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ABSTRACT. In the case ofC∗-algebras, the author in [2] showed that any linear unital and
surjective numerical radius isometry is a Jordan∗-isomorphism. In this paper, we generalize this
result to the case of Hermitian Banach algebras.
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1. I NTRODUCTION

LetA andB be a unital complex Banach Algebras. We always denote by1 the unit bothA
andB. Define the set of normalized states

S(A) = {f ∈ A′ : f(1) = ‖f‖ = 1},
whereA′ denotes the dual space ofA. It is well known thatS(A) is a compact and convex in
the weak*-topology ofA′. For any elementa ∈ A, the algebraic numerical rangeVA(a) and
numerical radiusυA(a) of a are defined by

VA(a) = {f(a) : f ∈ S(A)} andυA(a) = sup
z∈VA(a)

|z|.

The numerical radiusυA(.) is a norm onA. In the case ofC∗-algebras, this norm is equivalent
to the given norm:

1

2
‖a‖ ≤ υA(a) ≤ ‖a‖,

for all a ∈ A. A linear mapT : A → B is said to be numerical range preserving ifVB(T (a)) =
VA(a), numerical radius preserving or numerical radius isometry ifυB(T (a)) = υA(a) for all
a ∈ A. We say thatT compresses the numerical range ifVB(T (a)) ⊂ VA(a) for all a ∈ A.

Theorem 1.1. LetA andB be Banach algebras. A unital linear mapT : A → B compresses
numerical range if and only ifυB(T (a)) ≤ υA(a) for all a ∈ A.

Theorem 1.2. LetA andB be unital Banach algebras. Suppose thatT : A → B is a linear
numerical radius preserving map. Then we have that

(1) T is injective;
(2) if T surjective, thenT−1 is the numerical radius preserving.

Theorem 1.3.LetA andB be Banach algebras and letT : A → B be a unital surjective linear
map. Then the following are equivalent:

(1) VB(T (a)) = VA(a) for all a ∈ A.
(2) υB(T (a)) = υA(a) for all a ∈ A.

Proof. (1)⇒ (2) is trivial. For the converse, supposeυB(T (a)) = υA(a) for all a ∈ A. By 1.1,
VB(T (a)) ⊂ VA(a). SinceT is invertible, this implies, by 1.2, thatT−1 is the numerical radius
preserving. That is,

υA(T−1(b)) = υB(b).

for all b ∈ B. Thus,VA(T−1(b)) ⊂ VB(b) for all b ∈ B by 1.1. Hence,VA(T−1(T (a)) ⊂
VB(T (a)) for all a ∈ A, i.e.,VA(a) ⊂ VB(T (a)). It follows thatVB(T (a)) = VA(a).

A linear mapT : A → B betweenC∗-algebras is said to be∗-homomorphism if, for all
a, b ∈ A, T (ab) = T (a)T (b) andT (a∗) = T (a)∗, Jordan∗-isomorphism (orC∗-isomorphism)
if it is a linear bijective map and satisfiesT (a∗) = T (a)∗ andT (a2) = T (a)2 for all a ∈ A.

2. M AIN RESULT 1

A Banach∗-algebra is said to be Hermitian if the spectrum of any self-adjointa = a∗ ele-
ment inA is a subset ofR. The class of Hermitian Banach algebras incorporates a wide class
of Banach∗-algebras and includesC∗-algebras as a very special case. One more interesting
example is the group algebraL1(G), whenG is commutative. LetA be a Hermitian Banach
algebra. We denote the set of positive elements byA+. Hence,

A+ :=

{ n∑
k=1

aka
∗
k : ak ∈ A, n ∈ N

}
.
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For a Banach∗-algebra, the following inclusion holds:

As :=
{
h2 : h = h∗ ∈ A

}
⊂ A+.

In general, the above inclusion is strict, but ifA is Hermitian, thenAs = A+.
A linear functionp is said to bepositiveif p(aa∗) ≥ 0 for all a ∈ A (denoted byp ≥ 0). Let

us define the set

S∗(A) := {p ∈ A′ : p ≥ 0, p(1) = 1}.
It is obvious that allp ∈ S∗(A) are Hermitian, that is,p(a∗) = p(a) for all a ∈ A. We now
introduce the definition of the∗-numerical rangeand the∗-numerical radius:

V ∗
A (a) := {p(a) : p ∈ S∗(A)} and υ∗A(a) := sup

z∈V ∗
A(a)

|z|.

In the sequel,A andB are two Hermitian semi-simple Banach algebras. Then, by [3, Corol-
lary 33.13, p. 149], there exists an auxiliary norm|.| onA which satisfies theC∗-condition (i.e.,
|xx∗| = |x|2 for all x ∈ A and|x| ≤ ‖x‖ for anyx ∈ A). We shall denote bŷA the completion
of A with respect to the norm|.|. Observe that̂A is a unitalC∗-algebra.

We begin with the following theorem, which shows the relationship betweenV ∗
A andVÂ and

that every algebra∗-homomorphism compresses the numerical radiusv∗A.

Theorem 2.1.LetA andB be two Hermitian semi-simple Banach∗-algebras. Then:

(1) For all a ∈ A, we have

V ∗
A (a) = VÂ(a) and V ∗

A (a) ⊂ VA(a).

(2) If φ : A → B is a∗-homomorphism, then

v∗B(φ(a)) ≤ v∗A(a).

