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1. INTRODUCTION

In an inner product spadeX, (-, -)), the angleA(z, y) between two nonzero vectarsandy
in X is usually given by
(z,)

IRl

where||z|| := (z,y)"/? denotes the induced norm i. One may observe that the angl¢., -)
in X satisfies the following basic properties (see [7]):

(1) Parallelism:A(x,y) = 0if and only if z andy are of the same directiot§(x, y) = 7 if
and only ifz andy are of opposite direction.

(2) Symmetry:A(z,y) = A(y, x) for everyz, y in X.

(3) Homogeneity:A(ax, by) = A(z,y) if ab > 0; A(ax,by) = 7 — A(z,y) if ab < 0.

(4) Continuity: Ifz,, — x dany,, — y, thenA(x,,y,) — A(z,y).
Let (X, (-,-)) be an inner product space of dimensibor higher (may be infinite), antl =
span{uy,us} andV = span{vi,v,} be 2-dimensional subspaces &f, where{u, us} and
{v1,v9} are orthonormal. Then, as is suggested by Gunawan, Neswan and Setya-Budhi in [8],
one can define the angkéU, V') be the angle betwedn andV/, given by

cos? (U, V) = det (M M)

whereM = [(u;,v;)]? being a2 x 2 matrix. It is can be seen tha{U, V) satisfies the basic
properties of angle, i.e.

(1) (U, V) =0ifand only if U = V (parallelism property)

(2) (U, V) =0(V,U) for everyU,V C X (symmetry property)

(3) (U, V) choice of basis independent (homogeneity property).

The focus in this article is what is the continuity propertyd¢f, -). In the other words, if
U, — U andV,, — V will it be valid for 6(U,,,V,,) — 0(U, V). This problem can be solved
if we have a convergence definition for sequence®-dimensional subspaces. Therefore, we
will first construct the convergence concept.

As foundation in constructing convergence concept of 2-dimensional subspaces, in 2018,
Manuharawati et al/ [11], have introduced a more geometrical definition of the convergence of
a one-dimensional sequence of a one-dimensional subspace of a normed space and explained
its connection with angle between two 1-dimensional subspace of a innerproduct space. Their
definition of the convergence of a sequence of 1-dimensional subspace, however, is based on
a definition convergence of a sequence on vector which we found a gap which we have gen-
eralized it to 2-dimensional subspace. The purpose of this note is to fix their definition and
at the same time to explain the relationship between convergence of sequence with the angle
between two 2-dimensional subspaces of real inner product space. In this paper, we construct
the concept of convergence for sequence of two dimensional vector subspaces of a vector space,
discuss the basic properties, and use the concept to prove the continuity of angle between two
vector subspaces. In order to achieve that, we need a metric in Grasmanian.

A(z,y) = arccos

2. RESULT

Let (X, || - ||) be a real normed space wiilin(X) > 2. Given a sequence @fdimensional
subspace§l,,) and a subspacés of X. We wish to have a definition of the convergence of a
sequence ofU,,) toU asn — oo. To define the limit of a sequence ddimensional subspaces,
we have to revisit the grassmannian spacke ([9]). The Grassmannian is a fundamental object of
study across various subdisciplines of modern geometry. The reason why we are interested in
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the Grassmannian is because we eventually wish to define a metric, on the Grassmannian, so
that we can define convergence of sequence and many other notions on this space.

Definition 2.1. Let (X, || - ||) be a real normed space wittim(X) > k. The Grassmannian
Gr(k, X) is a set of alk-dimensional linear subspaces.f

Gr(k,X)={U C X : Uisak — dimensional subspace of X }

For example, the Grassmanniér (1, X) is the space of lines through the origin M, so
it is the same as the projective space of one dimension lowerXhgh]). The Grassmannian
Gr(2, X) is the space of planes through the originXin

Theorem 2.1.1If d, be a real valued function o&'r(2, X') x Gr(2, X) with

d. (U, V) = max(sup inf ||u—wvl, sup mf Hv—u”)
veV

HuHUl [[oll=1 ||u||V1 IIuH %
v u
= max(supmf” — H— —) u,v # 0
e - e e e Eo

then(Gr(2, X), d.) is a metric space.

Proof. Let U andV are two2-dimensional subspaces of a normed spsce
(i) We have known thaﬁﬁ ‘ >0 forallu,v € X —{0}.

HUH

Thus,inf,cy H”—g” v > 0.

IvII

> 0 andinf,cy H T

\uH

v _u
ol lull

> 0.

