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1. I NTRODUCTION

The theory of fractional integral inequalities plays a vital role in the field of mathematical
sciences. One of the most famous inequalities for convex functions, the Hermite–Hadamard
integral inequality, reads that, iff : I ⊆ R → R is a convex function anda, b ∈ I with a < b,
then

(1.1) f

(
a + b

2

)
≤ 1

b− a

∫ b

a

f(x) d x ≤ f(a) + f(b)

2
.

There have been many mathematicians dedicated to generalizations and extensions of (1.1). For
detailed information, please refer to [5, 11, 16, 29, 35] and closely related references therein.

Recall from [31, 32, 34] that the Riemann–Liouville fractional integralsIα
a+ andIα

b− of order
α can be defined respectively by

Iα
a+f(x) =

1

Γ(α)

∫ x

a

(x− t)α−1f(t) d t, x > a(1.2)

and

Iα
b−f(x) =

1

Γ(α)

∫ b

x

(t− x)α−1f(t) d t, x < b,(1.3)

where<(α) > 0 andΓ is the classical Euler gamma function [17, 19, 33].
In [12], the Riemann–Liouvillek-fractional integrals are respectively defined by

(1.4) Iα
k,a+f(x) =

1

kΓk(α)

∫ x

a

(x− t)α/k−1f(t) d t, x > a

and

(1.5) Iα
k,b−f(x) =

1

kΓk(α)

∫ b

x

(t− x)α/k−1f(t) d t, x < b

for<(α) > 0. For more information on fractional integral operators (1.2), (1.3), (1.4), and (1.5),
please refer to the papers [1, 2, 3, 6, 9, 10, 12, 13, 21, 23, 25, 28, 30, 31, 32, 34] and closely
related references therein.

We now recall from [26] two inequalities of the Hermite–Hadamard type for the Riemann–
Liouville fractional integrals as follows.

Theorem 1.1([26]). Letf : [a, b] → R be a positive function with0 ≤ a < b andf ∈ L1[a, b].
If f is a convex function on[a, b], then

(1.6) f

(
a + b

2

)
≤ Γ(β + 1)

2(b− a)α
[Iα

a+f(b) + Iα
b−f(a)] ≤ f(a) + f(b)

2
.

Theorem 1.2 ([26]). Let f : [a, b] → R be a differentiable mapping such thata < b and
f ′ ∈ L[a, b]. Then

(1.7)

∣∣∣∣f(a) + f(b)

2
− Γ(β + 1)

2(b− a)α
[Iα

a+f(b) + Iα
b−f(a)]

∣∣∣∣
≤ b− a

2(α + 1)

(
1− 1

2α

)
(|f ′(a)|+ |f ′(b)|).

If letting α = 1, then the inequality (1.6) reduces to (1.1).
The left and right fractional conformable integral operators are respectively defined in [8] by

(1.8) βIα
a+f(x) =

1

Γ(β)

∫ x

a

[
(x− a)α − (t− a)α

α

]β−1
f(t)

(t− a)1−α
d t
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and

βIα
b−f(x) =

1

Γ(β)

∫ x

a

[
(b− x)α − (b− t)α

α

]β−1
f(t)

(b− t)1−α
d t(1.9)

for α > 0 and<(β) > 0. Obviously, if takinga = 0 andα = 1, then (1.8) and (1.9) reduce to
the Riemann–Liouville fractional integrals (1.2) and (1.3) respectively.

The generalizedk-fractional conformable integrals are defined in [7] by

β
kIα

a+f(x) =
1

kΓk(β)

∫ x

a

[
(x− a)α − (t− a)α

α

]β/k−1
f(t)

(t− a)1−α
d t

and
β
kIα

b−f(x) =
1

kΓk(β)

∫ x

a

[
(b− x)α − (b− t)α

α

]β/k−1
f(t)

(b− t)1−α
d t,

whereα > 0, <(β) > 0, andΓk(x) is defined [4, 14, 15, 18, 20, 22] by

Γk(x) = lim
n→∞

n!kn(nk)x/k−1

(x)n,k

in terms of

(λ)n,k =

{
1, n = 0;

λ(λ + k) · · · (λ + (n− 1)k), n ∈ N.

In this paper, we will establish some inequality of the Hermite–Hadamard type for general-
ized k-fractional conformable integral operators and generalize several known inequalities of
the Hermite–Hadamard type fork-fractional conformable integral operators.

2. A LEMMA

For proving our main results, we need the following lemma.

Lemma 2.1. Let f : [a, b] → R be a differentiable function such thata < b andf ′ ∈ L[a, b].
Then

(2.1)
f(a) + f(b)

2
− kΓk(β + k)αβ/k

(b− a)αβ/k

[
β
kIα

b−f(a) + β
kIα

a+f(b)
]

=
(b− a)αβ/k

2

∫ 1

0

[(
1− tα

α

)β/k

−
(

1− (1− t)α

α

)β/k]
f ′(ta + (1− t)b) d t

for α, β > 0.

Proof. Denote

I1 =

∫ 1

0

(
1− tα

α

)β/k

f ′(ta + (1− t)b) d t

and

I2 =

∫ 1

0

[
1− (1− t)α

α

]β/k

f ′(ta + (1− t)b) d t.

