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ABSTRACT. LetS denote the class of analytic and univalent functionBir= {z € C : |z| <

1} of the formf(z) = z + >~ , anz™. Fora > 0, the subclas®, («) of S of Bazilevic func-

tions has been extensively studied. In this paper we determine various properties of a subclass
of B;(«), for a > 0, which extends early results of a class of starlike functions studied by Ram
Singh.
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2 MARJONO ANDD. K. THOMAS

1. INTRODUCTION AND DEFINITIONS

Denote byA, the set of functiong’, which are analytic in the unitdisk := {z € C : |z| <
1}, and normalized so that

(1.1) fE) =2+ an",
n=2
and bysS, the subset ofd consisting of functiong’ which are univalent if.

In recent years, a great deal of attention (see elg.[[2],14],19], [10]), has been given to the set
B («) of Bazilevic functions inS, defined fora: > 0, as follows.

Definition 1.1. Let f € A and be given by{L.1). Then fora > 0, f € By(«) if, and only if,
forzeD

(1.2) Re f’(z)<@>a_l > 0.

z

Clearly B;(0) consists of the well-known clas$" of starlike functions, and, (1) the class
R whose elements satisBe f'(z) > 0, for z € D.

Finding sharp bounds fdu, | for all n > 2 when f € B;(a) remains an open problem, with
best possible bounds only known whert n < 6, [3], [8], and even then, only partial answers
have been given when= 5 and6.

Whena = —1 in (1.2)), functions defined by the following are also memberspf5], and
provide an interesting subset §fwhich is known as the clagg()\). The clasg/()\) defined
below, has also been extensively studied in recent years (se&le.q! [5], [6], and the references in
these papers).

Definition 1.2. Let f € A and be given by[L.1)). Thenf € U()) if, and only if, forz € D

f'(z)(ffz>)2—1‘ <A

It is clear from the definition that sincg(z)/[z/f(z)]*> # 0, functions inZ{()\) are non-
vanishing inD\{0}, and locally univalent.

Finding sharp bounds for the coefficients of function&/i\) appears to be a difficult prob-
lem, with best possible bounds only known wher< n < 4, [6]. On the other hand when
A = 1, sharp bound have been found foralk 2 (see e.g..[6]).

In this paper we study a subset Bf («), whose definition mimics that @f(\) in the case
A = 1, and show that it is possible to obtain sharp bounds for the first five coefficierfits pf
together with the first four coefficients of the inverse function. We also give other properties of
this subclass, which we define as follows.

AJMAA Vol. 16, No. 2, Art. 1, pp. 1-10, 2019 AIJMAA


http://ajmaa.org

ON A SUBSET OFBAZILEVI C FUNCTIONS 3

Definition 1.3. Let f € .4 and be given byfl.1]). Then fora > 0, f € B;(«, 1) if, and only if,
for z € D,

(1.3) f%z)(f@)>wq——1‘<1.

z

We note that when = 0, ([1.3)) reduces to

2f'(2)

f(z)
considered in[8]. Since the analysis for= 0 anda > 0 can differ, we will specify this when
appropriate.

—Q<L

2. REPRESENTATION EXPRESSION AND DISTORTION THEOREMS

We begin by giving a representation formula foe B;(«a, 1) whena > 0, analogous to that
given in [8] in the casex = 0.

Theorem 2.1.Fora > 0, f € By(«, 1) if, and only if,

1/a

2.1) f(2) = (a/ )
0

wherew is analytic inD satisfying|w(z)| < 1, andw(0) = 0.

