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2 TAOUFIK EL BOUAYACHI AND NAJI YEBARI

1. INTRODUCTION

Consider a functiorf of the real variable which is written

f(x) = |z|*9+ (Jz|7?), wheref is an integrable function at the neighborhoodoof >
—1,6 > 0,9, andg_ are functions of global regularity and are indefinitely oscillating in
L*>([T, o). This last point means that the suite, g+, . . . Of iterated primitives of;.. defined
by %L = g, andg.o(v) = g4 (2) satisfies thagy, is in L= for all i in N.

To simplify the problem that arises, we use the following resulf: ig a chirp in0, it will be
the same for the produgtwith the indicator function of0, co).

Thanks to this remark we restrict ourselves to the studg(of = 2*g (") for 2 in]0, 1],
whereq, # andg check the conditions mentioned above. Successive primifives, ... of f
are normalized by,,(0) = 0 for all n > 0.

Let f a generalized or trigonometric chirp ([12],[13]), of tyfe, 5, ) in 0. We want to give
D*(f) wherez is a complexe number without drastic assumptions whether on the regutlarity
of the functiong where the exposani(if = = v, + iy, andg is in de Holder spac€” then
r—y >0anda —v,(8+ 1)+ 1> 0).

This requires expanding the definition of chirpglitt encountered|([12],[13]) to include the
possibility thatg be a distribution.

Let g be a distribution of order in N. Define thery by f(z) = |z|*g+ (|z|~") for zin]0,7].
By definition of g, there exists a functio& in C! asg = ‘jlx—f After m integration, we found
the termF (z) = z*"mF+DG (z77) which is locally integrable function in the neighborhood
of 0.

So we have the following definition:

Definition 1.1. g is aindefinitely oscillanting distribution in*° if and only if g is a distribution
of finite ordrem and if the primitive of ordren of g is a function indefinitely oscillanting in
L.

Similary a can be taken under1. Indeed we can always find an integesuch thate +
n(f + 1) > —1 and in this case it suffices to consider the primitive of oxaex(m, n) of g.
As regards the trigonometric chirps, one takeas a distribution ofD’(R)2r — periodic.
That is to say
<G, Torp >=<g,p >
[Tal(z) = p(z — a)
Therefore for a distributiop2m — periodic, we define the average of denoted (g), by
1(g) =< 99>
where ¢ € C°(R) and whered_ o(x + 2km) = 1.

Itis immediate to verify that ifp, andy, satisfy this last condition thep, — ¢, = 72,95 —¢5
wherep,; € C§°(R). So we have< g, p, >=< g, p, > Sinceq is 21 — periodic.

Now we have to verify thay, as we defined it is indefinitely oscillating within the meaning
of the Definition(L.1). Or g is a distributior2m — periodic, therefore it is a distribution of finite
order. We normalize the primitives, g, . . ., g, deg by the conditionfoz’T gj(t)dt =0 Vj € N,
and all these primitives are th@na — periodics.

2. LOGARITHMIC CHIRP

Consider the function as befoféz) = 2*g (=) for 0 < z < 1.
It is clear that for every3 > 0, g(z~”) oscillates more violently that the functigiflog(x)).
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Take the example of a trigonometric chirg(z) = z2e " for 0 < z < 1, then the function
h defined by :

hx) = f(x)er s

waei(ac_ﬁJr'y log x)
_ xaeiafﬁ (1+x@7 log :c)

with 3 > 0 and~ is any real.
The oscillations of*” outweigh that ot °¢* for any value ofy.

Definition 2.1. Let o, 3,y real numbers as > —1 and > 0. We call logarithmic chirp at
0 of type (o, 3, ) all integrable function on a neighborho®dn, n| of 0 in the form f(x) =
z|%g (|z|~7) e'el*l ~is a un any realy being a strictly positive reap(satisfies the properties
listed above).

We have the following assertion:

Theorem 2.1. The successive primitiveg,, f, ..., f, of f,normalized byf,,(0) = 0 for any
n > 0 verify :
fulx) = |z|@ B+ g0 (|| =) et logle]
whereg™is indefinitely oscillating and of the global regularity+ n.

