K. ABODAYEH AND Z. D. MITROVIC

Example 1.3. Assume that* is a nonnegative mapping defined on theset R* x R x R*.
Define the mapping

p(0,v,w) =10 —v|+ |v —w| + |0 —w| + max{6, v, v}.
Then(¥, p*) is a partial D*-metric, but it is notD*-metric.

Example 1.4.Let (¥, p) be a partial metric space ang® : RT x R* x R* — R* be a
mapping defined as follows:

p*(ea v, w) = p(ea U) + p<97 CU) + p(U, w) - p<97 0) - p(U7 'U) - p(w, w)'
Then clearlyp* is a partial D*-metric.
Remark 1.4. [24] Let (¥, p*) be a partialD*-metric space. Thep*(6,0,v) = p*(0,v,v).

Lemma 1.2. Let (U, p*) be a partial D*-metric space. If defing(d,v) = p*(0,v,v), then
(W, p) is a partial metric space

Proof. (p;) @ = vifand anly ifp*(0,0,0) = p*(0,v,v) = p(v,v,v) implies thatp(f, §) =
p(@,U) :p(U,U),
(P2) p*(6,0,0) < p*(6,v,v) implies thatp(d, 6) < p(6,v),
(p3) p*(0,v,v) = p*(v, 6,0) implies thatp(6, v) = p(v, 0),
(p1) p*(v,v,0) < p*(v,v,w) + p*(w,0,0) — p*(w,w,w) implies that
p(0,v) < p(v,w) + p(w,d) — plw,w).

2. PARTIAL S-METRIC SPACE

we introduce in this section the notion partiadimetric space and we prove some properties

of this space.

Definition 2.1. A partial S-metric on a nonempty sdt is a functionS* : ¥ x ¥ x ¥ — R*
such that foralb, v,w,a € ¥ :

(s1) 0 =v=wifand only if S*(0,0,0) = S*(0,v,w) = S*(v,v,v) = S*(w,w,w),

(s2) S*(0,0,0) < 5*(0,0,v),

(83) S*(0,v,w) < S5*(0,0,a) + S*(v,v,a) + S*(w,w, a) — 25%(a, a, a).

A partial S-metric space is a pairl, S*) such that¥ is a nonempty set anf* is a par-
tial S-metric on¥. A basic example of a partiai-metric space is the pa{R", S*), where
S*(0,v,w) = max{h,v,v} forall 0, v,w,a € ¥ € RT.

Remark 2.1. It is easy to see that every partiaf-metric is a partial5S-metric. Namely, for all
0,v,w,a € ¥ we have

p(0,v,w) < p*(0,v,a)+p (0,w,w) —pa, o, )
— P 0,0) + 5 (@,0,0) — (0,0, 0)
< pia,y,a) +pt(,0,0) + pf(w,w,a) — p*(a, a, ) — p*(a, a, )
= p(a,0,v) +p" (0, 0,0) + p*(w,w, @) — 2p"(ar, v, )

= p"(0,0,a) + p*(v,v,a) + p*(w,w, o) — 2p" (@, a, ).

But in general the converse is not hold (see the following example).

Itis easy to see that evef§rmetric is a partials-metric, but the converse it is not necessarily

hold.
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In general example of a partid-metric space is the pailR*, S*), whereS*(0,v,w) =
max{af + bv, (o + b)w} for all 6,v,w € R* anda,b > 0. This partialS-metric is not only
S—metric but also it is not partiaD*-metric.

In the following example a partia-metric fails to satisfy propertieS-metric.

Example 2.1.(a) Assume that¥, S) is an S-metric space and be a positive real number and
let S* : ¥ x ¥ x ¥ — ¥ be a mapping defined as follows:
S*(0,v,w) = S(0,v,w) + a.
It is clear that(W, S) is a partial S-metric, but it is notS-metric.
(b) Let(, ||, ||) be a norm space and Iét* : ¥ x ¥ x ¥ — ¥ be a mapping defined as
follows:
5*(0,v,w) = |0 = w[| + [[v = w[| + max{||0]|, [|v]], |||}

Then it is easy to see that it is a partidtmetric, but it is notS-metric.
Lemma 2.1. For partial S-metricS*, we have

(1) S*(0,0,v) = S*(v,v,6).

(2) If S*(6,0,v) = 0thenf = v.
Proof. () @)

S*(0,0,v) < S8%(0,0,0)+ 5*(0,0,0)+ S*(v,v,0) —25%(6,0,0)

= S*(v,v,0),
and similarly
(i)
S*(v,v,0) < S*(v,v,v)+ 5" (v,v,v) 4+ 5*(0,0,v) — 25 (v,v,v)
= 5%(0,0,v).