Consequetlysup,,c;; inf, ey ’— > 0 andsup,¢y inf,ep

[l ||U||
So,d,(U,V) > 0.
If U =V, thenGr(2, X) x Gr(2,X) with

d. (U, V) = max(sup inf |lu— ], sup 1nf Hv—uH)
veV

||u||U1 floll=1 ||v||V1 IIUII %
wx(sup inf | = oy s int 1 2 - 7 ) = 0
= max|sup in sup inf
wev o€V Hlull ol Sev wev o]l lull
If d.(U,V) =0, then
supme ——‘—sup1 ‘ H—O
wev vV Hlull Tl oev wet o Ju]l
Consequently, For every € U, we have
ot ity - gl -0
veV IHlull o]
and for every € V, we also have
ot | op — =
wel o] [lul]

Becausd/ andV are closed (see Theorem 2.4-3[inl[10], every finite dimensional subspace of
normed spaces is closed), then therez@re V andu, € U such that

=0,

e~ el = I
lull IvoH [loll IUo||

Therefore there are, 5 € R such thatu = avg andv = Suy. That means, for every € U and
v e Vthenu € Vandv € U. SoU = V.
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(if) From definition ofd., we haved,.(U,V') = d.(V, U) for everyU andV in Gr(2, X).
(iif) We can observe that

| | ot |~ el
sup inf ||— — —|| = sup inf inf ||— — —
wer veV Hlull - [Jv]| wet weW veV I ul| - [[v]]
£t |4 w w v H
= sup inf in — —
wer weW oV Il lull - flwl] — flw]l ]|
< sup inf inf L——“+sup inf inf H— H
wev weW veV ] Jwl[Il " e wew vev [w] — [Jo]l
¢ e~ el it g — e
= sup inf |[|— —
wev weW | Ju]] Hw|| wew vev o] ~ |v||
< sup inf H H—l— H ..... 1
8 oy Rl o | e 2 o R T
and
sup inf ———H = sup inf inf ——H
vevueU ol lul vev weW ueU Lol [ul]
e w w u H
= sup inf in — —
vev weW wel IH[o| - lwl] * flwl lul
v w
< sup inf inf ———)—f—sup inf me— H
vev weW wel lHlo - flwl] vevweWueU HwH [l
v
= sup inf H+ inf H
vel WEW HUH ’w” weWuEU HwH |u||
< sup inf ’———H—i— sup i H H .....
vev wew I oll ~ Tl I ety we ]l ~ Tl

From (1) and (2), we get
d.(U,V) < d(U,W) + d(W, V).

3. MAIN RESULT

By referring the metric spaces constructed in sec2ijome therefore constru@tdimensional
vector subspace sequence convergence and its properties. XLt ||) be a real normed
space withdim(X) > 2, (U,) be a sequence @fdimensional subspaces i, andU be a
2-dimensional subspace of X. A sequeritg) is said to be converge to U if and only if

d.(U,,U) =0
asn — oo.
Definition 3.1. Let (U,,) be a sequence afdimensional subspaces;andU be a2-dimensional

subspace itX. A sequenceU,,) is said to be converge 10 if

Up, U Un,

[l flual

max(

-

,sup inf
uel un€Un

Un €U uel

u
|

asn — oQ.

We shall use the following phrase and notation interchangeally) converges tdJ or
U, — U asn — oo or the limit of (U,,) exists and equals.
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GivenU,, = span{uy,,us, } andU = span{u,, u2} then we get

U u
d.(U,,U) = max( sup me ‘sup inf ———"‘
(U U) = max(oup 8 Wl ~ Tl P52 2 el ~ Tl I
auy, + bugy, cuy + dug
= max(sup inf H —
aber <R |l [|lauy, + bus, ||
cuy + dus auy, + busy,
sup inf — H
cdeRabER ||CU1 + dUQH ||CLU1n + bUQnH

So, we have the following reformulation of Definitipn B.1.

Definition 3.2. Let (U,,) be a sequence @fdimensional subspacesMwith U,, = span{u,,,, us, }
andU = span{u;,us} be a2-dimensional subspace in X. A sequer€g) is said to be con-
verge toU if

, sup inf

max ( sup inf
c,dER @ ,bER

H auy, + bugy, cuy + dusg
a beRchR ||

H cuy + dug auy, + bugy, H>
auy, + bus, || ||cur + dus||II’ llcur + dus||  ||auy, + bus, ||

asn — oQ.

