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ABSTRACT. A kind of new function series is obtained in this paper. Their theorems and proofs
are shown, and some applications are given. We give the expansion form of general integral and
the series expansion form of function and the general expansion form of derivative. Using them
in the mathematics,we get some unexpected result.
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1. INTRODUCTION

When we learn the method of integration by parts, we usually just apply it to integrate, and
we seldom think of whether there are other applications, and what else can we find from this?
If we use it without limits, what will it lead to?

So based on above idea, we obtain the expansion form of general integral and the series
expansion form of function and the general expansion form of derivative in this paper. We
give some theorems and examples and prove them. Using these, we show how to make the
applications of the method of the integration by parts go further...

2. A KIND OF FUNCTION SERIES

Definition 2.1. i. The function series
N 3) n—1 p(n—1) (A L" n ) (L
)= 1)+ ) = FO) e (@ S 1 [ ) e

is called X, series.
The(—1)" [ f® (x)x—'dx is called the remainder term of, series.
n:
ii. The function series

2 3 n
F@) = F@)5 + £ =+ DO @+ (1 [ ) e

is calledX; series, wher¢—1)" / f(”+1)(x)$—'dx is called the remainder term of; series.
n:
iii. The function series

F1) = O+ @G = (S 1 [ e

is calledX, series, wher¢—1)" [ f"+?(z ) dx is called the remainder term of, series.
iv. All Xy, X7, X, series are called serles

Theorem 2.1. X, series has form

/f(:c)dxzf(x)m—f( )+ e >x3

21

2.1)
+ (_1)n—1f(n 1) /f n)

wheref®(z),i =1,2,--- ,n exists.
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Proof. Since f@(z),i = 1,2,--- ,n exists, when the formuld v'vdz = wv — [w'dz is
applied over and over again, then we have

/f(x)dx _ /1-f(x)dx 2 f (@) —/xf’(m)dx

2

= of(o) — (@) - [ L a)

2l
2 2
= J(@a - fl@)g + [ 5/ (@)de
2 3 3
= f@a = f@)g + 57" @) = [ 5P (@)da
/ x? " ? n—1 p(n—1) €
= f@)a— {05 + @) 5 =+ ()T @)
+ (-1 [ £ T s
1
Using Theorem 2]1, we obtain the following theorem.
Theorem 2.2. We have
i
T 2 3
| f@yde = e - g+ g
(2.2) ¢ 2 o ? e
()@ T 1 / £ (@)

i.If lim /f(")(:x)%dx = ¢(z) (c(x) can be constanthen

n—-+4oo

00 - . T
23) [ f@de =Y -0 @)D o)
n=1
iii.
’ = n—1 p(n—1) z" b
(2.4) fle)de =Y (=1)"'f () +cl2)]| -
a n=1
Theorem 2.3.1f f®(z),i =1,2,--- , n exists, thenX, series has form

fa) = fl(w)e = (= ) + O )
_|_< )" 1f”) /fn+1

Proof. [ f(z)dz becomesf(z), ther[2.1 becom. s 2.§.
We get the next theorem similar to the proof of Theofem 2.3.

(2.5)
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Theorem 2.4.1f f@(z),i =1,2,---  n exists then¥2 series has the form
/ n— n "
f(@) = f"(z)z ﬂa() '-+(—D L () =
(2.6) G

/f n+2
By Theorems$ 2]1[- 2]4, we have

Definition 2.2. i. X, series is called the indefinite integral expansion form.
ii. X; series is called the function expansion form.
iii. X, series is called the derivative expansion form.

Formulag 2.[L F 2|6 are very useful.

3. SOME APPLIED EXAMPLES

Example 1. Prove that
2\1 2 4
(3.2) 0 ) 3 i1’> )
_1\n—1— n _1\n n —
(=1 n<n—1>+( 1)n+1<n> n+1

: : 1 !
Proof. It is obvious that—— = x"dx. By, we have
0

n—+1

1 1 2 3
:/x"dx:a:”-x—nx x——i—n(n—l) 2.
n+1 J, 2! 3!
4 n n 1
—nln — o).ty nmi_‘
n(n—1)(n —2)x m + -+ (=) (") oy +(-1) /(x ) n!dxo
1 n nn—1) n(n—-1)(n—-2) _qn! 1
= 1 —_— — —_ _1 n _ 1 n
TS ST 4 EDT DS
n 1nmn—-1) 1 nn-1)(n-—2) 41 nn-1)---3-2 1
—1— - _Z. cd (=112 1)
1'+ 2! 3! =) n (n—1)! (=1) n+1
get
1 1/n 1/n 1/n 1 n 1 n
=1-= - - e D —1)" 3.1
() )i () e i () e ()
1
By example 1, we have:
i. Using[2.2, we have fou 1.
1
ii. If 2| n,then(—1)"—— =
e (1) e
1/n 1/n 1
2 1—= - — - A =0, 2]|n.
(3-2) 2(?>+3(§> 4(3)*’ n(n—l) 0, 2|n
So, we have found 3.2.
iii. We also have found two diophantine equations
1 1 1 1 1 1
(3.3 x1—§x2+§m3—1x4+---+(—1) Exn%—(—l) T R Bl
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1 1 1 1
(34) 1‘1—§$2+§$3—Zl’4+"'—ﬁl’n:0.