Hence by (i), (i) we getS*(0, 0,v) = S*(v, v, 0).
(2) (@) S*(0,0,0) < S*(0,0,v) = 0 and similarly
(i) S*(v,v,v) < S*(v,v,0) = S*(0,0,v) = 0. Hence by (i),(ii) we gets*(6,0,v) =
S*(0,0,0) = S*(v,v,v) =0, thatisf = v.
|

Lemma 2.2. Let (U, p) be a partial metric space anfi* be a nonnegative mapping define on
the sefR* x R* x R* such that

S*(0,v,w) = max{p(0,v),p(d,w), p(v,w)}.
ThenS* is a partial S-metric.
Proof.  (s)) Itis easy to see thatt = v = w <= 5*(0,6,0) = S*(0,v,w) = S*(v,v,v) =
S*(w, w,w).
Sincep(0,6) < p(#,v) hence
(82) S%(0,0,0) =p(0,0) < p(0,v) =5%06,0,v).

Since
p(0,v) < p(6,a)+pla,v) —pla, @)
< p0,a)+ply, ) + p(w, a) — 2p(a, ),
p(0,w) < p(0,a) +ply, @) + plw, a) — 2p(a, @),
and

p(v,w) < p(9> CY) + p(’U, a) + p(w, Oé) - 2]9(0./, a)>
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we obtain
(s3)

S*(07U7W> = max{p(&,U),p(@,w),p(y,w)}
< p(0,a) + ply, @) + p(w, a) — 2p(a, @)
= 5%(0,0,a) + S*(v,v,a) + S*(w,w, @) — 25" (o, a, ).
|

Lemma 2.3. Let (¥, p) be a complete partial metric space afd : Rt x RT x RT — R* be
a mapping defined as follows

S*(0,v,w) = max{p(d,v),p(0,w),p(y,w)}.
Then(V, S*) is a complete partiab-metric.

Proof. Let {6,,} be a Cauchy sequence (i, S*), since(\V, p) is complete space, hence there
existsd € ¥ such thap(0,,,6) — p(0,0). Therefore,

Tim S* (0,00, 0) = Tim max{p(0, 0n),p(00, ), p(0h,0)}
= lim p(6n,0) = p(6,0) = 57(6,6,6)}.
That is{6,} is a Cauchy sequence (¥, S*). n
Definition 2.2. Let (¥, S*) be a partialS-metric space. For > 0 define
Bg«(0,r) ={y € ¥:5%(0,0,v) < S*(6,0,0) + r}

Lemma 2.4. Let (U, S*) be a partial S-metric space. If > 0, then ball Bg- (6, ) with center
6 € ¥ and radiusr is open ball.

Proof. Letv € Bg-(6,7), henceS*(6,0,v) < S*(,0,0) + r. SetZ GOS0 _ 5 ) gt
z € Bg+«(y,9), hence

S*(0,6,0) — S*(60,0,v) +r

S*(v,v,w) < S*(v,v,v)+6 = 85"(v,v,v) + )

By triangular inequality we have
S*(0,0,w) = S*(w,w,0) < 25%(w,w,v)+ S*(0,0,v) — 25%(v,v,v)
25*(v,v,w) + S*(0,6,v) — 25 (v, v, V)
< 258%(v,v,v) 4+ 5%(0,0,0) +r — 25" (v,v,v)
= 57(0.6,0) +r.
HenceBgs: (v, d) C Bg«(0,7). Thatis the ballBs- (6, r) is an open bally

Each partialS-metric S* on ¥ generates a topologys- on ¥ which has as a base the family
of openS*-balls{Bs«(6,¢) : 6§ € ¥, € > 0}.

Let (U, S*) be a partialS-metric space and C V.

(1) If for everyd € A there exists > 0 such thatB,-(6,r) C A, then subse#! is called an
open subset ob.

(2) a sequencdd,} in a partial S-metric space(V, S*) converges toV if and only if
S5*(0,0,0) = lim, o S*(0,,0,,0) = lim, . S*(0,,0,,60,). Thatis for eache > 0 there
existsng € N such that

1S (61, 0, 0) — S*(6,0,0)| < e and|S* (0, 0, 6,) — S*(6,6,0)] < e,
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for all n > ny. In these cases we conclude for each 0 there exist$,, € N such that
|S*(0y, 0,,0,) — S™(0,,0,,0)] <e,
for all n > ny.

(3) A sequencdd, } in a partialS-metric spacgW, S*) is called a Cauchy sequence if there
exists (and is finite)im,, ,,—.oc S*(0,, 0, O1n).

Let 75« be the set of all open subsets of, thentg- is a topology on¥ (induced by the
partial S-metric S*).

A partial S-metric spacé ¥, S*) is said to be complete if every Cauchy sequefttg in ¥
converges, with respect tg;, to a pointd € .

Lemma 2.5. Let (¥, S*) be a partial S-metric space. If sequendd,,} in W converges td@,
thend is unique.

