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It is well-known thatf ∈ L1([0, 2π]), respectivelyf ∈ L∞([0, 2π]), for f(θ) =
∑∞

n=0 an sin nθ,
an ↓ 0, θ ∈ [0, 2π], if and only if

∞∑
n=0

an

n + 1
< ∞,

respectively
sup(n + 1)an < ∞.

(See [2]-vol. 1 Thm 7.3.3, and Thm 7.2.2 (4).)
The analogon of these results in the analytic case, that is wheneverf(z) =

∑∞
n=0 anz

n, |z| <
1, belong toH1, repective inBMOA, was given by Pavlovic [3], respectively by Xiao [6].

Motivated by the previous papers we introduced in [4] the Banach lattices generated by the
cone

M+
d = {f(z) =

∞∑
k=0

akz
k; |z| < 1 andak ↓k 0},

of all analytic functions from the Hardy spacesHp, 1 ≤ p < ∞.
We denote this Banach lattice byHp

d and proved that it is actually

Hp
d = {f(z) =

∞∑
k=0

akz
k; |z| < 1 and (ak) ∈ bv0},

equipped with the norm

||f ||Hp
d

= (
∞∑

k=0

(n + 1)p−2(|a|bv)p
n)1/p < ∞,

where bybv we mean the Banach space of sequences of real numbersa = (an)n≥0 with bounded
variation||a||bv := |α| +

∑∞
n=0 |an − an+1|, wherelimn an = α. It is well-known and easy to

prove thatbv is a Banach lattice for the order induced by the coneC := {a = (an)n≥0, an ↓n

α ≥ 0}.
We recall that the modulus ofa ∈ bv, denoted by|a|bv, is defined by

(|a|bv)n := |α|+
∞∑

k=n

|ak − ak+1|, ∀n ≥ 0.

If α = 0, for all sequences frombv, the corresponding space is denoted bybv0, and the latter
is a Banach lattice with the norm given by|a|bv0 :=

∑∞
k=0 |ak − ak+1|.

Let (an)n≥0 be a sequence of positive real numbers with
∑

n a2
n < ∞. The infinite matrix

A :=


a1 a2 a3 a4 . . .
a2 a3 a4 . . . . . .
a3 a4 . . . . . . . . .
a4 . . . . . . . . . . . .
...

...
...

...
...

 ,

having the constant entries on each skew-diagonal, is called aHankel matrix.
Denote bỳ 2

d the subspaceC − C of `2, whereC :=
{a = (an)n≥0 ∈ `2; an ↓n 0}. `2

d is equipped with the norm

||a|| := inf
a=a1−a2, a1,a2∈C

(
(
∞∑

n=0

(a1
n)2)1/2 + (

∞∑
n=0

(a2
n)2)1/2

)
∼

(
∞∑

n=0

(|a|bv0)
2
n

)1/2

.
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Of course, so equipped,`2
d is a Banach lattice isomorphic toH2

d . (See [4].)In [4], [5] it was
stated and proved the following result:

Theorem 1.1. Let A be the Hankel matrix defined as above, where the sequence(an)n≥0 is,
moreover, monotone decreasingan ↓n 0. ThenA determine a bounded operator from̀2d into `2

d

if and only ifsupn≥0(n + 1)an < ∞,

We call this operatora Hankel operator oǹ2
d.

`2
d is isomorphic as a Banach lattice with the classicalCopson’s sequence spacecop(2). See

[5] - Corollary 1.7.
Here bycop(2) we mean:

cop(2) :=

x = (xk)k :
∞∑

k=0

(
∞∑

k=n

|xk|
k + 1

)2

< ∞

 , with the quasi-norm

||x||cop(p) =

 ∞∑
n=0

(
∞∑

k=n

|xk|
k + 1

)2
1/2

.

See [1] for more details on Copson’s space.
The isomorphismT : `2

d → cop(2) is given by:

T (x) = u, whereuk = (k + 1)[xk − xk+1], k ≥ 0, and,

T−1(u) = x, xn =
∞∑

k=n

uk

k + 1
, n ≥ 0.

See [5].
Motivated by Theorem 1 we ask ourselves whenever the Hankel matrix

A :=


a1 a2 a3 a4 . . .
a2 a3 a4 . . . . . .
a3 a4 . . . . . . . . .
a4 . . . . . . . . . . . .
...

...
...

...
...

 ,

whereak ↓k 0, is bounded oncop(2).
The answer is given by the following:

Theorem 1.2.Letan ↓ 0, and

A :=


a1 a2 a3 a4 . . .
a2 a3 a4 . . . . . .
a3 a4 . . . . . . . . .
a4 . . . . . . . . . . . .
...

...
...

...
...

 .

ThenA maps boundedlycop(2) into cop(2) if and only if

sup
n≥1

nan < ∞.