If a sequence has a limit, we say that the sequence is convergent; if it has no limit, we say
that the sequence is divergent.We will sometimes use the symbbljsm U, which indicates
the intuitive idea that the line§,, "approach” the line U a8 — oo. The following theorem
convinces us that our definition make sense.

Theorem 3.1. The Definitiori 3.2 satisfy homogeneity property. It means, the definition is inde-
pendent on the choice of bases tband U, for everyn € N.

Proof. First note that the value of

auy, + buy, cuy + dus

, sup inf
¢,deR a:bER

max ( sup inf

cuy + dus auy, + buy, H)
a,beR & deR ||

|aus, + bug, || |lcuy 4 dus|| 1’ lcur + dus|| [laus, + bus,

is independent on the choice of basis tgrandU for everyn € N. Further, since the value is
also invariant under any change of basisfgrandU. Indeed, the ratio is unchanged if we (a)
swapu;, andus, , (b) swapu; andus, () replace:;, by u,, +aus, , (d) replaces; by u; 4+ aus,
(e) replace:;, by au,,, (f) replaceus, by aus , (g) replace:; by au,, or (h) replace:, by au,
with o # 0. &

Theorem 3.2.1f U,, = span{uy,us} = U thenU,, — U asn — oo.

Proof.
auy, + bugy, cuy + dug cuq + dus auy, + busy,
max(sup inf H — , sup inf H — H)
abeRCdeR Hauln -+ bUQnH ‘ CdeRabER chl -+ dUQH Hauln + bUQnH
auq + bus cuy + dus cuy + dus auy + bus
= max(sup inf up inf ‘)
a,beR &dER ||au1+bu2|| ||cu1 —|—du2|| cdeRabER ||C’LL1+dU2|| ||(IU1 —I—bUQH
( H auq + bus auy + bugy H cuy + dusg cuy + dusg H)
= max| sup — , sup
aber | ||auy + bug|| | cder | ||cuy + dU2|| |lcur + dus||
=0—0

asn — oo. 1

Theorem 3.3. (Uniqueness of Limit) LetU,, = span{uy,,us,}, U = span{u;,us}, and
V = span{vy,ve}. If U, — U andU,, — V asn — oo, thenU = V.
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Proof. LetU,, — U asn — oc. By Definition[3.2, we have

auy, + buy, cuy + dugy
[[cur + dus|

d.(U,,U) = max(sup inf

a,beR ¢ ,deR

‘ )

sup inf
¢,deR @ ,bER

asn — oo. Sincel,, — V asn — oo then we also have

cuy + dus auy, + busy, H)
|lcut + dus||  [|auq, + bus, ||

d.(Up, V) = max(sup inf

H auy, + bugy, cvy + dvy
a,beER € ,deR H

auy, +bug, || [lcvr + dus|

sup inf

H cvy + duy auy, + buy, H)
¢,deER @ beR ||

cop +duvs||  [Jawr, + bus, |

asn — oQ.
By using Triangle Inequality of,,, we get

d.(U,V) <d.(U,U,)+d.(U,,V) — 0
asn — oo. S0,d, (U, V) = 0. Consequently, we havé = V. g
Theorem 3.4.LetU,, = span{uy,,us, } andU = span{uy,us}. If U, — U then

. U; cuy + dug ) cuy + dug U
max(max inf H - , max inf - = H>—> 0
1€{1,2} c,deR ||uzn || ’CUl -+ dUQH 1€{1,2} a,beR HCU1 + dUQH Huzn ’
asn — o0.
Proof.
auy,, cuy + dus auy, + busy, cuy + dus
sup inf — ‘ < sup inf H — ‘
aceR GAER ||au1n|| ||CU1 —|—dUQ|| a,beR ¢,dER ||CLU1n +bU2nH HCU1 —|—dU2H
and
bUQn cuy + dUQ auy,, + bU/Qn cuy + du2
sup 1nf H — H < sup mf H — H
vk coter | Toug, ||~ Tlews + dua] | = onciiee | aus, + bus, |~ Teur + dug]
Thus,
uln cuy + dUQ auy,, + bU/Qn cuy + dUQ
sup inf H ) < sup inf H - H
ief1.2) oder Il [|ug, leuy + dus| aber GdeR | ||auy, + bug, || |Jcuy + dus|
Using the same way, we get
auy, + busy, cuy + dus auy, + busy,
sup inf H H < sup inf — . H
ey aber | Jull oy, +bug, || = Cacr aver | euy + dusl — Jauy, + bus, ||
SincelU,, — U then
, uln cuy + dugy cuq + dus U,
max(max inf H in H — H)
ie(,2) eder |l |lug, || [lcus + dug]| I zE{l 2} aber lcur + dug|| ||, ||
auy, + buy, cuy + dug cuy + dus auy, + buy,
<max<sup inf H , inf H — H)
abeRr cder || |lauy, + bUQnH ||lcuy + dus|| CdERabeR |lcuy + dusgl||  ||auy, + bus, ||

asn — 0. 1
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4. RELATIONSHIP TO ANGLE IN AN INNER PRODUCT SPACE