Proof. Since for unitalC∗-algebras a linear functionalp is positive if and only if|p| = p(1),
by the Hahn-Banach Theorem, one can easily see that thatVÂ(a) = V ∗

A (a). Consider now an
elementz ∈ V ∗

A (a). Then there existsp ∈ S∗(A) such thatz = p(a). Since

|p(a)| ≤ |a| ≤ ‖a‖

andp(1)=1, we infer that‖p‖ = p(1) = 1. Thenp ∈ S(A) andz = p(a) ∈ VA(a), as required.
For (2), let us consider any∗-homomorphismφ andλ ∈ V ∗

B (φ(a)). Then there exists a
positive linear formp ∈ S∗(B) such thatλ = p(φ(a)). Define a linear functionalp1 onA by
p1(a) = p ◦ φ(a). Obviously,p1 is positive, and, hence, by [3, Theorem 27.2, p. 102] there
exists a∗-representationπ1 of A acting on a Hilbert spaceH1 and a cyclic vectorξ ∈ H1 of
norm1 so thatp1(a) = 〈π1(a)ξ, ξ〉 for all a ∈ A. Therefore,

|p1(a)| ≤ ‖π1(a)‖ ≤ |a|

for all a ∈ A. Hence,p1 ∈ S∗(A) andλ = p1(a) ∈ V ∗
A (a). This proves thatV ∗

B (φ(a)) ⊂ V ∗
A (a)

for all a ∈ A. Accordingly,υ∗B(φ(a)) ≤ υ∗A(a). The proof is thus complete.

If A is aC∗-algebra, by the uniqueness of theC∗-norm, we getA = Â. Hence, according to
2.1 , we infer thatVA(a) = V ∗

A (a) for all a ∈ A. If A ( Â (notice thatÂ = A if and only if
A is aC∗-algebra), then this equality valid for unitalC∗-algebras, need not hold. That is, there
can exist continuous linear functionalsp onA such that‖p‖ = p(1) = 1, but which fail to be
positive. This is shown in the following example.
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Example 2.1. For example, considerA = `1(Z), the set of all complex valued functionsf on
Z such that

‖f‖1 =
∑
n∈Z

|f(n)|

is finite. Forf andg in `1(Z) define the convolution product

f ? g(n) =
∑
j∈Z

f(j)g(n− j),∀n ∈ Z.

Note thatA is a commutative Banach algebra with the (multiplicative) unit is the function1 in
A defined by

1(n) :=

{
1, if n = 0
0, if n ∈ Z\{0}.

Moreover, we know thatA is a Banach algebra with an involution

f 7→ f ∗; f ∗(n) = f(−n)

for anyn ∈ Z.
Now, consider the linear functionalp : A −→ C defined by

p(f) = f(0) + f(1)i

for all f ∈ A. Easy computation show that

‖p‖ = p(1) = 1.

However, if we take the elementa ∈ A defined by

a(n) :=

{
1, if n ∈ {0, 1}
0, if n ∈ Z\{0, 1},

thena∗ is the function defined by

a∗(n) :=

{
1, if n ∈ {0,−1}
0, if n ∈ Z\{0,−1}.

Thena ∈ A butp(a ? a∗) = 2 + i, which is not a real number.

Now, in the case ofC∗-algebras, the author in [2] showed that any linear unital and surjective
numerical radius isometry is a Jordan∗-isomorphism. Our goal in the sequel is to generalize
this result to the case of Hermitian algebras.

Theorem 2.2. LetA andB be Hermitian semi-simple Banach algebras andT be a surjective
linear mapping such thatT (1) = 1 andυ∗B

(
T (a)

)
= υ∗A(a) for all a ∈ A. ThenT is a Jordan

∗-isomorphism.

Proof. Let us first prove thatT is a vector space isomorphism. Leta ∈ A be such thatT (a) = 0.
Sinceυ∗B

(
T (a)

)
= υ∗A(a) = 0 andυ∗B is a norm, we infer thata = 0 andT is injective. 2.1

allows us to conclude that
1

2
|a| ≤ υ∗A ≤ |a|.

Keeping in mind thatυ∗B
(
T (a)

)
= υ∗A(a), we infer that

1

2
|a| ≤ |T (a)| ≤ 2|a|
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for all a ∈ A. Consequently,T andT−1 are continuous with respect toυ∗B and to theC∗-norm
| · |. The extensioñT of T is also a vector space isomorphism between the twoC∗-algebrasÂ
andB̂. We will show that

υB̂
(
T̃ (a)

)
= υÂ(a)

for all a ∈ Â. Take anya ∈ Â. There exists a sequencean ∈ A so thatlim an = a. By
continuity ofT̃ , we infer thatlim T̃ (an) = T̃ (a). Accordingly,

lim υB̂
(
T̃ (an)

)
= υB̂

(
T̃ (a)

)
.

Or T̃ (an) = T (an) andυB̂
(
T (an)

)
= υÂ(an). Hence,

υB̂
(
T̃ (a)

)
= lim υÂ(an) = υÂ(a).

So, we have shownυB̂
(
T̃ (a)

)
= υÂ(a) for all a ∈ Â. Therefore, the results of [2] may be

applied to show that̃T is a Jordan∗-isomorphism. So,T is a Jordan∗-isomorphism, since it is
the restriction toA of the Jordan∗-isomorphismT̃ .
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