Proof. Let an ↓ 0, A as previously and(xn)n ∈ cop(2), xn ≥ 0, ∀n.
Denote by(yn)n≥1 (Ax) ∈ cop(2).
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Then

||A||2 := sup
||x||cop(2)≤1

(
(
∞∑

n=1

|yn|
n

)2 + (
∞∑

n=2

|yn|
n

)2 + (
∞∑

n=3

|yn|
n

)2 + · · ·

)

= sup
||x||cop(2)≤1


[
(
∞∑

k=1

ak

k
)x1 + (

∞∑
k=2

ak

k − 1
)x2 + (

∞∑
k=3

ak

k − 2
)x3 + · · ·

]2

+

[
(
∞∑

k=2

ak

k
)x1 + (

∞∑
k=3

ak

k − 1
)x2 + · · ·

]2

+ · · ·


= sup
||x||cop(2)≤1


〈

a1 a2 a3 . . .
a2 a3 . . . . . .
a3 . . . . . . . . .
...

...
...

...




1
1/2
1/3
...

 ,


x1

x2

x3
...


〉2

〈
a2 a3 a4 . . .
a3 a4 . . . . . .
a4 . . . . . . . . .
...

...
...

...




1
1/2
1/3
...

 ,


x1

x2

x3
...


〉2

+ · · ·


= sup
||x||cop(2)≤1

sup
αi≥0,

P
i α2

i =1


〈

α1


a1 a2 a3 . . .
a2 a3 . . . . . .
a3 . . . . . . . . .
...

...
...

...




1
1/2
1/3
...



+α2


a2 a3 a4 . . .
a3 a4 . . . . . .
a4 . . . . . . . . .
...

...
...

...




1
1/2
1/3
...

+ · · · ,


x1

x2

x3
...


〉

2

= sup
αi≥0,P
i α2

i =1

〈
α1a1 + α2a2 + · · · α1a2 + α2a3 + · · · α1a3 + α2a4 + · · ·
α1a2 + α2a3 + · · · α1a3 + α2a4 + · · · α1a4 + α2a5 + · · ·
α1a3 + α2a4 + · · · α1a4 + α2a5 + · · · α1a5 + α2a6 + · · ·
...

...
...



×


1
1/2
1/3
...

 ,


x1

x2

x3
...


〉2

.

Let d(2) the Banach sequence space:

d(2) := {a = (an)n; ||a||d(2) = (
∞∑

n=1

sup
k≥n

|ak|2})1/2 < ∞.

See [1]. It is known, by Corollary 12.17 -[1], that the Köthe dualcop(2)× of cop(2) coincide
with d(2).
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Consequently, denoting bybi

∑∞
k=1 αkak+i, i ≥ 1,

||A||2 = sup
αi≥0,P
i α2

i =1

∥∥∥∥∥∥∥∥


b1 b2 b3 . . .
b2 b3 . . . . . .
b3 . . . . . . . . .
...

...
...

...




1
1/2
1/3
...


∥∥∥∥∥∥∥∥

2

d(2)

.

Since the sequence in the norm is positive and monotonically decreasing we have:

||A||2 = sup
αi≥0,P
i α2

i =1

∥∥∥∥∥∥∥∥


b1 b2 b3 . . .
b2 b3 . . . . . .
b3 . . . . . . . . .
...

...
...

...




1
1/2
1/3
...


∥∥∥∥∥∥∥∥

2

`2

= sup
αi, βi≥0,P

i α2
i =1,

P
i β2

i =1

[
β1(b1 +

1

2
β2 +

1

3
b3 + · · · ) + β2(b2 +

1

2
+

1

3
b4 + · · · ) + · · ·

]2

= sup
αi, βi≥0,P

i α2
i =1,

P
i β2

i =1

{
α1

[
β1

∞∑
k=1

1

k
ak + β2

∞∑
k=1

1

k
ak+1 + β3

∞∑
k=1

1

k
ak+2 + · · ·

]

+α2

[
β1

∞∑
k=1

1

k
ak+1 + β2

∞∑
k=1

1

k
ak+2 + · · ·+ β3

∞∑
k=1

1

k
ak+3 + · · ·

]
+ · · ·

}2

= sup
βi≥0,P
i β2

i =1

∥∥∥∥∥∥∥∥

∑∞

k=1
1
k
ak

∑∞
k=1

1
k
ak+1

∑∞
k=1

1
k
ak+2 . . .∑∞

k=1
1
k
ak+1

∑∞
k=1

1
k
ak+2 . . . . . .∑∞

k=1
1
k
ak+2 . . . . . . . . .

...
...

...
...




β1

β2

β3
...


∥∥∥∥∥∥∥∥

2

`2

=

∥∥∥∥∥∥∥∥

∑∞

k=1
1
k
ak

∑∞
k=1

1
k
ak+1

∑∞
k=1

1
k
ak+2 . . .∑∞

k=1
1
k
ak+2

∑∞
k=1

1
k
ak+2 . . . . . .∑∞

k=1
1
k
ak+2 . . . . . . . . .

...
...

...
...


∥∥∥∥∥∥∥∥

2

B(`2)

.

Using Theorem 4.1 -[4] and Corollary 3.3.1-[6] we get that

||A||2 = sup
n

n

∞∑
k=n

1

k
an+k−1 ≈ supnnan.
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