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ABSTRACT. If the n — th order differential equation is not exact, under certain conditions, an
integrating factor exists which transforms the differential equation into an exact one. Thus, the
order of differential equation can be reduced to the lower order. In this paper, we present a
technique for finding integrating factors of the following class of differential equations:

Fn <t7y7yl7yllv s ’y(n—l)) y(n) + anl (t7ya y/:y/lv s 7y(n—1)) y(n—l) +-t

+h (t,y,y’,y”, = ,y("fl)) y + F (t, v 9y ,y(nfl))
=0.
Here, the functiong?, Fy, Fy, - - - , F,, are assumed to be continuous functions with their first

partial derivatives on some simply connected donfairc R"*!. We also presented some
demonstrative examples.
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1. INTRODUCTION

Differential equations play a major role in Applied Mathematics, Physics, and Engineering
5, [7,19,[11,[15] 16]. To find the general solution of a differential equation is not an easy
problem in the general case. In fact, a very specific class of differential equations can be solved
by using special techniques and transformations. One of these techniques is to reduce the order
of the differential equation by finding a proper integrating factor. Recently, many studies appear
to deal with the problem of existence and finding integrating factors of differential equations.
In [1], 3,[4,[6,/ 10/ 18], the authors investigated the existence of integrating factors for some
classes of second order differential equations/_In [4], the authors investigated the existence of
integrating factors ofi.-th order system of differential equations which has known symmetries
of certain type.

In [8], the authors improve some symbolic algorithms to compute integrating factors for
a class of third order differential equations. In this paper, we presented a technique to find
integrating factors for the following class of differential equations:

Eo(tyyy's oy )y + B (Lyyy oy )y
ik (t7 Y y/’ yl/’ U 7y(”*1)) y/ + o (t7 Y, yI7 yll o ,y(nil))
(1.1) ~0
whereFy, Fy, F», - -+, F, are assumed to be continuous functions with their first partial deriva-

tives on some simply connected dom&nc R""!. To demonstrate our technique, we present
some illustrative examples. The paper layout: In sec@jome prove the main result. In section
3is devoted for concluding remarks.

2. INTEGRATING FACTORS AND FIRST INTEGRALS FOR A CLASS OF n-TH ORDER
DIFFERENTIAL EQUATIONS

In this section, we investigate the existence of certain forms of integrating factors for equation
(I.7) when it is a non exact differential equation. In generalyittie order differential equation

f(t7y> 3//7 e 7y(n71)7 y(n)) =0

is called exact if there exists a differentiable functidi,y,/,---,y™ ") = ¢, such that
FU(tyy -y ) = fty -y, y™) = 0. InthiscaseW (t, y,y/, - -,y V) =

cis called the first integral of (¢,y,%/, - -- ,y™ Y, 3™) = 0, e.g., see[[12, 14]. In]2], the au-
thor gave the explicit conditions fdr (1.1) to be exact. He also gave an explicit formula for the
firstintegral® (¢,y,y,--- ,y™) = c. Particularly, we have the following theorem:

Theorem 2.1.[2]. Assume thaky, F}, Fs, ..., F,, are continuous with their first partial deriv-

atives on a simply connected domé&lirin R"*!. Then the differential equatioff.1)is exact if
oF;,  OF; o . . oF; 0k

Gy0D Gy foralli=23,....,nandj = 1,2,...,i — 1, and o~ 90D

i=1,2,3,...,n. Moreover, the first integral ofL.1)is explicitly given by

for all

t Yy
v (t7y7y/’.” 7y(”_1)) - / FO (777117?/7’" 7y(n_1)) d77+/ Fl <t077]7y/7'~. ,y("—l)) d77

to Yo

y(n—l)
+ _|_/ Fn<t0,y0,y6,.-.’n)dﬁzc
Y,

(n—1)
0

wherec is an integrating constant]
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Assume that (1]1) is a non exact differential equation. Then according to the above theorem,

an integrating facton(t, y, v/, - - -,y V) of (T.1) exists if it solves the following system of
first order partial differential equations:

OFy(y) | ouly)

( OF;(y) , oply
w(y) ai ) + 8(t )E-(Y) = u(y) -1 + Byl o(y),
L= 1727"' , T,
o0 | R o) OF(y) . Ouly)
iy ply _ iy wy) o
\ 2227"'7n7j:172a”'72_1
wherey = (t,y,v, -,y V). Generally, to solve such system of partial differential equa-

tions is not easy. Thus, we consider some special forms of the integrating factor
w(t,y,y, -, y™ ). Particularly, we look for integrating factorg¢) where