Proof. From (L.3), we can write

2.2) £(2) (—)M C 14 w(e).
Leto(z) = <@)a Then differentiation gives

, o «
#(2) + 6(2) = T(1 +w(2)).
Multiplying by = and integrating giveg.1)). 1

Theorem 2.2.For a > 0, let f € By(a,1), 2 = re? € D, and

o+ ar 1+a—ar
e = (S5557) mlan = (S)
Then
(2.3) 7”62(0‘:7")1/& < |f(z)] < 7“61(04’7”)1/a
(2.4) (1= 1) By (e, )= < | f(2)] < (L+7)By (a, )7
1—7r z2f'(2) (1+47)
25 .
9 Bilar) =1 @) | = Balar)
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l+a+az

1+«
Proof. It follows from the Schwarz Lemma that(z)| < |z|. Using this in(2.1]) and integrating
easy establishes the right-hand inequality{d@rg). The left-hand inequality follows from the
minimum principle for harmonic functions. Differentiatirf@.1]) and using(2.2) gives (2.4)),
from which (2.5)) follows on noting thatl + w(z)| > 1 — |w(z)| > 1 — |z|. &

From ([2.3)), we at once deduce the following.

Corollary 2.1. Let f € By(«,1) for a > 0. Thenf(D) contains the diskw : |w| < 1/(1 +
a)t/e}.

We note that lettingy — 0 in the results of Theoreid.2] and Corollary2.1] gives those
obtained in[[9].

1/
Equality holds in all cases whef{z) = z( ) forg =0, orm/2.

We will use the following lemmas, the first two and the fourth of which can be found in [1],
and the third in[[7].

3. LEMMAS

Denote byP, the class of functiong of positive real part, i.e., functions satisfyiRg p(z) >
0 for z € D, with Taylor expansion

(3.1) p(z) =14 paz"

Lemma 3.1.If p € P, then

2, 0<u<2,
<max{2, 2|u— 1]} = { 2|pu — 1], elsewhere.

po— Ep?
2 2 1

Lemma3.2.Letpe P.If0< B<landB(2B —1) < D < B, then

|ps — 2Bp1ps + Dpi| < 2.

Lemma 3.3.1f p € P, anday, as, § and~y satisfy0 < a; < 1,0 < ay < 1, and

8ar (1 — an)((aeff — 2’7)2 + (az(ar + ag) — ﬂ)Z) + (1 — ) (B — 2041042)2
<4a3(1 — o)’y (1 — ay),
then

[vpi + a1ps + 2a9pips — (3/2)Bpips — pal < 2.

Lemma 3.4.1f p € P, then

2, 0<p<l,

— 3 — —
‘p3 (/J + 1)p1p2 + Mpl{ < maX{Z, 2|2:u 1|} { 2|2M — 1|’ elsewhere.
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4. COEFFICIENT INEQUALITIES

Theorem 4.1.Let f € By(«, 1) for a > 0, and be given byl.1)). Then for2 <n <5,

1
la,| < ——.
a+n—1
The inequalities are sharp.
Proof. Recall from(1.3)), that we can write
a—1
@) rEIE) T 21w,

wherew(z) is analytic inD, |w(z)| < 1, andw(0) = 0.

Sincep € P, we can therefore write

1+ w(z) or w(z) = p(z) —1

(4.2) p(z) = = w(a) OESE

From (2.2)), (3.1)), (4.1)) and(4.2), equating coefficients we obtain

(g = Y41
2(1+ )
0 — 1 <p2 a5+ 3a) p2>
2(2 + a) 41+ a)224+ o)™
1 1+ 8a + 3a?) a5+ 64a + 61a® + 14a®) 4
a4:ﬂ3+a)@3_2ﬂ+ax2+aﬁm”+ U1+ a)®)2+a)
@9 1 ra(8+54a+ 35570 + 53890° + 33200 + 907a” + 90a¢)
5_m4+@< 192(1 4+ @)4(2 4+ «)2(3 + «) e

4+1la+3a* , 2+ 1la+3a?
12102 2T i ra

8 + 76 + 32502 + 32403 + 1170 + 14a°
Bl 8(1+a)2(2+a)2(3+a) ppo—p4>.

p1p3
)

From (4.3) the inequality fora is obvious.

Fora; we apply Lemm with 1 = %, which gives the inequality fou;|, since
0 < p < 2inthis case.
Fora, we use Lemmp 3] 2 with
1+ 8a + 3a?

