The Australian Journal of Mathematical
Analysis and Applications

AJMAA

Volume 16 Issue 1, Article 7, pp. 1-9, 2019

SOME INEQUALITIES OF THE HERMITE-HADAMARD TYPE FOR
k-FRACTIONAL CONFORMABLE INTEGRALS

CHUAN-JUN HUANG, GAUHAR RAHMAN, KOTTAKKARAN SOOPPY NISAR, ABDUL GHAFFAR,
AND FENG QI*

Received 16 September 2018; accepted 9 January 2019; published 19 February, 2019.

DEPARTMENT OFMATHEMATICS, GANZHOU TEACHERSCOLLEGE, GANZHOU 341000, JANGXI, CHINA.
hcj73Ix@126.com, huangcj1973@qg.com

DEPARTMENT OFMATHEMATICS, SHAHEED BENAZIR BHUTTO UNIVERSITY, SHERINGAL, UPPERDIR,
KHYBER PAKHTOONKHWA, PAKISTAN.
gauharssuom@gmail.com

DEPARTMENT OFMATHEMATICS, COLLEGE OFARTS AND SCIENCE AT WADI ALDAWASER, 11991, RRINCE
SATTAM BIN ABDULAZIZ UNIVERSITY, RIYADH REGION, KINGDOM OF SAUDI ARABIA.
n.sooppy@psau.edu.sa, ksnisarl@gmail.com

DEPARTMENT OFMATHEMATICAL SCIENCE, BALOCHISTAN UNIVERSITY OF INFORMATION TECHNOLOGY,
ENGINEERING AND MANAGEMENT SCIENCES QUETTA, PAKISTAN.
abdulghattar.jattar@gmail.com

SCHOOL OF MATHEMATICAL SCIENCES, TIANJIN POLYTECHNIC UNIVERSITY, TIANJIN 300387, GHINA;
INSTITUTE OF MATHEMATICS, HENAN POLYTECHNIC UNIVERSITY, JAOZUO 454010, HENAN, CHINA.
qifengb18@gmail.com, qifehgbl8@hotmail.com, qifeng618@aqg.com
URL: https://qiteng618.wordpress.com

ABSTRACT. In the paper, the authors deal with generalizedactional conformable integrals,
establish some inequalities of the Hermite—Hadamard type for generdlifedtional con-
formable integrals for convex functions, and generalize known inequalities of the Hermite—
Hadamard type for conformable fractional integrals.

Key words and phrasesGamma functionk-gamma function; Convex function; Inequality of the Hermite—Hadamard type;
Riemann-Liouville fractional integral; Fractional conformable integral; Generalizédctional
conformable integral.

2010Mathematics Subject ClassificatjoRrimary 26D10; Secondary 26A3, 26D15, 31A10, 31B10, 33B20, 35A23, 45P05,

47A63.

ISSN (electronic): 1449-5910
(© 2019 Austral Internet Publishing. All rights reserved.
*Corresponding author.


http://ajmaa.org/
mailto: C.-J. Huang <hcj73jx@126.com>
mailto: C.-J. Huang <huangcj1973@qq.com>
mailto: G. Rahman <gauhar55uom@gmail.com>
mailto: K. S. Nisar <n.sooppy@psau.edu.sa>
mailto: K. S. Nisar <ksnisar1@gmail.com>
mailto: A. Ghaffar <abdulghaffar.jaffar@gmail.com>
mailto: F. Qi <qifeng618@gmail.com>
mailto: F. Qi <qifeng618@hotmail.com>
mailto: F. Qi <qifeng618@qq.com>
https://qifeng618.wordpress.com
http://www.ams.org/msc/

2 C.-J. HUANG AND G. RAHMAN AND K. S. NISAR AND A. GHAFFAR AND F. QI

1. INTRODUCTION

The theory of fractional integral inequalities plays a vital role in the field of mathematical
sciences. One of the most famous inequalities for convex functions, the Hermite—Hadamard
integral inequality, reads that, ff: I C R — R is a convex function and, b € I with a < b,
then

(1.1) f(a+b)§bia/abf(a:)dx§w_

2 2

There have been many mathematicians dedicated to generalizations and extengions of (1.1). For

detailed information, please refer io [5,/11] 16,/29, 35] and closely related references therein.
Recall from [31] 32, 34] that the Riemann-Liouville fractional integfglsandJ;" of order

« can be defined respectively by

(1.2) 3, f(z) = ﬁ /x(x _ 0 dt, z>a
and

b
(1.3) 30 f(z) = ﬁ / (t—2) L f(@6)dt, = <b,

whereR(«) > 0 andT is the classical Euler gamma function [17] 19, 33].
In [12], the Riemann-Liouvillé&-fractional integrals are respectively defined by

(L.4) T f0) = oy [ =07 @ AL >
and
~o 1 ’ a/k—1

for R(«) > 0. For more information on fractional integral operatdrs|(1[2), (1.3)] (1.4),]and (1.5),
please refer to the papefs [1,[2/ 3/ 6, 9,/10,[12] 18], 21, 23, 25, 28,130,/31) 32, 34] and closely
related references therein.