5 = g(ta Y, y/a U ’y(n—l)) - Oé(t) H a
k=1

The functionsx(t) anday, (y(k—l)), k=1,2,---,nare assumed to be differentiable functions.
By substitutingu(¢) in (2.7)), we get

[ ()25 + (€ Fily) = M(é)aﬁiyﬁ)+u’(§)§y<i71>Fo(Y)7
1=1,2,-

(2.2)

p(&) 2R + 1 (€)8, 50 Fily) = nl(§) % + (£)§yu71>Fj(y),
i=2- n =12 i—1

wherey/(§) = fl—’g and¢, denotes t(%. Equivalently, we have

( 0Fy(y)  OFi(y)
g ayg T) B

w(€)  EF(y) = Ee-nFoly)’

1'21,2,"'77%

(2.3)
OF;(y) OF;(y)

W) ay—D  ayU-D P . il

| &) G Fy) - e Ely) T
Hence, an integrating facta#(¢) of equation[(1.11) exists if

OFo(y) _ OFi(y)
Oyi=1) ot

§Fi(y) = &y Fo(y)’

i=1,2,--.n

and
OF;(y) OF;(y)

ay(i_l) 8y(J_1)
gy(j—l)in(y) - gy(i_l)F}(y) ’
are all equal and they are functions{inThus, we have the following theorem:

i:27"'7n7j:1a27"'7i_1

Theorem 2.2.Let& = af(t Ha (y*~Y) wherea(t) and oy, (y*~V) ,k = 1,2,-- ,n are

differentiable functions. Assume thai(y), F1(y), Fz(y), ..., F.(y) are continuous functions
with their first partial derivatives on some simply connected donfhic R™*!. Moreover,
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assume that Equatiofi.1)is a non exact differential equation. Then it admits a non constant
integrating factoru (&) if

OFy(y) OF;(y)

y(i—1) ot

EF(Y) — v Fo(y)

i=1,2,---,n

and
OF;(y) IF;i(y)

ay(i—1) — gyG-1) i—9 ..
§yi-n Fi(y) — €y Fi(y)’ ’
are all equal and they are functions & In this case, the integrating factor is explicitly given

by
3Fo(y _ ony)
ot
) = exp / d¢ » . U
{ ft f FO( ) }
Corollary 2.3. Assume that

Foy), Fily), Fa(y), - -+, F,.(y) are continuous functions with their first partial derivatives on
some simply connected dom&inc R"*!. Moreover, assume that Equati@1)is a non exact
differential equation. Then it admits a non constant integrating fagtoy if

) fortr=2,--- ,.nandforj =1,2,--- .7 — 1, we have
oF(y) _ O0Fi(y)
Oyi=1) — gyl-1’

'7n7j:]-727"'7i_1

and
II) fori=1,2,---,n, the functions
OFo(y)  OF(y)
— F;
Gy - 2 gy

are equal and they are functionsin
In addition, the integrating factor is explicitly given by

ey = { [ |25 - 2By ac) . ©

Example 2.1. Consider the following:-th order linear differential equation:
(2.4) P,(t)y™ + P, )y Y + -+ + Py()y” + Pi(t)y + Po(t)y = h(t)

where P,(t), i = 0,1,2,--- ,n are non-zero differentiable functions on some open interval
(a,b) C R, andh(t) is continuous function ofu, b). ThenF,, = P, (t),
F(n,l) = P(n,l)(t), <. ,Fl = Pl(t), Fy, = P()(t)y — h(t) Clearly,
OF;(y) _ OFi(y)
Oyi—1 — Gyl—D

=0,i=2,---,nandj=1,2,---,i—1.