Proof. Let {6,,} converges t@ andv, then we have
lim S*(0,,0,,0,) = lim S*(0,,60,,0) = S*(0,0,0)

n—oo

and
lim S*(0,,0,,0,) = lim S*(0,,60,,v) = S*(v,v,v).

n—oo

Then by third condition partiab-metric we have:
S*(0,0,v) < 25%(0,0,0,)+ S*(v,v,0,) —25*(0,,0,,0,)
< 2(5*(0n,0,,0) — S*(0n,0,,0,))
+ S*(0n,0,,v) — S*(v,v,0) + S*(v,v,V).
By taking limit asn — oo we haveS*(0,0,v) < S*(v,v,v). Hence,5*(0, 0, v)

)
Similarly, we can show thas*(0,0,v) < S*(6,60,0). That isS*(0,0,v)
S*(v,v,v). Thereforef) = v.

= S*(v,v,v).
S*(0,0,0) =

Lemma 2.6. Let(V, S*) be a partialS-metric space. Then the convergent sequgidgé in
is Cauchy.
Proof. Let {6,,} converges td, that is for each > 0 there exists;, € N such that

1S (0,,0,,,0) —S*(6,0,0)] < eVn > ny,

|S* (0, 00, 0,) —S™(0,0,0)] < eVn > ny,
and

1S (0, 0, 0) — S™ (01,01, 0)| < €¥n > ny.
Then we have:
S (00,00, 0m) < 25%(0,,0,,0) + S* (O, 0m,0) —25%(6,6,0)
< 2e+€e+57(0,0,0).

Similarly,
S*(0,0,0) < 357(0,0,0,) —25*(0,,0,,0,)
= 2(5(0,,0,,0) — S*(0,,0,,0,)) + 5*(0,0,0,)
< 2(5%(0,,0,,0) — S*(0,,0,,0,))
+ 25%(0,0,0,,) + S* (0,00, 0.m) — 25 (O, Oy Oim)-
Hence,

S*(0,6,0) < 2¢ + 2¢ + S* (0, O, O).
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By above inequalities we have
|S*(0,, 00, 0m) — S™(0,0,0)] < 4e.

That is
lim S*(0,,0,,0,,) = S*(0,6,0).

n—oo

Lemma 2.7. Let (¥, S*) be a partial S-metric space. If there exist sequend¢és} and{v, }
such thaflim,,_,, 8,, = 6§ andlim,,, .- v,, = v, then

lim 5% (0, 0, vp) = S7(0,6,0).

Proof. Sincelim,,_.. 0,, = ¥ then for eachk > 0 there exist$,, € N such that

|S*(0,,,0,,0) — S*(0,0,0)] < €,|5"(0n,0,,0,) —S*(0,0,0)] < e
and

|S*(01, 00, 00) — S* (00, 0,0, 0)| < e,
for all n > ny. Similarly, sincelim,,, .., v,,, = v, then for eacl > 0 there exists:; € N such
that
|S™ (Vs Uiy ©) — S (0, 0,0)| < €, [S™ (Ui, Uy Um) — S™ (v, 0,0)| < €
and
|S™ (Vmy Uiy Um) — S™ (Uin, U, 0)| < €,
for all m > ny.
Then we have

S*(Ony Oy V) < 25%(0,,0,,0) + S* (U, Um, 0) —257(6,0,60)
< 2(5%(0,,0,,0) — S7(0,0,0)) + 25" (U, Um, V)
+ 5%(0,0,v) — S*(v,v,v)
< 2e+42e+ 5%(0,0,v),
hence we obtain
(2.1) S*(Ony 01y V) — S™(0,0,0) < 4e.
On the other hand, we get
S*(0,0,v) < 25%(0,0,0,) + S*(v,v,0,) —25%(0,,0,,0,)
< 2(85%(00,00,0) — S*(01,0,,0,)) + 25" (v, 0, U4)
— S (U Uiny Umn) + S™(0n, 0y Uy
< de+ S (0,0, 0m),
that is
(2.2) S*(0,0,v) — S*(0,, 0, ) < de.