Proof. It will be limited to fx, ). Consider then the primitive of defined by :
fox fluw)du = fow u®g (u*ﬂ) etrlosu y,
Integration by parts gives :
focc f(u)du — —%I‘Hﬁﬂm (x—ﬂ)ei’ylogx + Oa,ﬁ foﬁv ua+ﬁg1 (u—ﬁ) 6iﬂ/logudu

The first term has announced the structure. It remains to consider the second term. For this
we putu = sz, then we have :

I, = potB+1givlogs fol gl(xfﬁS*B)SaJrﬁemlogsds
i _ 1
by takings = ; we have
I = ot PHlentoss [% gy (a=Pt) ety dt
— $a+ﬁ+lei'ylog:rh($—,8>

e~ logt

(21) h(l’) = /1@0 gl(xtﬁ)mdt

So we havé|h|l« < C|lg1|| SinCe2 + o 4+ 5 > 1, and all primitive ofh are deduced from

the deg, by the equatiop 2]1. Convergence is reinforced by the fact that the amauat+
is replaced with2 + o + mg.

We have the two following lemmas:
Lemma 2.2. A logarithmic chirp is a generalized chirp.

Lemma 2.3. If ¢ is an indefinitely oscillating function they{z)ec?'°¢2 is an indefinitely oscil-
lating fuction for anyy real
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Both lemmas are immediate consequences of Thelorém 2.1 of the circular Y.Meyer (|12],[13]).
According to lemmag2.9) et (2.3), the terme” el may disappear i. Therefore the
definition (2.1) has no interest in the case wheris not periodic.

3. STUDY OF THE ACTION OF SINGULAR INTEGRAL OPERATORS ON CHIRPS

In a first, define the differential operatdf ., wherez is a complex number, by :
M. f(§) = sign& [€]" f(€)
remark :
e si z = 0, M, is then the operator Hilbert transform .
e M;, M_; are respectively integration and derivative operator.
3.1 Wavelet characterization.
M., is the singular integral operator defined as above. Note that its adjoint operator is written
M: — M_g.
Soity a function of the real variable having the following properties :
¢ ¢ belongs to the class of SchwaizR).
o [a2%)(x)dz =0 VgeN.
e 1 IS not degenerate sense that its Fourier transform is not identically zero over
] — o0, 0] or on the othef0, co].
We have then for every chirp as defined above, the following identity:
< M.(f),p(a,b) >=< f, M (¢(a, b)) >
=< f, M_=(¢(a,b)) >
By definition of the operatoi/, we have :
M= (9(a, b))(§) = signg 1] a (€)
= signé|¢| " p(ag)e 2
= 4 FM () (a)e 20
We deduce the following equality:

M_z(¢(a, b)) = (M_3(¢))@pa”

Then we will have

wherey* = M_=(1), which means?;*(g) = signé [€]7FP(£).
We verify easily that
e " belongs to the Schwartz claSgR).
o [z%W*(x)dxr =0 VgeN
e 1" is not degenerate in the sens that its Fourier transform is identically zero over
| — o0, 0] or on the othef0, oo|.
Characterization of chirps in> by wavelet is given by an estimate of the module of the-
wavelet coefficients . Let us take::= v, + iy, we have :

< M.(f),9(a,b) >| = [a™ < f, 4, >|
= a’72| < f?fyzk@b) > ’
The class of fuctions wich is stable is the set of the sum of chirp and functiaii® T his
is also the only is characterized by the wavelet coefficients. We deduce the following lemma:

Lemma 3.1. f is the sum of a chirp typgy, 5,r) and an indefinitely differntiable function in
the neighborhood of) with @ > —1,5 >0 and r > 0. z = v, + i, IS a complex number
such thatr + v, > 0 and a + v,(1 + ) > —1, then the action of the operata#/, on f is
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a chirp of type (a + v,(1 + ), 8,7 + v5) in 0 modulo an indefinitely differentiable function
at the neighborhood df .