We now recall from[[26] two inequalities of the Hermite—Hadamard type for the Riemann—
Liouville fractional integrals as follows.

Theorem 1.1([26]). Let f : [a,b] — R be a positive function with < a < band f € Ly[a, b].
If fis aconvex function ofw, b], then

b r b
(16) 1(%50) = qubim o+ 35 flan < L9210
Theorem 1.2([26]). Let f : [a,b] — R be a differentiable mapping such that< b and
f" € Lla,b]. Then

‘f(a)+f(b) B +1)
2 2(b—a)>

(1.7) [T+ F(b) + Ty~ f(a)]

< b—a
~ 2(a+1)

If letting o = 1, then the inequality] (1]6) reduces [o (1.1).
The left and right fractional conformable integral operators are respectively defined in [8] by

L.8) 530, f(x) = F(16) /: [(x — a)o‘; (t— a)a] p-1 . _f(;)l_a

(1 _ 21) (@) + 17 ®).
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and
O T o [ At et AL 100
(-9) R el e M e

for o« > 0 and®(3) > 0. Obviously, if takinga = 0 anda = 1, then [1.8) and (1]9) reduce to
the Riemann-—Liouville fractional integrals (1.2) apd {1.3) respectively.
The generalized-fractional conformable integrals are defined.in [7] by

oy L [[amar = e—at) g
00 = o ||| e

and

~a R S S KU et U A A ()
f‘}b*f<x>— krk(ﬁ)/a o ‘| mdﬂ

wherea > 0, R(5) > 0, andl'y(z) is defined [4] 14, 15,18, 20, 2] by
. nlk(nk)®/k1
[y(z) = lim ——
p() = lim D
in terms of
1 n = 0;
)\ n — Y Y
Mo {)\()\+l{:)---()\+(n—1)k), n € N.
In this paper, we will establish some inequality of the Hermite—Hadamard type for general-

ized k-fractional conformable integral operators and generalize several known inequalities of
the Hermite—Hadamard type férfractional conformable integral operators.

2. A LEMMA
For proving our main results, we need the following lemma.

Lemma 2.1. Let f : [a,b] — R be a differentiable function such that< b and f’ € L[a, b].
Then

) ) Bk
RO e 3 S + 3% 50)

_ w/;{(l ;ta)ﬁ/k _ (#)Bq F(ta+ (1 —t)b)dt

Proof. Denote

(2.1)

for a, 8 > 0.

I = /01(1 _ta)ﬁ/kf'@w (1— 1)) dt

«

I, = /01 {ﬂ}ﬁ/kf’(ta + (1 —t)b)dt.

«

and

Integrating by parts yields
1 1 —¢to B/k
11—/ ( ) F(ta+(1—t)b)dt
0

_ <1tf>@/kf(ta+(1t)b) ;_/015(1;ta>ﬁ/’“f,(m+<1_t>b)dt

«Q a—>
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1 f() B TwB) paa
T A%k b—a b-a (b _ka>aﬁ/k szf (a)

1 [f(b) Tw(B+E) gm0
b—alabk o (bk_ a)aﬂ/ki‘Jb_ (a)}

and

I2:_b_a aﬁ/k_(b_a)aﬁ/kkJa+ (b) .

Adding I; and—1I, and then multiplying on both sides By*a?/* result in [2:1). The proof of
Lemmg 2.1 is completa

Remark 2.1. Whena = 1, the equality[(Z.]1) in Lemn{a 2.1 reduces to

fla) + f(b)  kLk(B+k)
2 (b—a)i/k

1 [f(a) Lh(B+K) pa

(13- f(a) + 3us ()]

(b—a)

= /01[(1—t)ﬁ/k—tﬁ/k]f’(taJr(l—t)b)dt

for g > 0.
Whenk = 1, the equality[(2.]1) in Lemn{a 3.1 becomes|[27, Lemma 3.1].
Whena = 1 andk = 1, the equality[(Z]1) in Lemma 2.1 can be written as
fla)+f(b)  TDla+1)

2 T3 a)e 3% £(b) + 32 f(a)]

_b—a
2

1
/ (1= )% — £2)f(ta + (1 — £)b) d ¢
0
which can be found i [26, Lemma 2].

3. MAIN RESULTS

We now in a position to establish some inequalities of the Hermite—Hadamard type for convex
mappings for generalizedfractional conformable integral operators.