The notion of angles between two subspaces of a Euclidean #ffabas attracted many
researchers since the 1950’s (see, for instance, [[2], [[4], [5]). These angles are known to
statisticians and numerical analysts as canonical or principal angles. Throughout this sec-
tion, let (X, (-,-)) be an inner product space of dimensibor higher (may be infinite), and
U = span{ui,us} andV = span{vy, v} be 2-dimensional subspaces of X, whérg, u,}
and{v;, vy} are orthonormal. Then, as is suggested by Gunawan, Neswan and Setya-Budhi in
[8], one can define the angléU, V') be the angle between U and V, given by

cos? (U, V) = det O(M* M)

whereM = [(u;, v)]T being & x 2 matrix. In [7], Gunawan and Neswan have got the following
formula.

Theorem 4.1. (Fact 2in [7])

cos (U, V) = max max (u,v) - min max (u,v).
uclU veV uclU wveV
[[ull=1 flvll=1 llull=1lv[|=1

In inner product spaces, the Definition|3.1 can be reformulated in the following theorem.

Theorem 4.2.Let(U,,) is a sequence of 2-dimensional subspaces in X and U be a 2-dimensional
subspace in X. A sequen(é,) converges to U if and only if
)—o

Proof. In inner product spaces, letU = span{u;,us} andV = span{v;, v, } be2-dimensional
subspaces oK. Applying Theorem 6.4.1 ir_[3], for every € U, |lu — v|| is minimized on
{veU:|v|=1}atv =22 ¢ . Thus, we have

l[projy ull

Unp

U ’ U Uy,
[l [ull

max( max min H

un€ly el N0 unel | Tl ~ Tl

asn — oQ.

a1~ ol = e g~ er
inf ||— — —|| =min ||— — —
eV Il lull ol vev illull o]
Consequently,

) U Vo2 ) U v U v u v
mlnH——— = m1n< — ) — >:2—2max<—,—>
oeV Hjull - [lo]] eV Mull ol lull vl vV Al vl

U Projyu .
= 2—2max< : >:2—2 projyul|.
E ATl Toroiy ] foroiv ]

We know thatproj, u = Zi:ﬁuy ug)uy (orthogonal projection to V).
Consider the functiorf(u) = ||projyul|, v € U, |jul| = 1.
To find extreme values, we examine the function= 2 with
2
g(w) = projyul® = > (u,u)?, u € U, [fu]| = 1.
k=1
If u = (cost)u; + (sint)uy then we can view as a function of on [0, 7], with
2
g(t) = [(cost){ur, up) + (sint)(uz, ug)]?
k=1
Expanding the series and using trigonometric identities, we can reyae

o) = %[C + VAT B eos(2t — a)]
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where

andtan a = B/A. From this expression, we see thatas the minimum valug = =45~ Vg‘2+32.
Thus we get

inf [|projyull = min [[projyu|
Consequently,
2
| P .
maxmip | - o min rojy
So, we have
sup inf |7 = oyl = et i — op
wetvev N all ~ Jollll ™ %t se? [l ~ Tlol

By using the equation from Definiti 2.1, we have

sup inf

= ueUH [unll = ety uelr H unll — Tl H

Theorem 4.3.LetU,, andU be 2-dimensional subspaces of a normed space X dind U) be
an angle betweefy,, andU. If §(U,,,U) — 0 thend(U,,U) — 0 asn — co.