Therefore by relations$ (2.1) and (R.2) we have
|S™(0, 00, Um) — S™(0,0,v)] < 4e,

that is
lim S*(0,,60,,v.,) = S"(0,0,v).

m,n—00
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Lemma 2.8. Let (¥, S*) be a partialS-metric space then
S¥0,v,w) = S5(6,0,v)+ 5" (v,v,w) + S*(w,w, ) — 5*(6,0,0) — S*(v,v,v)
S* (w,w,w),
is an Sy-metric onV for b > 2.
Proof. First we show tha&*(6,0,v) = S*(v, v, #). Since,
S%(0,0,v) = S7(0,0,0)+ S*(0,0,v) + S*(v,v,0) —25%(6,0,0) — S*(v,v,v)
= 25%(0,0,v) — 5%(0,0,0) — S*(v,v,v).
Similarly, we can show that
S*(v,v,0) =257(0,0,v) — S*(0,0,0) — S*(v,v,v).
Therefore,5*(0,0,v) = S*(v, v, 0). Also, always we have that
S*(0,0,v) — S*(0,0,0) < 5°(0,0,v).
(i) If S*(0,v,w) = 0then it follows thats* (0, v,w) = S*(0,0,0) = S*(v,v,v) = S*(w,w,w).
Thatisf = v = w. Conversely, i) = v = w then we haves®(0, v, w) = 0.
(ii) Since
S*(0,v,w) < S%6,0,a)+ S*(v,v, ) + S (w,w, @) — 25" (e, a, ).
Therefore,

S%0,v,w) = S5%(0,0,v)+ S*(v,v,w) + S (w,w, )
— 5%(0,60,0) — S*(v,v,v) = S*(w, w, w)
< 258%(0,0,a) — 25" (o, a0, ) + S*(v, v, @)
+ 25" (v,v,a) — 25" (a,a,a) + S (w,w, a)
+ 25"(w,w,a) — 25" (a,a,a) + 570,60, a)

S5*(0,0,0) — S*(v,v,v) — S*(w,w,w)

= 35" (o, o, 0) — 25" (o, 0, ) — S*(0,6,0)
+ 35" (o, a,v) — 25" (o, o, ) — S* (v, v, V)
+ 35" (o, o,w) — 25" (o, v, @) — S™(w,w,w)
< 228"y, 0) — S* (o, ) — S*(0,6,0)]
+ 228" (a,a,v) = S*(a, a, ) — S*(v, v, V)]
+ 225, ayw) — S*(a, o) — S*(w,w,w)]

[

[
2[5%(a, a, 0) + S*(ar, v, v) + S* (v, a, w))]
2[5%(0,0, o) + S*(v,v, @) + S*(w,w, a)].

The following lemma plays an important role to give fixed point results on a p&tmaétric
space.

Lemma 2.9. Let (¥, S*) be a partial S-metric space and > 2.
(@) {0} is a Cauchy sequence (¥, S*) if and only if it is a Cauchy sequence in tiSg-
metric space WV, S°).
(b) A partial S-metric space€V, S*) is complete if and only if the,-metric spacé V¥, S°) is
complete. Furthermoréim,,_., S(6,,6,,0) = 0 if and only if
S5*(0,6,0) = lim S*(0,,0,,0) = lim S*(0,,0,,0.,).

7,Mm—00
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Proof. First we show that every Cauchy sequencéimS*) is a Cauchy sequence (¥, S*).
Tothisend lef#,,} be a Cauchy sequence(ifi, S*). Then there exist$m,, ,,,—.oo S* (05, 01, 01) =
lim,, oo S*(0,, 0, 6,,). Since

Ss(em ena Hm) = 28*(971’ ena em) - S*(Qna env en) - S*(9m> Hma em)
Hence, we have
lim Ss(é’n,en,ﬁm)

n,Mm—00

= 2 lim S* (0,00, 0m) — Him S*(0,,0,,0,) — Lim S* (B, O, O) = 0.

n—od

We conclude tha{#,,} is a Cauchy sequence {iw, S°). Next we prove that completeness
of (¥, S*) implies completeness ¢fl, S*). Indeed, if{6,,} is a Cauchy sequence {¥, S*)
then it is also a Cauchy sequencein S®). Since theS,-metric spacé WV, S®) is complete we
deduce that there existsc ¥ such thalim,, .., S*(¢,,0,,v) = 0. Since,

S0, 0, 0) = 25%(0p, 0,0, v) — S™(v,0,0) — S* (0, 0., 0,).

Also,
0<5%(0,,0,,v)— S*(v,v,v) < S%60,,0,,v),
and
0<5%(0n,0,,v)— S (0,,0,,0,) < S*(0,,0,,v).
Therefore,

lim S*(0,,0,,v) = lim S*(0,,0,,0,) = lim S*(v,v,v).