For[3.3[ 3.4, we have following conclusions:
[3.3 has positive integer solutions.

v = <” ),i—1,2,3,~~,n+1.
71— 1

[3.4 has positive integer solutions.
n
T; = ( 1) t,i=1,2,3,---,n,2 | n,tisany positive integer.
Z —_—
[3.4 also have positive integer solutions.
x;=1it,i=1,2,--- ,n,2 | n,tis any positive integer.

Example 2. Prove that

T

(3.5) lim e’

xn

dr = 0.

Proof. By[2.2, we have

T 2 3 4 n n
e’ —1 :/ ewdm:e”"-m—e”"m——l—exx——ewx——k---+(—1)"_lexw—+(—1)”/ewx—dx
0 n

2! 3! 4! ! n! o
that is
xX x’n
—1)" T
et — 1 $2+5L’3 Zlf4+ +< 1)n_1$n x+( ) /0 € n'dl’:>
= r— — _ “ e — _
er 20 30 4! n!lo er
(_1)n/ € x_dx 2 3 n
lim 0o lim (1—e T g Ty —(—1)"*1]:—)
n—+o0 e’ n—+o0 2! 3! n!
: I2 ZL‘3 nflxn —x
= ety gy e BT e
2 ZES 1.4 ZL‘5
Bl STt T T R
= 1 T __ % =
& =)
= lim e’ —dx =
n—-+oo 0 n'
|
Example 3. [1] [ e“z"dx =?
Solution.By[2.5, we get
(-1 [ £ ) e = 1)~ f@ho )G == (@)
That is
2 n

@8 [ 1V @atds = (-1 (fla) - fa)e + £

AJMAA Vol. 16, No. 1, Art. 5, pp. 1-9, 2019 AIJMAA


http://ajmaa.org

6 YANG TIANZE

Let f(z) = e, thenf®) (z) = (e*)?) = ¢, i =1,2,3,--- , we obtain
2 28 "
x, .n _ ' _ o _ n__
(3.7) /exdx (—1)"e"n!(1 T+ 5, 3'+ -4 (-1) n!).
|

Using the same method as example 3flet) = cosz, sinx, shx, chx, and so on. We also have
some other formulas. We omit them here. 'AUTHORI!!. Bad practice to ommit without saying
why or where to find. Please specify.

Example 4. We known that

e 3n
_ Plr) =14 2 ... ..
(3.8) (z) + 3 + Gl + Bl +
AT 31
(3.9) Q() I+E+7+ +m+"'
1’2 1:5 1’8 x3n+2
A = =4 =+ —
(3.10) R(z) o1 + = + S 4+ -4 Bnt2) +
Prove that
(3.11) P?(x) + Q*(2) + R*(x) — 3P(x)Q(x)R(z) = 1.

Proof. Naturally, we have
P/(x) = R(x). Q'(x) = P(x). F(x) = Q(a).
Using[2.%,then
PH(a)+ Q' (2) + (@) =3P(@)Q() Rla) = (P'(2) + Q@)+ (2) = 3P(0)Q(x) R(x) ) @

2

~(PP@)+ Q@) + B(2) — 3P(2)Qe) R()) 5+
0" [ (P + Q) + Ro) - 3P(az)Q(a:)R(x)>(nH)i—Td:v
However,
(P'(@)+ Q*(@) + F(@) = 3P(2)Q(a) B(a) )
= 3P*(x)P'(z) + 3Q*()Q (z) + 3R*(x) R (x)
—3P'(2)Q(z) R(z) — 3P (x)Q'(x) R(x) — 3P(x)Q(z) R'(x)
= 3P*(x)R(z) + 3622( )P(2) + 3R*(2)Q(z) — 3Q(2) R*(x)
= 3R(z)P*(x) — 3P(x)Q*(x) = 0
get
P(z) + Q*(z) + R*(x) — 3P(2)Q(z)R(z) = 0+ (=1)" [ Odz.
That is
(3.12) P¥(z) + Q(z) + R(z) = 3P(2)Q(x)R(z) = c