Proof. We know that

rarll =y e e~ )~
= min — - ) = min (2 — 2(un, v))
ueUHnunn Fell | e Nl ™ Tl Taall ~ Tl '/~ et "
=2-2 rz?ea[}c(um u)
[lull=1
Thus, 1
2
max (Uy,, u) = —(2 - H - )
uclU 2 “EU ||un|| ||u||
flull=1
So, we have
() = a2 (2 min | 2 H)
uncty, wev = 9\ TNl Mgl Tl
||unH 1 [uf=1 Hunll—
2
=1— — min mlnH

According to Theorerp 4]1, we get

cosO(U,,,U) = max max{u,,u) - min max{u,,u
(Un,U) = un€ly, u€U< s ) un€Upn ue U< n ).
lunll=1 [ull=1 lunll=1 llull=1

Then we have
2
cosO(U,,U) = nax max (U, u) - mm max(un, u) < (max max(un,u>>

uel cU U
IIUnH 1 Juf=1 IIunH 1HUH 1 [t |=1 [lu][=1
) . Up, u |22
:[1—2mmmmH - — }
un€Un uel |l ||ug]|  ||ul|

AJMAA Vol. 16, No. 2, Art. 13, pp. 1-11, 2019 AJMAA
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SinceU,, — U asn — oo, thenmax,,, ¢y, min, ey ”Z—”” — ﬁ — 0asn — oo.
We also havenax,, ¢y, min, ‘ HZ—”” — ﬁH — 0. Thus,
' ' 2 2
min min H H
i 0 e~ Tl < 0 ey~

Consequently,

2 272
0(U,,U) < (max max(un,w) = [1 — 2 min minH } —1

So0,0(U,,U) — 0asn — oco. i

Theorem 4.4.LetU,, andU be 2-dimensional subspaces of a normed space X dind U) be
an angle betweety,, andU. If (U,,,U) — 0 thend(U,,,U) — 0 asn — oc.

Proof. For eachu, € U,, (u,, u) is maximized on{u € U : |ju| = 1} atu = 2Ju¥ and

lprojyunl|

Projytn .
max (U, u) = <u —> = [lprojyu.| < 1.
P " llprojyun| o
max min H H = max min ||un — ul?
uncUn wel ]| | uneUn uel

lunll=1 [lu]=
= max min (2 — 2(up, u))
up€lUn u€
llunll=1 [lu]=1
=2 —2 min max (up,u)
un€Un u€
llunll=1 [lu]=1
< (2 — 2 min max(un,u)> ( max max(un,u>>
up€lUn uelU un€Un uclU
l[unll=1 [luf=1 llunll=1 [lu]=1
=2 max max (u,,u) —2 min max(u,,u) - max max (u,,u)
up€Un uclU un€Up uclU up€Up uclU
l[un[I=1 [[ull=1 l[un[|=1 [lull=1 ||un||,1 flull=1
< 2—2 min max (uy,,u) - max max (U, u)
upn€Un uelU n€Un uclU

lunll=1 [lul=1 Hunllfl flull=1

=2—2cos0(U,,U) — 0 (Since§(U,,U) — 0asn — o0)

AIJMAA \Vol. 16, No. 2, Art. 13, pp. 1-11, 2019 AJMAA
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and

. u Up, . 5
max min |[— — ‘ = max min |ju — u,||
uelU un€Un Il ||u]|  ||wnl| uwelU un€Un

= max min (2 — 2(u, uy,))
uclU un€Up
[|lul|=1 ||U7LH:1
=2 —2 min max (u,u,)
uclU un€Up
lull=1 [jun||=1
< (2 — 2 min max <u,un>) (max max <u,un>>
uclU un€Upn uclU un€Up
lull=1Jjun|l=1 l[ull=1 Jlunll=1
= 2 max max (u,u,) — 2 min max (u, u,) - max max (u, uy)
uclU un€lUp uclU un€l, uelU un€lUp
l[ul|=1 fjun =1 ull=1 ffun[I=1 l[ull=1 Jlunll=1
<2 —2min max (u,u,) - max max (u, u,)
uclU unclUp uclU unc€Up
l[ull=1 fjun ||=1 [ull=1 flunll=1

=2—2cosb(U,,U) — 0 (Since (U, U,) — 0asn — o0).

)

Remark 4.1. Theorenj 4.3 and 4.4 show that, in any inner product spages; U if and only
if 0(U,,,U) — 0asn — oo.

Thus, we have
U Uy,

max( max min H
un €U, uelU

]l el I uet unet ] Jlua

asn — oo. So,U,, — U asn — oo. 1

5. CONCLUDING REMARKS

RemarK 4.]L can be utilised to prove the continuity of angle between two 2-dimensional sub-
spaces, thatis if/,, — U andV,, — V then

0(Un, Vo) = 0(U, V)| = [0(Un,Va) = 0(Uy, V)| + [0(Un, V) = (U, V)|
_ ge(Un,U)+g0(Un,U)—>O.

In other words, the continuity satisfies.
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