Integrating by parts yields

I1 =

∫ 1

0

(
1− tα

α

)β/k

f ′(ta + (1− t)b) d t

=

(
1− tα

α

)β/k
f(ta + (1− t)b)

a− b

∣∣∣∣1
0

−
∫ 1

0

β

(
1− tα

α

)β/k

f ′(ta + (1− t)b) d t
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=
1

αβ/k

f(b)

b− a
− β

b− a

Γk(β)

(b− a)αβ/k

β
kIα

b−f(a)

=
1

b− a

[
f(b)

αβ/k
− Γk(β + k)

(b− a)αβ/k

β
kIα

b−f(a)

]
and

I2 = − 1

b− a

[
f(a)

αβ/k
− Γk(β + k)

(b− a)αβ/k

β
kIα

a+f(b)

]
.

Adding I1 and−I2 and then multiplying on both sides byb−a
2

αβ/k result in (2.1). The proof of
Lemma 2.1 is complete.

Remark 2.1. Whenα = 1, the equality (2.1) in Lemma 2.1 reduces to

f(a) + f(b)

2
− kΓk(β + k)

(b− a)β/k

[
β
kIb−f(a) + β

kIa+f(b)
]

=
(b− a)

2

∫ 1

0

[
(1− t)β/k − tβ/k

]
f ′(ta + (1− t)b) d t

for β > 0.
Whenk = 1, the equality (2.1) in Lemma 2.1 becomes [27, Lemma 3.1].
Whenα = 1 andk = 1, the equality (2.1) in Lemma 2.1 can be written as

f(a) + f(b)

2
− Γ(α + 1)

2(b− a)α
[Iα

a+f(b) + Iα
b−f(a)]

=
b− a

2

∫ 1

0

[(1− t)α − tα]f ′(ta + (1− t)b) d t

which can be found in [26, Lemma 2].

3. M AIN RESULTS

We now in a position to establish some inequalities of the Hermite–Hadamard type for convex
mappings for generalizedk-fractional conformable integral operators.

Theorem 3.1. Let f : [a, b] → R be such thatf ∈ L[a, b] anda < b. If f is convex on[a, b],
then

(3.1) f

(
a + b

2

)
≤ kΓk(β + k)αβ/k

2(b− a)αβ/k

[
β
kIα

a+f(b) + β
kIα

b−f(a)
]
≤ f(a) + f(b)

2

for α, β > 0.

Proof. Sincef is a convex function on[a, b], we have

f

(
x + y

2

)
≤ f(x) + f(y)

2
, x, y ∈ [a, b].

Lettingx = ta + (1− t)b andy = (1− t)a + tb gives

(3.2) 2f

(
a + b

2

)
≤ f(ta + (1− t)b) + f((1− t)a + tb).

Multiplying on both sides of (3.2) by
(

1−tα

α

)β/k−1
tα−1 and then integrating with respect tot

over [0, 1] lead to

2f

(
a + b

2

) ∫ 1

0

(
1− tα

α

)β/k−1

tα−1 d t
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≤
∫ 1

0

(
1− tα

α

)β/k−1

tα−1f(ta + (1− t)b) d t

+

∫ 1

0

(
1− tα

α

)β/k−1

tα−1f((1− t)a + tb) d t

=
1

b− a

∫ b

a

[
1− ( b−u

b−a
)α

α

]β/k−1(
b− u

b− a

)α−1

f(u) d u

+
1

b− a

∫ b

a

[
1− (v−a

b−a
)α

α

]β/k−1(
v − a

b− a

)α−1

f(v) d v

=
1

(b− a)αβ/k

∫ b

a

[
(b− a)α − (b− u)α

α

]β/k−1
f(u)

(b− u)1−α
d u

+
1

(b− a)αβ/k

∫ b

a

[
(b− a)α − (v − a)α

α

]β/k−1
f(v)

(v − a)1−α
d v

=
kΓk(β)

(b− a)αβ/k

[
β
kIα

b−f(a) + β
kIα

a+f(b)
]
.

From ∫ 1

0

(
1− tα

α

)β/k−1

tα−1 d t =
k

βαβ/k
,

it follows that

2f

(
a + b

2

)
≤ kΓk(β + k)αβ/k

(b− a)αβ/k

[
β
kIα

b−f(a) + β
kIα

a+f(b)
]

which can be rewritten as the left hand side of the inequality (3.1).
Making use of the convexity off arrives at

f(ta + (1− t)b) ≤ tf(a) + (1− t)f(b)

and
f(tb + (1− t)a) ≤ tf(b) + (1− t)f(a).

Adding the above two inequalities yields

f(ta + (1− t)b) + f(tb(1− t)a) ≤ f(a) + f(b).

Multiplying on both sides of the above inequality by
(

1−tα

α

)β/k−1
tα−1 and integrating with re-

spect tot over [0, 1] reveal

kΓk(β + k)αβ/k

(b− a)αβ/k

[
β
kIα

b−f(a) + β
kIα

a+f(b)
]
≤ f(a) + f(b)

which can be rewritten as the right hand side of the inequality (3.1). The proof of Theorem 3.1
is complete.