Let us now examine the case of a trigonometric chirp of type?) and of smoothnessin 0
[ 12]. f therefore admits the following asymptotic expansion foréh [0, 1] and allg > 1 :

f(z) = 2%go(x7P) + 2Pgy(a™P) + -« + 20 VBg, (27F)] + 22+9P R, (") The function
g; are subject to the following conditionsg; belongs to the Holder space */(R), is 27 —
periodic for the variablet and f027r gj(t)dt = 0. The functionR, appearing in the error term
, must belong to Holder spage”™?(R) and be an indefinitely oscillating . Remember that
a>—1,6>0andr > 0.

Then there exists a numb&r> 0 and a function) satisfying the above conditions, such that
the wavelet transforil’ (a, b) of f has the next property:

Once restricted to each of curves= \b|b|° X € R, admits the following asymptotic
expansion whefl < a < ¢ et|b| < 9:

W ABIBI?, ) = [bl[my” (18] 7) + b1m3? (b1 =) + - + [b] @~ m (1B 7)) + Ry (a,b)

where each functiomgj)(t) , 7 € N is measurable in the set of variablemﬁ\”(t) ,J €N
and for each\ fixed, the functior2m — periodic of t and verify:

Im (Yoo < CAH 00 < A< 1
M (s < CjnA™ fA>1 VneN
Similarly R satisfies the following estimates :
|R:| < Cylb|]* PN if 0 < A< 1
|R:| < Cpb|*TPX™™ Vm e N if X > 1,a < [0
|R;| < Crpa™ Vm €N andsijp| <a <9
We have already established that

< Mz(f)aw(a7b) >=—a"% < f? wzka,b) >
f is a trigonometric chirp, we will restrict ourselves to each of the curves: \b|b|°, with
any real. Then we have :

< M.(f), ¥(a,b) >= —(Ab[p)") ™ < f,4{,y) >
= —(Ab[D|7) =W (AD]B]7, D)
Therfore ify, = 0 and ifr + v, > 0 thenM;, (f) is a trigonometric chirp of typgo +
Y2(B+ 1), 8,7+ 73).
Hence the following result, reasoning modulo functiarss :

Lemma 3.2. Soit f a trigonometric chirp of typé«, 3) of regularityr in 0. Sir + v > 0, then
M, (f) is a trigonometric chirp of typéo + v(3 + 1), 3) of regularityr + ~ in 0.
3.2 Direct Kernel method.

In this part we try to improve results in the former, by explaining the first term of the asymp-
totic expansion of the action of singular integral operator on the chiiip [15]. The Kernel operator
of M., notedK ., is given by:

K,(z) = C’Z¢
Therefore : _
Mz(f)(x) = f[R f(y)%dy
Before stating the fundamental theorem, making the following hypotheses:
Letn > 0 and letf a generalized chirp of typey, 5, r) with a > —1, 5 > 0 andr > 0.
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f(x) = 2%, (x*ﬂ) if 0<z<n
f@) =lzlg- (le")  —n<a<0
g, dansg_ are both indefinitely oscillating off’, oo[ with 7" = 7=". We will take z =
v, + @74 IS @ complex number such that- v, > 0. So we have the following assertion:

Theorem 3.3.For all zin | — n,n[ we have :
| M. (x°gs (¢77)) =
— e =G (M, (g4)) (277) + g0 = BE)+BW (=B .. 4 po-izB+D)+a8 (0 (5-8) 4. ..

where the function§$) are indefinitely oscillating for alt is an integer other than zero.

This theorem explicitly gives the first term of the asymptotic expansion of the action of the
operatorM, on a chirp.
We write :

M.(f)(€) = signé €= F(€)
= [¢[72signg |¢|7 f (&)
= €[ M5, (F)(€)

let A = (—A)2 whose symboj¢| we will have Az whose symbo¢|2(is a fractional deriv-
ative operator).

