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2 TAOUFIK EL BOUAYACHI AND NAJI YEBARI

1. I NTRODUCTION

Consider a functionf of the real variable which is written
f(x) = |x|αg±

(
|x|−β

)
, wheref is an integrable function at the neighborhood of0, α >

−1, β > 0, g+ andg− are functions of global regularityr and are indefinitely oscillating in
L∞([T,∞). This last point means that the suiteg±1, g±2, . . . of iterated primitives ofg± defined
by dg±i+1

dx
= g±i andg±0(x) = g± (x) satisfies thatg±i is inL∞ for all i in N.

To simplify the problem that arises, we use the following result: iff is a chirp in0, it will be
the same for the productf with the indicator function of[0,∞).

Thanks to this remark we restrict ourselves to the study off(x) = xαg
(
x−β

)
for x in ]0, 1],

whereα, β andg check the conditions mentioned above. Successive primitivesf1, f2, . . . of f
are normalized byfn(0) = 0 for all n ≥ 0.

Let f a generalized or trigonometric chirp ([12],[13]), of type(α, β, r) in 0. We want to give
Dz(f) wherez is a complexe number without drastic assumptions whether on the regularityr
of the functiong where the exposantα(if z = γ1 + iγ2 andg is in de Hölder spaceCr then
r − γ2 > 0 andα− γ2(β + 1) + 1 > 0).

This requires expanding the definition of chirps inL∞ encountered ([12],[13]) to include the
possibility thatg be a distribution.

Letg be a distribution of orderm in N. Define thenf byf(x) = |x|αg±
(
|x|−β

)
for x in ]0, η].

By definition ofg, there exists a functionG in C1 asg = dmG
dxm . After m integration, we found

the termF (x) = xα+m(β+1)G
(
x−β

)
which is locally integrable function in the neighborhood

of 0 .
So we have the following definition:

Definition 1.1. g is a indefinitely oscillanting distribution inL∞ if and only if g is a distribution
of finite ordrem and if the primitive of ordrem of g is a function indefinitely oscillanting in
L∞.

Similary α can be taken under−1. Indeed we can always find an integern such thatα +
n(β + 1) > −1 and in this case it suffices to consider the primitive of ordersup(m,n) of g.

As regards the trigonometric chirps, one takesg as a distribution ofD′(R)2π − periodic.
That is to say

< g, τ 2πϕ >=< g, ϕ >

[τaϕ](x) = ϕ(x− a)

Therefore for a distributiong2π − periodic, we define the average ofg, denotedI(g), by
I(g) =< g, ϕ >

where ϕ ∈ C∞
0 (R) and where

+∞∑
−∞
ϕ(x+ 2kπ) = 1.

It is immediate to verify that ifϕ1 andϕ2 satisfy this last condition thenϕ1−ϕ2 = τ 2πϕ3−ϕ3

whereϕ3 ∈ C∞
0 (R). So we have< g, ϕ1 >=< g, ϕ2 > sinceg is 2π − periodic.

Now we have to verify thatg, as we defined it is indefinitely oscillating within the meaning
of the Definition(1.1). Or g is a distribution2π−periodic, therefore it is a distribution of finite
order. We normalize the primitivesg1, g2, . . . , gn deg by the condition

∫ 2π

0
gj(t)dt = 0 ∀j ∈ N,

and all these primitives are then2π − periodics.

2. L OGARITHMIC CHIRP

Consider the function as beforef(x) = xαg
(
x−β

)
for 0 < x < 1.

It is clear that for everyβ > 0, g(x−β) oscillates more violently that the functiong(log(x)).
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ACTION OF DIFFERENTIAL OPERATORS ON CHIRPSCONSTRUCT ONL∞ 3

Take the example of a trigonometric chirp :f(x) = xαeix−β
for 0 < x < 1, then the function

h defined by :
h(x) = f(x)eiγ log x

= xαei(x−β+γ log x)

= xαeix−β(1+xβγ log x)

with β > 0 andγ is any real.
The oscillations ofeix−β

outweigh that ofeiγ log x for any value ofγ.

Definition 2.1. Let α, β, γ real numbers asα > −1 andβ > 0. We call logarithmic chirp at
0 of type (α, β, r) all integrable function on a neighborhood[−η, η] of 0 in the formf(x) =
|x|αg

(
|x|−β

)
eiγ log|x|, γ is a un any real ,η being a strictly positive real (g satisfies the properties

listed above).

We have the following assertion:

Theorem 2.1. The successive primitivesf1, f2, . . . , fn of f ,normalized byfn(0) = 0 for any
n ≥ 0 verify :

fn(x) = |x|α+n(β+1)g(n)(|x|−β)eiγ log|x|

whereg(n)is indefinitely oscillating and of the global regularityr + n.