Remark 3.1. If α = 1, then the inequality (3.1) reduces to

f

(
a + b

2

)
≤ kΓk(β + k)

2(b− a)β/k

[
β
kIa+f(b) + β

kIb−f(a)
]
≤ f(a) + f(b)

2

for β > 0.
If k = 1, then the inequality (3.1) in Theorem 3.1 becomes [27, Theorem 2.1].
If α = 1 andk = 1, then the inequality (3.1) in Theorem 3.1 can be rearranged as (1.6).
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Theorem 3.2. Let f : [a, b] → R be a differentiable function such thata < b andf ′ ∈ L[a, b].
If |f ′| is a convex function on[a, b], then

(3.3)

∣∣∣∣f(a) + f(b)

2
− kΓk(β + k)αβ/k

(b− a)αβ/k

[
β
kIα

b−f(a) + β
kIα

a+f(b)
]∣∣∣∣

≤ (b− a)

2α

[
2B1/(2α)

(
1

α
,
β

k
+ 1

)
−B

(
1

α
,
β

k
+ 1

)]
(|f ′(a)|+ |f ′(b)|)

for α, β > 0.

Proof. By Lemma 2.1 and the convexity of|f ′|, we have

(3.4)

∣∣∣∣f(a) + f(b)

2
− kΓk(β + k)αβ/k

(b− a)αβ/k

[
β
kIα

b−f(a) + β
kIα

a+f(b)
]∣∣∣∣

=
(b− a)αβ/k

2

∣∣∣∣∫ 1

0

[(
1− tα

α

)β/k

−
(

1− (1− t)α

α

)β/k]
f ′(ta + (1− t)b) d t

∣∣∣∣
≤ (b− a)αβ/k

2

∣∣∣∣∫ 1

0

[(
1− tα

α

)β/k

−
(

1− (1− t)α

α

)β/k]∣∣∣∣(t|f ′(a)|+ (1− t)|f ′(b)|

≤ (b− a)αβ/k

2

∣∣∣∣∫ 1/2

0

[(
1− tα

α

)β/k

−
(

1− (1− t)α

α

)β/k]∣∣∣∣(t|f ′(a) + (1− t)|f ′(b)|

+
(b− a)αβ/k

2

∣∣∣∣∫ 1

1/2

[(
1− (1− t)α

α

)β/k

−
(

1− tα

α

)β/k]∣∣∣∣(t|f ′(a) + (1− t)|f ′(b)|

=
(b− a)αβ/k

2
|f ′(a)|

∫ 1/2

0

[
t

(
1− tα

α

)β/k

− t

(
1− (1− t)α

α

)β/k]
d t

+
(b− a)αβ/k

2
|f ′(b)|

∫ 1/2

0

[
(1− t)

(
1− tα

α

)β/k

− (1− t)

(
1− (1− t)α

α

)β/k]
d t

+
(b− a)αβ/k

2
|f ′(a)|

∫ 1

1/2

[
t

(
1− (1− t)α

α

)β/k

− t

(
1− tα

α

)β/k]
d t

+
(b− a)αβ/k

2
|f ′(b)|

∫ 1

1/2

[
(1− t)

(
1− (1− t)α

α

)β/k

− (1− t)

(
1− tα

α

)β/k]
d t.

Changing variables byx = tα andy = (1− t)α results in∫ 1/2

0

t

(
1− tα

α

)β/k

d t =
1

αβ/k+1
B1/(2α)

(
2

α
,
β

k
+ 1

)
,(3.5) ∫ 1/2

0

t

(
1− (1− t)α

α

)β/k

d t =
1

αβ/k+1

[
B

(
1

α
,
β

k
+ 1

)
−B

(
2

α
,
β

k
+ 1

)
+ B1/(2α)

(
2

α
,
β

k
+ 1

)
−B1/(2α)

(
1

α
,
β

k
+ 1

)]
,

(3.6)

∫ 1/2

0

t

(
1− (1− t)α

α

)β/k

d t =
1

αβ/k+1

[
B

(
2

α
,
β

k
+ 1

)
−B

(
1

α
,
β

k
+ 1

)]
.(3.7)

Substituting the equalities (3.5), (3.6) and (3.7) into the equality (3.4) leads to (3.3). The proof
of Theorem 3.2 is complete.
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Remark 3.2. If α = 1, then the inequality (3.3) in Theorem 3.2 reduces to∣∣∣∣f(a) + f(b)

2
− kΓk(β + k)

(b− a)β/k

[
β
kIb−f(a) + β

kIa+f(b)
]∣∣∣∣

≤ (b− a)

2(β + 1)

(
1− 1

2β

)
(|f ′(a)|+ |f ′(b)|)

for β > 0.
Whenk = 1, then the inequality (3.3) in Theorem 3.2 becomes [27, Theorem 3.1].
If α = 1 andk = 1, then the inequality (3.3) in Theorem 3.2 can be reformulated as (1.7).

Remark 3.3. This paper is a slightly revised version of the preprint [24].
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