3.2. Operator study M,y is real.
Always with the same notations and by limiting fa, ), we setf(z) = z%g(z~") with
a > —1,06>0andgis an indefinitely oscillating function. And for all real we have :

f f |t SC| Z’ydt

It is clear that outside the mterv{ﬂ, 1], M,fisa functlonCOO. The decomposition of our
integral is given by :

ﬁ“”@%§%

(1+e) \t x|~
+fm(1 €) t—x dt

\t x| Vt—x
] ] ] + fx(1+e) t) d t
e is a strictly positive real such that<< 1 as well asfe << 1.
We have this theorem :

€ —z| " Y .a—i e P (1+e)~F —z B a—i -
Theorem 3.4. f(1+ (=2 g = —prrge—in B+ I_ﬁ((ll_t))_ﬁ g(t) =2 g o=+ +B g, (15)

whereg; is a funct|on indefinitely oscillating of regularity+ 1.

Remark : The main component of this development is givenlidy( f) in the neighborhood
of the singularity. Let the integral above we will natg ), then we have :
n(x) = [{55 FOK, (@~ t)dt
z(1+€) 4o — —z|~"
= fx(l—e) t%g (t IB) g th dt
Proceed to the next change of variabte== =% and X = 2=, I;(z) then becomes:

11T
1+e ~(atpry e PXP
ﬁfX uyu \ P ——r—du
,% —
u
, 2B
B X(1+4¢)~F u\— 5 mmes8 X
=5 Jxa_e-s 9(u) (%) X0 1 du

Proceed to the change of variable :
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O=%—-17=—" ety=
1+0)~72—1
F0) =1+ 9)”1%
A limited development of in ¢ in the neighborhood df gives

1+0(60 -
£(0) :W%|—720 +‘0(92)| !
= =017 + 10177 0(1)

We take this formula and inject there in the integmalhe comes :
S gw)|o] du

i iy— a 8 i
B = =0 X 7[R gl du+ O X TF [
isreplaced by —landz = X7 % and we have :

Y a—i z7B(1—e)=P u—g =Bt
Li(z) = ="z [T 1+e)) 5 g(u) "t du +

O BHDHI0(1) 7 ;(1l+: (W)|u — 20" du

It remains to proof that the functiaindefined by :
z(l—e)~ P —i
hw) = [ gl — 2|~ du
is a indefinitely oscillating function of global regularitysst 1.
Indeed

huwamﬁjmwm—xwwu
= f xe/g U+ ‘u| “du
with ¢ ~ fe << 1. So we have :
h(z) =[5 lg(x +u) = g( — )] |u| " du
= [Mg(x +u) — gz — w)]|u|"du + [*[g(z +u) — g(z — u)][u]"du
The first term of the second member is majorises easi||g}... Against by, in the second
term of the second member, noted $i:), we proceed to integration by parts :
S(x) = f“'[g(x +u) — g(z — u)]|ul~"du
= [lul=(g1( + u) — gi(z — W)} + iy [ [ul 77 g1 (2 + u) — g1 (2 — w)]du
The first term of the second member is an indefinitely oscillating function according to

Lemma(2.3).

We proceed to a new integration by parts for the second term of the second member, noted
by L(z) :

L(m) _ [z |u|—z’y l[gl(:r + u) gl(aj‘ _ u)}du
= [ g+ ) i~ )+ (4 1) 77 o e,

Similarly, the first term of the second member is an indefinitely oscillating function while the
second term is indeed a functionii°. We conclude that is in L>°. So we have

hw) = [175) glwle — o du

(1 6/)
= [on () u = 2 LG iy [ on ()l — 70 du

z(l—el 1—ef

z(14-¢/)

(3.1) = Gi(z)z™" + i’y/ g(w)|u— 2| du

z(1—ef)

with G5 (x) = €7 [g1(z(1 +€)) — g1 (z(1 — €'))] which is indefinitely oscillating of regularity
r 4+ 1. We notedy; theith primitive of g. The second term of the second member of equality
becomes after the change of variable- sz

S gyl — a7 du = 27 [ gy (s2)]s — 170 ds
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Therefore we have:

h(z) = 2= Gt (x) + iy fl . 91 (sz)|s — 1|77 tds
We deduce a first information thathas a regularity equal to+ 1.
G7 is an indefinitely oscillating function, arfdis in L>°, therefore