n—oo n—oo

Hence we follow tha{é,,} is a convergent sequence(ifi, 5*).
Now we prove that every Cauchy sequekég} in (¥, S*) is a Cauchy sequence (¥, S*).
Lete = 1. Then there exists, € N such that5*(6,,,6,,,0,,) < 3 for all n,m > n,. Since
S™(6n, O )
< 45" (0ngs O, 00) — 35 (01, 01, 00) — S™ (O Ongs Ongy) + S™ (01, 010, 0,)
< 25%(0n, On, 0ny) + S*(Ong s Ongs Ong)-
Thus, we have
S* (0, 0, 0r) 25°(0n, O, Ony) + S™(Orngs O, )
L4 S (01, Ongy Ong )-
Consequently the sequeng®*(6,,, 6,,, ,,) } is bounded iR, and so there existsiac R such
that a subsequend&™(0,,,, 0., ,0,,)} is convergent ta, i.e. limg_,o S*(0,, Oy, Ony) = a.
It remains to prove tha{S*(0,,0,,6,)} is a Cauchy sequencelh Since{d,} is a Cauchy
sequence iV, 5°), for givene > 0, there exists. such thats*(0,,0,,0,,) < 5 for all
n,m > n.. Thus, for alln, m > n.,

|S* (00, 01,0,) — S™ (O, O, 01|
< 45%(0,,0,,0.) — 35 (0,00, 0,) — S* (O, O, O
+ S%0,,0,,0,) — S* (0, O0m, 0:)
< 25%0,,0,,0,) <e
On the other hand,
|S*(0,, 00, 0,) — al
< |S8"(0n, 00, 00) — S (Onys Onys O )| + 1S (Ony, Oy, Ony,) — @
< e+€e=2

<
<
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for all n, ny > n.. Hencelim,,_.., S*(0,,,0,,0,) = a.
Now, we show tha{#,,} is a Cauchy sequence (¥, S*). We have,

125%(0,,, 01, 01) — 2al

|SS<0n7 Qna em) + S*(ena ena en) —a + S*(Qma me em) - CL|
SS(Qn,Qn,Gm) + ’S*<9n70n79n) - CL| + |S*(0m7‘9m79m) - al

IN

9
§+26+2€:§e.

A

That is,{6, } is a Cauchy sequence (&, 5*).

We shall have established the lemma if we prove thatS*) is complete if so igW, S*). Let
{0,.} be a Cauchy sequence(ifr, S*). Then{6,} is a Cauchy sequence (¥, S*), and so it is
convergent to a point € ¥ with

lim S*(0,,60,,0,)= lim S*(v,v,0,) = S*(v,v,v).

n,m—oo n—oo

Thus, givere > 0, there exists:,, € N such that
S*(v,v,0,) — S*(v,v,v) < g and |S*(v,v,v) — S*(0,,0,,0,)| < g
whenevem > n.. Hence, we have

S¥(v,v,0,) = 28" (v,v,0,) — S*(0n,0,,0,) — S™(v,v,v)
< |S*(v,v,0,) — S*(v,v,v)| + |S*(v,v,0,) — S*(On, O, 0,)|

€ €

2 2

A\

whenevem > n.. Thereforg(W, S*) is complete.
Finally, it is a simple matter to check thiin,, ..., S*(a, a, 6,,) = 0 if and only if

S*(o, ) = lim S*(«,a,0,) = lim S*(0,,0,,0,).

n—oo n,m—0oo

Lemma 2.10.If S* is a partial S-metric on¥, then the function§*, S™ : ¥ x ¥ x ¥ — R*
given by

S0, v,w)
= 5%(0,0,v) + S*(v,v,w) + S*(w,w,l) — S*(0,0,0) — S*(v,v,v) — S*(w,w,w)

and

25%(0,60,v) — S*(0,0,0) — S*(v,v,v),
25%(w,w, ) — S*(w,w,w) — S*(0,0,0)

S™(0,v,w) = max { 25*(v,v,w) — S*(v,v,v) — S* (W, w,w),
S

for everyf, v, v € ¥, are equivalentS-metrics onV.
Proof. It is easy to see that®* andS™ areS-metrics onv. Letf, v,w € V. It is obvious that

S™(0,v,w) <250, v,w).
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On the other hand, sinee+ b + ¢ < 3max{a, b, ¢}, it provides that

S%(0,v,w)
= 5%(0,0,v) + S*(v,v,w) + S (w,w, ) — S*(0,0,0) — S*(v,v,v) — S (w,w,w)
1
= 5[25*(9,6,1}) —5%(0,0,6) — S*(v,v,v)]
+ %[25*(1},1},(,0) — S5*(v,v,v) = S*(w,w,w)]
1
+ 5[25*(w,w,6’) — S (w,w,w) — 5*(0,6,0)]
3 25%(0,0,v) — 5*(0,0,0) — S*(v,v,v),
< —max<{ 25%(v,v,w)— S*(v,v,v) — S*(w,w,w),

25%(w,w, ) — S*(w,w,w) — S*(0,0,0)
= ;Sm(ﬁ,v,w).

Thus,we have

%Sm(&v,w) < S%(0,v,w) < ;Sm(G,U,w),

these inequalities implies that andS™ are equivalenty
Remark 2.2. Note that:
S%(0,0,v) =25%(0,0,v) — S*(0,0,0) — S*(v,v,v) = S™(0,0,v).