41+ )2+ a)
and
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a5+ 64a + 61a” + 140°)
B 241+ a)?}(2+ )

It is easily verified that botlh < B < 1, andB(2B — 1) < D < B, whena > 0, and so
applying Lemma 3]2 gives the required inequality ffoy{.

For as, we apply Lemma 3|3 with;, ap, 8 and~ the respective coefficients af in (4.3),
so that we need to show that

(1 — @)*(4 + a)?(12544 + 427648a + 544139202 + 33366608c° 4 117462812

4 2603857360° + 382475767a° 4 38852016007 4 2825929300° + 1509372280
(4.4) 601004540 + 179217560 + 39725842 + 6394520 4 711470 + 4932a/"°

+ 162a%)

< 288(12 4 5a + a?)(2 + 11a + 3a?)? (4 + 11a + 3a®) (1 + a)%(2 + a)*(3 + ).

To see that this inequality is true, write the left-hand side of the above inequality -as
a)?(4 + a)%¢,(a), and the right-hand side as(«). Then clearly(1 — a)2(4 + a)?¢,(a) <
(44 a)’¢y ().

Thus it enough to show that + )¢, (a) < ¢,(a) whena > 0, which is easy to verify by
expanding both sides and subtracting.
|

We note next that using Lemrha B.1, it is a simple exercise to establish the following Fekete-
Sze@ theorem for functions i®; («, 1). We omit the proof.

Theorem 4.2.Let f € By(«,1) fora > 0. Then

1 oz(5+3a)< <4—|—oz(3+oz)
) Y a S S e
2 2(2 2(2
as—pad <4 2FG,,,  HEre) TT T 2da)
_ otherwise.
2(1 4+ «)?

The inequalities are sharp.

5. INVERSE COEFFICIENTS

We now consider the initial coefficients of the inverse functfon.

For any univalent functiorf, there exists an inverse functigin® defined on some digo| <
ro(f), with Taylor expansion

(5.1) fHw) = w+ Agw? + Asw® + Ayw* + ...

Sincef (f~!(w)) = w, comparing coefficients frorfil.1)) and (5.1) gives
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AQ = — Q9
Ag = — 2@22 + as
Ay = — 5as® + basas — ag,

which, on substituting fron(4.3)), gives

(5.2)
Ay = — y4!
1+«
A 1 ( 8 + 9 + 3a? 2)
ST T2\ T4l tar M
1 16 + 13a + 3a? 90 + 190a + 15202 4 530 + 7o
A4:——<p3— P1P2 3 P1)~
23+ ) 21+ a)(2+ ) 12(1 4+ )32+ «)

We are now able to find sharp estimates for the above coefficients.

Theorem 5.1. Let f € By(«, 1) for o > 0, with inverse coefficients given . Then

1 1
1 s azs(1+VID,
e W= |
2T h<ca< (14 VIT
2(1 + )2’ Sa<sI+VIT),
1
31 a2 ap,
|Ay| < @ (4 )
+a)(d+ «
<
31+ap @ 2=

whereq is the positive root of the equatiai + 17« — 2o = 0.

All the inequalities are sharp.

Proof. The inequality forl A,| is obvious, and sharp when = 2.

2
For A; we apply Lemma 3|1 withy = w, so that0 < p < 2 whena >
2(1 4+ «)?
—(14++/17). This gives the first inequality fgri;|. The second inequality follows from Lemma

. o . . 1
on noting that ifx is outside the interval [0,2], theh< o < 5(1 +V17).

The first inequality forf A3| is sharp on choosing; = 0 andp, = 2. The second inequality
is sharp whem; = p, = 2.
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(3+a)(4+ a)
21+ )2+ a)

For A,, we first use Lemm@A with = , SO that

1

A :——< (1 3
4 26+ a) p3 — (1 + 1)pip2 + pp; +

(18 + 4o — 10a? — o + o) 3>
20+ a)p2+a) )

: 1 : ,
Noting thaty > 1, when0 < o < 5(1 + 1/33), we use the inequalityp,| < 2, and apply
. . 1
Lemm to obtain the bound fpf,| on the intervab < a < 5(1 + V/33).