Theorem 3.1.Let f : [a,b] — R be such thaif € L[a,b] anda < b. If f is convex ona, b],
then

(3.1)

a+b kI BBk
f< J2r >§ 2?188—2)36/1@ [£35: F(0) + 575 f(@)] <

for a, 3 > 0.

Proof. Sincef is a convex function ofu, b], we have

f(%“’) < w 2,y € [a,0]
Lettingz = ta + (1 — t)b andy = (1 — t)a + tb gives
(3.2) 2f<a;b> < flta+ (1 —1)b) + F((1 — t)a + tb).

Multiplying on both sides of[(3]2) b)(%)’g/k_lto‘—l and then integrating with respect to
over|0, 1] lead to

2 0 «
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1 a\ B/k-1
g/ (1_t ) " f(ta + (1 — t)b) dt
0

«

1 o 5/]9_1
+/ <1_t > t* (1 —t)a + th) dt
0

(0%

_ bia /;F - (;zi—_@ar/k_l([’j:Z)a_lf(u)du
s [EET () e
:w_;wmhéww—@a;w—uwr”*wfgﬂw

(b—a v—a)l-®
kL' (53)

ZW[QJZ{ (a) + {35 f(0)].

/1 1 — o ﬁ/kilta—l dt B k,
0 Q B [ablk’

b LT E)oB/k
2f<aJ2r ) < (kb(ﬂ_:)ag(fk [fjg‘f(a>+§jg+f(b)}

which can be rewritten as the left hand side of the inequality (3.1).
Making use of the convexity of arrives at

f(ta+ (1 =10)b) <tf(a)+ (1 —1t)f(b)

du

From

it follows that

and
b+ (1 —t)a) <tf(b) + (1 —1)f(a)

Adding the above two inequalities yields

flta+ (1 =1)b) + f(tb(1 — t)a) < f(a) + f(b).

B/k—1

Multiplying on both sides of the above inequality b¥--) t*~1 and integrating with re-

spect tot over|[0, 1] reveal

L
“5?;2M ({35 f(a) + £33 1 (0)] < fla) + ()

which can be rewritten as the right hand side of the inequality (3.1). The proof of Thgorem 3.1
is complete s

Remark 3.1. If o = 1, then the inequality| (3]1) reduces to

/ ( ; b) = ];/)(Fbk(_ﬁ;lfz 307 0) %3 fla)] <

fla) + f(b)
2

for 5 > 0.
If £ = 1, then the inequality (3]1) in Theorém B.1 becomes [27, Theorem 2.1].
If « = 1 andk = 1, then the inequality (3]1) in Theorém B.1 can be rearranggd as (1.6).
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Theorem 3.2.Let f : [a,b] — R be a differentiable function such that< b and f’ € L|a, b].
If | f’| is a convex function ofu, b], then

fla)+ f(b)  kTW(B + k)al/k
&9 2 (b—a)dk

for a, 3 > 0.

Proof. By Lemmd 2.1 and the convexity 6f'|, we have

kT k)allk
S 135 £(0) + 19210

[ HI0)

:M /01[(1;’5“)%_ (#)ﬁ/k}f(twu—ob)dt
< L) POy (Y g+ (- 170
g%//[(l—t)ﬁ/ (==Y T+ a-oire)
(b— )W o

_|_

LI - (5 Vs a oy
b‘”“'f '/ T (=)
o) oo
b—aoﬁka |//2H1 )Wf t(1;ta)ﬁ/k]dt

e A M t)(ﬂ)m (Y e

«

Changing variables by = t* andy = (1 — ¢)“ results in

1/2 1 — ¢ B/k 1 2 ﬁ
(3.5) / t( > dt = WBl/(Q)(E’E+1>’
1/2 B/k
Vo 1 Tl
(36) oB/k+1 o k
' 2 2 13
_B(E’E 1) + Bij(ae) (— %+1> — Bij(ae (E’EJrl) ;
(

1/2 B/k
o [ (Y e [a(2 ) ()]

Substituting the equalitie§ (3.5), (B.6) ahd [3.7) into the equality (3.4) leafs jo (3.3). The proof
of Theorenj 32 is completa.
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Remark 3.2. If a = 1, then the inequality (3]3) in Theordm B.2 reduces to
fla) + f(b) _ kTw(B+F) g

9 (b— a)Blk [k b f(a) + fjﬁf(b)} ‘

(b—a)

< 2(ﬁ—+1)( - —)<|f< 4+ 1))

for 5 > 0.
Whenk = 1, then the inequality (3]3) in Theorgm B.2 becomes [27, Theorem 3.1].
If « = 1 andk = 1, then the inequality (3]3) in Theordm B.2 can be reformulated as (1.7).

Remark 3.3. This paper is a slightly revised version of the prepfint [24].
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