A mappingF : ¥ — W is said to be continuous & € V¥, if for everye > 0, there exists
d > 0 such thatF'(Bs«(0y,d)) C Bs«(Fby,€).

3. FIXED POINT RESULT

In this section we prove some fixed point theorems in ordered p&rtialetric spaces.

Theorem 3.1.Let(V, <) be a partially ordered set and suppose that there is a pafitahetric
S* on ¥ such that(¥, S*) is a complete partialS-metric space. Suppogé : ¥ — VU is a
continuous and nondecreasing mapping such that

S*(F0,Fvu, Fw) <

(3.1) k'maX{ S*(0,v,w), 50,0, F0),S*(v,v, Fv), S*(w,w, Fw) }

$15%(0,0, Fv) 4+ 5*(0,0, Fw)]

forall 4,v,w € U withw < v < 6, wherel < k < 1. If there exists aly € ¥ with 0, < F',,
then there exist8 € ¥ such that) = F'§. Moreover,5*(6,6,0) = 0.

Proof. If F0, = 6, then the proof is complete, so suppdse~ F'0y. Now letd,, = F0,_, for
n=12.-.-.If 0, = 60, forsomen, € N, then it is clear tha#,,, is a fixed point ofF".
Thus assumé,, # 6, for all n € N. Notice that, sincé, < F'f, andF' is nondecreasing, we
have

020, 20,220, 20,41 -+

By inequality [3.1) for these points we have

AIJMAA Vol. 16, No. 2, Art. 16, pp. 1-19, 2019 AIJMAA
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S*(0n+1, 0n+1a en)

— S"(F6,,F6,,F0,_,)
S*(6r, 0, 0, 1),5*(9n,9n,F0 ),

< kmax ¢ S*(0,,0,, F0,), 5" (0n-1,0n_1,F0,_1)
%[S*(6n7enaF9 ) S*(QnaenaFenfl)]
S*<9n70n76n—1) S (9n79n76n+1)

S k:max S*(en,0n70n+1) S ( n— la n— 17 )a
[S*(@n,Gn,HnH)—i—S (0,00, 0,)]

S*<9n79n79n—1)a8 gnaenaen—i-l
: kmax{ S* (O O O i1)

(3.2) = kmax{S*(0,,0,,0,-1),5" (0n,0,,0,+1)}
sinceS*(0,,,0,,0,) < S*(0,,0,,0,:1). Now if

max {S* (0, 0,,0,-1), S (0, 00,0n41)} = S (00,0, 01 1)
for somen, since0 < k£ < 1 by (3.2) we have

S*(Ons1,Oni1,0n) < EkS*(0,,0,,0,11)

< S%0,,0n,0011) = S*(0n41,0041,0,)

which is a contradiction becausé(6,,.1, 60,1, 6,) > 0. Thus

max {S* (0, 0,,0,-1), S (0, 00,0n41)} = S (01,00, 00-1)
for all n. Therefore we have

S*(Ons1,0ns1,0n) < kS (0,,0,,0, 1)
and so
(3.3) S*(Ong1, Ony1,0n) < K"S™(01,01,00).
Therefore
S*(Ons1,Ont1,0n)

25%(0ns1,00n41,00) — S™(00,0,,0,) — S™ (0ns1,0ns1,0n11)
25" (On41, O0nt1,05)
2k"S*(04,61,00).
This show thatlim S*(6,,.1,0,+1,60,) = 0. Now we have

n—oo

VANRVAN

Ss(em’ ema en) S QSS(em) 9m7 Qm—l) + -+ 258(9n+17 Qn—l-lu en)
< 4E™1S(01,01,00) + - -+ 4K™S*(04, 01, 00)
4k™ — 4k™
= WS*(elvelaGO)
4k™
S 1_ S*(01761790> 0

Then{#,} is a Cauchy sequence in themetric spacéV, S*). Since(¥, S*) is complete then
from Lemm, the sequen{g, } converges in th€-metric spacé¥, S¢), say lim S%(0,,,0,0) =
0. Again from Lemma 29, we have

(3.4) S*(0,0,0) = lim S*(6,,0,0) = lim S*(0,, 00, 0,n).

n—oo n,m—oo
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Moreover sincd 6, } is a Cauchy sequence in themetric spacéV, S°), we have lim S*(0,,,0,,,6.,) =

n,Mm—00

0 and by ) we havelim S*(0,, 6,,0,) = 0, thus by definitionS* we have
lim S*(0,,0,0,) = 0. Therefore by), we have

n,Mm—00

S*(6,6,0) = lim S*(6,,0,0) = Lm S*(8,, 00, 0m) = 0.