Moreover, 22003 = 0, Vi = 2, .0, 250 = P/(1), Wi = 1,-- .0, and 2B = py(t).
Hence, to have an integrating factordnwe must have

Byt B(t) _ P(t) — R()

P,(t) Py(t) Pi(t) '

Therefore,P,(t),--- , P»(t) must be linearly dependent functions. Moreov&rand P, must
satisfyW (P, P,)(t) = Po(t)P»(t) whereW (P, P,) is the Wronskian’s of;, and P». In this
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case, the integrating factqr(t) = 5 (t) Hence, for non-zero and differentiable functidf&),
Py (t) and Py(t) the differential equation

anP(t)y"™ + an 1 P()y" Y + -+ aa P(t)y" + Pi(t)y' + Po(t)y = h(t),
has an integrating factoy.(t) = % provided thatiW (P, P)(t) = By(t)P(t). Hence, we get

o — (P1Y' and so, the above differential equation becomes

_ Pi(t) Pi(t) P(t)
(n) (n—1) .. no SNV 1\ R
any”’ + ap—1y + ot agy + P(t)y +<P(t) Y nD)
Thus, the first integral o{2.4)is given by
_ N Pi(t) L h(s)
(n—1) (n=2) 4 ... " rp 2 - d
any + ap_1y + +azy’ + axy + Pl Y / P(s) s+c

wherec is the integrating constant.

Example 2.2. Consider the Initial value problem

—t_ " —t\ ! . . E _ ’ E _
e y" + (cosy)(1 +2e¢ ")y +sin(y) = 0, y<2> Yy (2> 0.
ThenFy((t,y,y') = e, Fi((t,y,y)(cosy)(1 + 2¢7"), and Fu((t,y,y’) = sin(y). From the

above corollary, an integrating factor iffor this equation ifai} = @, and(ﬁ — 8F1> JF =

<%—§9 — 6F2) /F> and they are functions ih Clearly, these conditions hold and

(38—";) — 3F1) JF = (%—59 — 8F2> /F, = 1. Thus, and integrating factor for this equation exists
and it equals ta’. This integrating factor transforms the above equation into

y" + (cosy)(e’ + 2)y + sin(y)e’ = 0.
Due to Theorern 2] 1 this equation is exact and its first integral is given by
Y + (siny)(e' +2) =0
which can be solved by separating the variables.

Corollary 2.4. Assume thaty(y), Fi(y), Fa(y), - - ., F.(y) are continuous functions with their
first partial derivatives on some simply connected dontaia R"*!. Moreover, assume that
Equation(1.1)is a non exact differential equation. Then it admits a non constant integrating

factor u(y*=Y), k = 1,2, --- , n, if the following two conditions hold:
OF, _ OR, OF(y) OF(y) . . .
) i 3y(’ ) fort =1,2,--- ,n, and GgD ~ By fori=23,---.,n, j=
1,2,---,i—1, andi,j # k; and

) for i=1,2,--- , k—1,k+1,---,nthe functions

S~ iy | /B

and the function
[OF(y) 8Fo( )'

are all equal and they are functions yﬁ’“ o)
In addition, the integrating factor is explicitly given by

) = e { [ |20 25(1(_{3] /1R |0
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Example 2.3. Consider the following third order differential equation:
(2.5) vy +y’y" =2ty +y =0,
Thean = yg, F, = yg, F, = —2t, andFO = y. Hence,ng// = ngl = 0, F()y// = F3 =0,
FOy’ =Fy=0,0= Fly’ 75 ng = 3y2, 0= Fly” 7& F3y = 3y2, and -2 = Fi; 7é FOy = 1.
By applying the above corollary, an integrating factor in termsyaéxists for this equation.
Particularly, u(y) = y~—3. By Multiplying(Z.8) by u(y) = y—3, we get

y/// + y// . 2ty_3y' + y—Q =0.
Clearly, this differential equation is exact. Moreover, its first integral is

y//+y/+ty—2 —c

wherec is an integrating constant.

3. CONCLUDING REMARKS

In this paper, we investigated the existence of integrating factors of the following class of
third order differential equations:

F, (t, (T T TA ,y(n—l)) g™+ F, (t, TRTRT 7y(n—l)) YD
R (Lyy Yy ) Y R (G Y)
(3.1) _0
where Fy, F, F5, - - - , F,, are continuous functions with their first partial derivatives on some

simply connected domait ¢ R**!. Particularly, we proved some results related to the exis-
tence of integrating factors df (3.1). We also presented some illustrative examples. We remark
that these results not only useful for finding integrating factors[foi (3.1) analytically but also
computationally. In fact, we can check the validity of the conditions in our results by using
the symbolic toolboxes in different mathematical softwares, e.g., MAPLE and MATLAB soft-
wares. Also, by using these symbolic toolboxes, we can find the integrating factprs|of (3.1) by
using the explicit forms given in our results. Following the same procedure described in the
paper, we can also find different forms of integrating factor[for] (3.1). For examff¢where

E=at)+ > ar(y*).
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