We now use Lemma3.2.
From (4.2)) let

16 + 13a + 302 90 + 190a + 15202 + 5303 + 7o
B = and D =
41+ a)(2+ ), 12(14+ )32+ «)

1
Then0 < B < 1 whena > 5(1 ++v33),andB(2B — 1) < D < B whena > «y, where

ay is the unique real root of the equatidh+ 17« + 2a* = 0. Since both these inequalities are
satisfied whemx > «, the first inequality fof A,| follows on this interval by applying Lemma
B3.2.

Thus we are left with the interva;l(l +v33) < a < ap.

Write .
A= — ( _92B By’ + (D — B 3),
4 26+ a) D3 pip2 + Bpy + ( )Py
21 + 17 — 20 . . .
and note thaD — B = (21 +17a ) > 0when0 < a < ay. Noting that we still require
12(1 4 )3

1 . .
thata > 5(1 ++/33) (since0 < B < 1), we now apply Lemm.2 in the cage = B, to

. . : . 1
obtain the second inequality fod,| on the interval (1 + V33) < a < ap.

The first inequality fo A,| is sharp on choosing; = 0, andp; = 2. The second inequality
is sharp whem; = p, = p3 = 2.
|

6. THE FIFTH INVERSE COEFFICIENT

We have seen in Theorem §.1 that it is possible to find complete and sharp bounds of the
fifth coefficient of f(z). Finding sharp bounds for the fifth inverse coefficieistseems more
difficult.

It is easy to see thal; = 14aj — 21a3as + 3a3 + 6asas — as, and then expressings in
terms of the coefficients,, po, p3 andp,, obtain an expression similar to that found tgrin
([4.3). Applying Lemmd 3.3 to the resulting expression gives the sharp bpd< 1/(4+ ),
provideda > 6.029. ... This leaves open the problem of finding sharp bound$A4er on the
interval0 < o < 6.029. ...
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We next give a subordination property for functionsBn(«, 1) for a > 0, similar to that
proved by Marjonol[3], noting that the result is valid for all functions4n

7. SUBORDINATION
Theorem 7.1.Let f € By(«,1) fora > 0, and~y > 0. Then

f/<Z)<f(Z)>a_l < (1+ Z)B(“/)

implies
f(2)\e y
<7> =< (1 + Z) R
where A
B(vy)=~v+ p arctan (7 n 2@).
Proof. Write

so thatP is analytic inD, P(0) = 1 and

P(z) + 2P(z) = (f z)>a1f'(z)‘

«

We therefore need to show that

2P'(z)

P(2) + < (1+2)%)

implies
P(z) < (14 2).
Forz € D, leth(z) = (1 + 2)°™ andq(z) = (1 + 2)7, so that| arg h(2)| < and
™

< —.
Jargq(2)] < =

Suppose thap(z) £ q(z
(o € ID, such thatP(zy) =

TB(7)
4

). Then from the Clunie-Jack Lemma, there exitsc D and
q(Co): (p(|2] < [20l) € q(ID) andzop'(20) = k¢oq'(Co) for k > 1.
Thus we can write

Z()P/(Zo)

«

Coq'(Co)
o

P(z0) + = q(Co) +

_ (1+<o)7[1+a(]1€7—+<°<0)].

(7.1)

Now write ¢, = ¢%, so that(7.1)) becomes

Z()P/<Z())

oLy snd

P — .
(20) + 2—'—220&1—1—0089
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Writing sin 6 = ¢, and taking arguments, we obtain

t k~t
1++vV1—-1t2 (2a + ky)V1 — 21

Noting that the above expression is minimum whiea —1, taking the modulus and using
the fact thatc > 1, we deduce that

Jang (Pzo) + 2 COY |5 T et [T |- Gl

ZOP’(ZO))

arg (P(Zo) + = ~y arctan [ } + arctan [

which is a contradiction.g
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