n—oo n,m—0oo

Now we claim thatF’d = 6. SupposeS* (0, F'0, F9) > 0. SinceF is continuous, then for
givene > 0, there exist® > 0 such thatF'(Bs-(6,0)) C Bg-(F6,¢). SinceS*(0,0,0) =
lim S*(6,,6,0) = 0, then there exist&/ € N such thatS*(60,,,6.60) < S*(0,6,0) + ¢ for all

n—oo

n > N. Therefore, we havé, € Bs-(0,0) foralln > N. ThusF(0,) € F(Bs(6,0)) C
Bgs«(F0,¢) and soS*(F0,, F0,F0) < S*(F0,F0,F0) + ¢ for all n > N. This shows that
S*(F0,F0,F0) = JLI&S*(QTL+1’F0’F9)' Now we use the inequalit.l) for = v = w,
then we have
S*(F0,F0,F0) < kmax{5*(0,0,0),5"(0, F0, F0)} = kS*(0, F0, F0).
Therefore, we obtain
S*(0,F0, F0)

< S%(0,0p41,0041) + 25" (01, FO, FO) — 25% (0,11, Ons1, Oni1)

< S%0,0,41,0041) + S* (041, FO, FO)
and lettingn — oo, we have

S*(0,F0,F0) < lim S*(0,0,41,0,11) + JEEOS*(O"H’ Fo,F0)

= S*(F0,F0,F0)
< kS*(0,F0,F6)
< S*(0,F0,F0),
which is a contradiction becausé(d, F'0, F§) > 0. ThusS*(0, F'0, F9) = 0 and s®d = F6. i

Similarly, we can show that if instead ofby # and setv = v in Theorenj 3.J1 then we have
the following Corollary.

Corollary 3.2. Let (¥, <) be a partially ordered set and suppose that there is a partial
metric S* on ¥ such that{ W, S*) is a complete partiab-metric space. Suppoge: ¥ — U is
a continuous and nondecreasing mapping such that

S*(FO,F0, Fv) <

I S*(0,6,v),5%(,0,F0),S*(v,v, Fv),
A L19%(6,0, FO) + S*(6,0, Fu)]

forall 4,0 € U withv < 0, where0 < k < 1. If there exists a, € ¥ with 6, < F#d,, then
there existy € ¥ such that) = F'6. Moreover,5*(6,0,0) = 0.

Since everyD*-metric is aS*-metric. Hence we have the following Corollary.

Corollary 3.3. Let (¥, <) be a partially ordered set an@¥', D*) be a complete)*-metric
space. Suppose : ¥ — WV is a continuous and nondecreasing mapping such that
D*(F0,F0, Fv) <

I D*(0,0,v),D*(0,0, F0), D*(v,v, Fv),
A L[D*(0,0, FO) + D*(8,6, Fu)]
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forall 6,0 € ¥ withv < 6, where0 < k < 1. If there exists a, € ¥ with 6, < F'6,, then
there exist9 € ¥ such that) = F6. Moreover,D*(0,0,0) = 0.

Also, we have the following Corollary.

Corollary 3.4. Let (¥, <) be a partially ordered set and suppose that there is a partial metric
ponV¥ such that U, p) is a complete partial metric space. SuppdseV — V¥ is a continuous
and nondecreasing mapping such that

(0,v),p(0, F0),p(v, Fv),
p(F6, Fv) < K max{ LIp(6. F6) + p(o. Fu) }

forall 6,0 € ¥ withv < 6, where0 < k£ < 1. If there exists a, € ¥ with 6, < F'6,, then
there existy € W such that) = F'6. Moreoverp(6,60) = 0.

Proof. By Lemmg 2.2 if define

S*(07 U?”) = max{p(Q, U),p(@,w),p(y,w)},

thenS*(6,0,v) = p(0,v) is a partialS-metric and by Lemmp 2.3 and Corollary 3.2 the proof
is complete g

In the following theorem we remove the continuity/6f Also, the contractive conditiof (3.1)
do not have to satisfied féor= v = w.

Theorem 3.5.Let (W, <) be a partially ordered set and suppose that there is a pafitahetric
S* on ¥ such that(¥, S*) is a complete partialS-metric space. Supposé : ¥ — U is a
nondecreasing mapping such that

S*(F0,Fvu, Fw) <

S*(0,v,w),S*(0,0,F0),S*(v,v, Fv), S*(w,w, Fw),
(3-5) W max { L[5%(8,6, Fv) + 5°(6,0, Fw))

forall ,v,w € ¥ withw < v < 0 (thatis,w < v <6 andv # ), whered < k < 1. Also, the
condition

(3.6) If {6,,} C Wisan increasing sequence
' with 8, — 6 in ¥, thend,, < 0 forall n

holds. If there exists afl, € ¥ with 8, < F'6,, then there exist8 € ¥ such thatd = F6.
Moreover,5*(0,6,60) = 0.

Proof. As in the proof of Theorern 3,1, we can construct a sequéécgin ¥ by 6,, = F6,,_,
forn = 1,2,... Also we can assume that the consequtive tern{#f are different. Otherwise
we are finished. Therefore we have

Op <01 <0y <--- <0, <01 <.