1+e€/ —iy—1
[0 gi(sx)]s — 1] ds
is in L, and all the primitives de plus toutes les primitives of that amount can be deduced
directly from the primitive of; ; it is therefore an indefinitely oscillating function. And thanks

to the Lemma(2.3), we can deduce thétis an indefinitely oscillating function.
With the same notation as before, we have the following lemma:

Lemma 3.5. f””(l 9 g(t*ﬁ)%dt — zo~(BHDHG, (z~8) whereG,is an indefinitely os-
cillating function of the global regularity is + 1.

An integration by parts gives:
r(l—e€) ,q _ —x|mY
— [P0 pog (Bl gy
= e PG (@) = [T g () (L i) 5 — (a8 1)) e

whereg is an indefinitely oscillating function of the global regularityrig- 1. In the integral
of the secon term , noteld, we proceed to the classical change of varigblesz and we have

Iy(x) = a0 17 g1 (o705 )s™ (1t i) 23 — o+ B+ 1) B s
I, is written :
I(z) = 2o+ p(2F)
whereh is analogously, an indefinitely oscillating function of a global regularity 1. By
Lemma(2.3), we can always write® 7~ "'h(z %) = get0=+ O+ [ (F), with h an indefi-
nitely oscillating function with the same smoothness. With the notation previously encountered,
we have the following result:

Lemma 3.6. f e g(t™ ﬁ)‘t @] ”dt go— NV B+UHBF (178 4 p(z)

where F' is an |ndef|n|tely oscnlatlng function of the global regularity+ 1 et r(x) is an
indefinitely differentiable function in the neighborhood)of

An integration by parts gives:
f tag(t—ﬁ) |tfac|_iw dt = |:_lgl (t )t“"‘ﬁ-ﬁ-l w} 1
z(1+4€) ol .

L o T (P) (1 +i7) 75 — (a+ B+ 1) 52 a
The first term of the second member is wrltten in the form of a function indefinitely differ-
entiable in the neighborhood 6fand ofz*+#~"g, (x=#), whereg, is an indefinitely oscillating
function of the global regularity + 1. The second term of the second member consists of two
terms:

1 o _ —x —iy

I3(r) = f(1+e)t g (t ﬂ)—‘t(t_;)z dt
« —z|~

I4< ) fx(1+e)t +Bgl( )|t t—|w dt

The integrall,, poses no problems since it is the same type thay}.
As regards the other term, we begin by posing

1 o _ —x —
I(w) = [yt (¢77) 52 dt
Differentiating 5, we get :
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I(z) =zt~ h(2F) + C. I(x)
his an indefinitely oscillating function of the global regularity- 1, and/;(x) is the same type
I(x), wich is a chirp in0 and it is written :
I(z) = 223~ h(z7P) 4 r(x)

whereh is an indefinitely oscillating function of the global regularity 1, r(x) is an indefinitely
differentiable function in the neighborhood @f
So we just proved the following result :

VY o or—1 e P (1+e P a—1
M, (f)(z) = —B7 o=+ [ ot t))ﬁ g(H) =2 gy 4 gem BV, (—P)

t—x

whereg is an indefinitely oscillating function of the global regularity- 1.
Analyze conclusion, the two remaining integrals and with the same previous notation we
have:

Lemma 3.7. @~ (5+1) flﬂfﬁ(lﬂ)*‘3 g(t>mdt 2o VBB (1) + ()

go—i(F+1) [T B (1—e)8 g(t)%dt = g~ B+D+6D, (1) where the functions, eth; are
indefinitely oscnlatlng function of the global regularity+ 1, andr(z) is an indefinitely differ-
entiable function in the neighborhood @f

Indeed an integration by parts gives:
+o00 [t—x—B|—%v [t—az=B|~1 +oo +00 [t—a=B|~1
ey 9 e dt = [ 55 T O feiha) gl(t)(H—)dt
The first term is written:
2Pu(z=P) where u(z) = —¢~" g (x(1 + €))a="
Thereforeu is an indefinitely oscillating function of the global regularity- 1.
In the other integral, we proceed to the change of variablesz=”. This will provide :