Letz = 0, by[3.8{3.1D, havé’(0) = 1,Q(0) = 0, R(0) = 0, then3.1R> ¢ = 1 i

Example 5. [1] The expansion form ébg(1 + x).
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Solution.Using[2.5, get

log(1+ z) = (log(1 + x))/a: — (log(1+ x))”z—j + (log(1 + m))(?’)— —

_ N T NG
=(1+2)'z—((1+=2) 1)§+((1+x) Y 5—((1+x) DY
1 N 1 x2+2' 1 3:3+3 1 x4+
= - _ l_— b
1+2 (14 z)2 2! (14 )3 3! (14 2)* 4!
=

L 1,z 5 1 x 4
_1+w+2(1+x) +3(1+x) 1

1 1 1 1
Whenle,thenlog2z§+§+ﬁ+az0.682.andl092:0.693~-.
We know that

x
1+

(3.13) log(1+ x) Yt

1
4

l X i xr
og(1+x)=x—§+§—z+-"
Whenz = 1, we have
l0g2=1—1+1—1+"'%1——+___%0'583
2 3 4

|
Example 6. Prove that Newton’s binomial theorem

n n n
(3.14) (x4+y)" =a2"+ (1)55”_11/ + (2) A Tl NP (n B 1) oy 4y

Proof. Notice thaf 2.1, then we have

4

~(y=a)" )Yt 1 =) VL (-1 [ (aly—ar ) Ly =

= (T) (y—a)"y - (Z) (y—a)"?y* + (g) (y—a)" Py’ — o (1) (Z) Y

Letcy — ¢ = ¢, get

(y —a)" = (Tf) (y—a)" 'y~ (Z) (y—a)" 2y +- -

()" Y- Dy e

(3.15)

Write y — a = x, then
(3.16) y—a=r,a=Y— T,y =2+ a.

Notice thaf 3.15[, 3.16, get
(3.17) 2" = (Tll)x“y - (Z)r’”y + (—1)"2< " ):cy"1 + (=) e
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Whenz = 0, by[3.16= y = q, then[3.1J= 0 = (-1)" 'a" + c = ¢ = —(=1)""a"

(—1)"a". But|3.16 haver = y — z, getc = (—1)"(y —x)" = (— (y—x))n
[3.17 becomes

(r—y)™. Hence

o = (?)x”_ly _ (Z)xn_2y2 et (—1)”—2( " )xy”_l F (=)
(r—y)" =a" — (T) "y + <Z) T (—1)"2( " )xy"l - T

If y becomes-y, get

(z—(—y)" =a" - (T) 2" (—y) + (Z) " (—y)? = — (_1)n—2( n )x(_y)n—l

that is

Note the knowledge of permutation and combination is not applied in the proof. So using the
binomial theorem, we have proved the formulas as followings:

<n) :( i ) (n) =1 -+ 1)

7!
(-G ()
= + , ete.
r r—1 T
Theorem 3.1. We have
T 2 3 4
/ i _ = —( 1 YL 4 (L)'/x_ _ (L)(B)x_ i
(3.18) 5 logt  logx logx” 2! logx” 3| logx” 4!
' 1 " 1 " e
—1 n—1/_ = \(n=1)%_ -1 n/ (n)_d .
+(=1) (l09x> n! +(=1) <logm) nl
1 .
Proof. By, letf(x) = ——, we obtain 3.18x
logx
Since
1, IV 5 1 —1 1 ., 2+logx
—(u ) — i _
(logx) (( 09) (logz) x  zlog’x logx) 2logix’
then[3.18 becomes

(3.19) /x dt x 1 =z 1(2+ logz)x
2

1 A
- - g (—1)" ™ el
logt  logx * 2 log%x - 3! logix oot (D) /(logac) !l

We know, ifr(x) = the number of primes satisfy2 < p < x, then

x
(3.20) lim ng =1lor lim logr _
x——+00 r——+00 71'(‘1')
logx
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are called the prime number theorem.[By 3.8 ,13.19, then

mi T +1 x
. logt ) logr ~ 2!logx : 1 1
2 _ _ _
Lt = ; =R gy T =t
logx logz
Therefore, we have
Todt
(3.21) lim @) g i J2togt
T——+00 i r——00 W(.I‘)
5 logt

Todt . ,
So, | —— is very important.
5 logt

Hence,the expansion formudla 3/19 is also very important.
By[3.19 [3.20, then we have the approximate formulas.
T

7(r) ~ Togs

T 1 =«

m(w) ~ logx + 2log2z’

oz +1 x 1(2+ logx)x
T logr ' 2log?z ' 6 logix

(3.22) ()

4., CONCLUSION

In conclusion, we obtain three important formulas from college calculus—the integral expan-
sion form, the function expansion form and the derivative expansion form of function. Using
these theories, we get some interesting results. For example, we(find?)(z), R(x) and their
relationship. We also give an important series expansion form of function in number theory.
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