Again, as in the proof of Theorem 3.1, we can show tftat} is a Cauchy sequence in the
S-metric spacéV¥, S°) and therefore there exisisc W such that

S*(6,6,0) = Lm S*(6n,0,,0) = Lm S*(6,,00,0)

n—oo n,m—0oo

= lim S*(0,, 00, 0,) = 0.

n—oo
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Now we claim thatF'§ = z. Suppose5*(6,6, F'9) > 0. Since the conditior| (36) is satisfied,
then we can use thg (3.5) for= v = 6,, andv = 6. Therefore, we obtain

S*(0n41,0n41,F0) = S*(F0O,,F0,, F0)
S*(O0n, 0y 0), 5 (01, 0, F'0,),
< kmax{ S*(0,,0,, Fb,), 56,6, F6),
%[S*(@n, 0, F@n) + S*(Qn, 0,, FQ)]
S*(emenae)aS*(enagnaen-&-l)a
< kmax{ S*(0n,0n,0,41),5%(0,0, F0), .
%[S*(@n, 0., 9n+1) + S*(é’n, 0, FQ)]
Lettingn — oo, we have
S*(6,60,F0) = Lim S*(0ns1,0n.1, FO)

lim s*(en, 0,,0), lim S*(Qn, Oy Oni1),
< kmax llm S*(Gn,ﬁn,ﬁnH) llm S*(@ 0,F0),
[l1m S* (O, O, O + hm 05 (6, 0, FO)]
< kS*(0,0, F9)
< S%(0,0,F0),
which is a contradiction. ThuS*(¢,0, F§) = 0 and s&f = F6. 1

Similarly we can show that if instead ofby ¥ and setv = v in Theorenj 3.b then we have
the following Corollary.

Corollary 3.6. Let (V, <) a partially ordered set and suppose that there is a parfiahetric
S* on ¥ such that(¥, S*) is a complete partialS-metric space. Suppogé : ¥ — VU is a
nondecreasing mapping such that

S*(F9,F9, Fv) < kmax{ 5%(0,0,v),5%(0,0, F0),S*(v,v, Fv), }

$[5%(6,6, F0) + S*(6,0, Fu))
forall 6,0 € ¥ withv < 6 (thatis,v < 6 andv # 0 ), where0 < k < 1. Also, the condition

If {6,} C Visa increasing sequence
with §,, — 6 in ¥, thend,, < 6 forall n

hold. If there exists afl, € ¥ with §, < F6,, then there exist8 € ¥ such that) = F@.
Moreover,5*(0,6,0) =0
Also, we have the following Corollary.

Corollary 3.7. Let (¥, <) a partially ordered set and suppose that there is a partial metoa
U such that(V, p) is a complete partial metric space. Suppdse ¥ — ¥ is a nondecreasing
mapping such that

0,v),p(0, FO),p(v, Fv),
p(F0, Fv) < kmax{ ]%)([p(e,)ﬁl’)e() +p(>0,pl<%>] | }

forall 0,0 € U withv < 0 (thatis,v < 8 andv # 0 ), where0 < k < 1. Also, the condition

If {0} C Wisa increasing sequence
with 6,, — 6 in ¥, thend,, < 6 forall n

hold. If there exists afl, € ¥ with 6, < F'6,, then there exist8§ € ¥ such thatd = F6.
Moreover,p(6,6) = 0.
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Proof. By Lemmd 2.2 it is enough define

S*(0,v,w) = max{p(d,v),p(d,w),p(v,w)},
thenS*(0,0,v) = p(#,v) is a partialS-metric. Hence by Lemmia 2.3 and Corollary|3.7 the
proof is completeg

Example 3.1.Let ¥ = [0, 00) and S*(0, v,w) = max{#, v, v}, then it is clear tha{ ¥, S*) is
a complete partialS-metric space. We can define a partial orderwras follows:

0 <v&(0=v)or(0,vel0,1]withfd <wv).
LetF: U — U,

62
116 96[0,1]

Fo =
20, e (1,00)
and F' is nondecreasing with respect toand forv < ¥ andk > % we have

6> v?
U}

1+6°1
S*(0,0,v)

S*(FO,F0, Fv) = max{

0 1
< bl g

1460~ 29
kE(S*(0,0,v))
I S*(0,0,v),5%(0,0, F0),S*(v,v, Fu),

AN 1157(6,6, FO) + S*(8,6, Fu)] ’
that is, the conditior(3.5]) of Theoren8.5)is satisfied. Also, it is clear that the conditiB.6)
is satisfied and fof, = 0, we haved, < F#d,. Therefore all conditions of Theorehs| are
satisfied and s@’ has a fixed point inb.

_|_
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