+o00o t—g— B~y i s—1|—
x_5(1+5/) gl(t)ﬁdt ’Y+1)ﬁf+6/ gl ST 6)|(37|1)2'd8

(G
whereH is an indefinitely oscillating function of the global regularity- 1. It is given by the
following formula:

H(w) = 27 [ (o) B0 s

IndeedH is in > and all the primitives Off1+6/ g1 sx)‘(ﬁds are deduced directly from
the derivatives of;;. Come in to ultimate integral:

@)= [ g e
From what precedes, and already we know th@t) is a chirp in0. An integration by parts
gives :

J(x) _ xawm(ml)g(fﬁ) + C’vx‘l’wm“) lx—ﬂ(1+e)—/3 g1(t) |t<: B )m di +7"( )
whereh(z) = ¢~""1g;(z(1 — ¢'))z~" wich is an indefinitely oscillating function of global
regularityr + 1, andr(:p) is an indefinitely differentiable function in the neighborhood of

Note the integraK(x)

fl P(+” t)—‘t = L gt + ()
K'(I) — xﬁg ( + C’ f:(: —B(14¢€)~ gl(t)%dt
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whereg* = 27~ 1g,(2(1 — ¢)) is an indefinitely oscillating function of global regularity
r + 1. So we have the last lemma. We had seen that the action of an opéfatam a
trigonometric chirp of typéca, 5, r,27) in 0 as we have — v > 0eta —y(f+1) > —1,isa
trigonometric chirp of typéa — (5 + 1), 8,7 — 7, 2m) in 0.
Let g, etg_ are two functions inC" and 2w — periodic of the variablet. And we have
2T gy (t)dt = 0,0 > —1and § > 0.

Definition 3.1. f is a trigonometric pure chirp of typey, 3, r, 27) in 0 if and only if we have :
f(x) = 2%g, (27P) pour0 < z < n
f(x) = |a*g—(|z|™") pour—n < = < 0
whereg.. are subject to the above properties (frequency, regularity and vanishing integral).

Precisely this definition was not adequate in the sense that the action of an opérafor
which is other than an operator of derivation or integration in the case wh&r@) on a pure
trigonometric chirp does not give a pure trigonometric chirp

Now we will show a more accurate result in the case of the Hilbert transfeym: 0). With
the same notations as we have:

Lemma3.8. H(f)(x) = —|z|*H(g+ )(|z|?)+r(z) wherer(z) is an indefinitely differentiable
in the neighborhood di.
The above results allow us to write that:
H(f)(z) = —a*H(g)(z™") +2°*Pg*(277) + r()
wherer(x) is a function inC> , and wherg;* is an indefinitely oscillating function of global
regularityr + 1. Suppose thaf is a sum of two pure trigonometric chirp :

fz) =a%g(a™?) + 2°*gy(a77)
g, g1 are2r — periodic of class respectivelg™ andC"*! and such that
[ZTg(t)dt = [ gi(t)dt =0
Then we have (modulo a functid@r™) :
H(f)(z) = —2*H(g)(z77) + 2°"7g*(277) — 2" H (g,)(2") + 2*** g (277)
= —2*H(g)(z™") + 2°*F[g" — H(g1)|(z™") + 2> "*7g{ (277)

g*etg;are two indefinitely oscillating functions of global regularity respectivelyl andr + 2.

we know that for any given row, the asymptotic expansion of a trigonometric chirp is unique.

f is a trigonometric chirpH (f) is too. Then necessarily we hayé — H(g,) is a function
21 — periodic. We conclude thag* and thereforg; are2r — periodic average to zero. Or

g"(x) = xH(g)(x) + =" FH(f)(277)
We verifie thaty* is not periodic since* is written in the following form :

— f g ST +s g dS
The functionxg(sx) + s%g(zs™ 6) is not perlodlc Ifg is not periodic. Therefore the function
P g*(2=F) is an indefinitely differentiable.
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