Proof. It will be limited to fχ[0,∞). Consider then the primitive off defined by :∫ x

0
f(u)du =

∫ x

0
uαg

(
u−β

)
eiγ log udu

Integration by parts gives :∫ x

0
f(u)du = − 1

β
xα+β+1g1(x

−β)eiγ log x + Cα,β

∫ x

0
uα+βg1

(
u−β

)
eiγ log udu

The first term has announced the structure. It remains to consider the second term. For this
we putu = sx, then we have :

I1 = xα+β+1eiγ log x
∫ 1

0
g1(x

−βs−β)sα+βeiγ log sds

by takings = 1
t

we have

I1 = xα+β+1eiγ log x
∫∞

1
g1(x

−βtβ) e−iγ log t

t2+α+β dt

= xα+β+1eiγ log xh(x−β)

(2.1) h(x) =

∫ ∞

1

g1(xt
β)
e−iγ log t

t2+α+β
dt

So we have‖h‖∞ ≤ C‖g1‖∞ since2 + α + β > 1, and all primitive ofh are deduced from
the deg1 by the equation 2.1. Convergence is reinforced by the fact that the amount2 + α + β
is replaced with2 + α+mβ.

We have the two following lemmas:

Lemma 2.2. A logarithmic chirp is a generalized chirp.

Lemma 2.3. If g is an indefinitely oscillating function theng(x)eiγ log x is an indefinitely oscil-
lating fuction for anyγ real
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4 TAOUFIK EL BOUAYACHI AND NAJI YEBARI

Both lemmas are immediate consequences of Theorem 2.1 of the circular Y.Meyer ([12],[13]).
According to lemmas(2.2) et (2.3), the termeiγ log|x| may disappear ing. Therefore the

definition(2.1)has no interest in the case whereg is not periodic.

3. STUDY OF THE ACTION OF SINGULAR INTEGRAL OPERATORS ON CHIRPS

In a first, define the differential operatorMz, wherez is a complex number, by :
M̂zf(ξ) = signξ |ξ|iz f̂(ξ)

remark :
• si z = 0,M0 is then the operator Hilbert transform .
•Mi,M−i are respectively integration and derivative operator.
3.1 Wavelet characterization.

Mz is the singular integral operator defined as above. Note that its adjoint operator is written
M∗

z = M−z.
Soitψ a function of the real variable having the following properties :

• ψ belongs to the class of SchwartzS(R).
•

∫
xqψ(x)dx = 0 ∀q ∈ N.

• ψ is not degenerate sense that its Fourier transform is not identically zero over
]−∞, 0] or on the other[0,∞[.

We have then for every chirp as defined above, the following identity:
< Mz(f), ψ(a, b) >=< f,M∗

z (ψ(a, b)) >
=< f,M−z(ψ(a, b)) >

By definition of the operatorMz we have :

M−z(ψ̂(a, b))(ξ) = signξ |ξ|−izψ̂(a,b)(ξ)

= signξ|ξ|−izψ̂(aξ)e−2ibπξ

= a−izM̂−z(ψ)(aξ)e−2ibπξ

We deduce the following equality:
M−z(ψ(a, b)) = (M−z(ψ))(a,b)a

iz

Then we will have
< Mz(f), ψ(a, b) >= a−iz < f, ψ∗(a,b) >

whereψ∗ = M−z(ψ), which meanŝψ
∗
(ξ) = signξ |ξ|−izψ̂(ξ).

We verify easily that
• ψ∗ belongs to the Schwartz classS(R).
•

∫
xqψ∗(x)dx = 0 ∀q ∈ N

• ψ∗ is not degenerate in the sens that its Fourier transform is identically zero over
]−∞, 0] or on the other[0,∞[.

Characterization of chirps inL∞ by wavelet is given by an estimate of the module of the-
wavelet coefficients . Let us take :z = γ1 + iγ2 we have :

|< Mz(f), ψ(a, b) >| =
∣∣a−iz < f, ψ∗(a,b) >

∣∣
= aγ2| < f, γ∗(a,b) > |

The class of fuctions wich is stable is the set of the sum of chirp and functions inC∞”.This
is also the only is characterized by the wavelet coefficients. We deduce the following lemma:

Lemma 3.1. f is the sum of a chirp type(α, β, r) and an indefinitely differntiable function in
the neighborhood of0 with α > −1, β > 0 and r > 0. z = γ1 + iγ2 is a complex number
such thatr + γ2 > 0 and α+ γ2(1 + β) > −1 , then the action of the operatorMz on f is
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a chirp of type (α + γ2(1 + β), β, r + γ2) in 0 modulo an indefinitely differentiable function
at the neighborhood of0 .

Let us now examine the case of a trigonometric chirp of type(α, β) and of smoothnessr in 0
[ 12]. f therefore admits the following asymptotic expansion for allx in [0, 1] and allq ≥ 1 :
f(x) = xα[g0(x

−β) + xβg1(x
−β) + · · ·+ x(q−1)βgq−1(x

−β)] + xα+qβRq(x
−β) The function

gj are subject to the following conditions :gj belongs to the Hölder spaceCr+j(R), is 2π −
periodic for the variablet and

∫ 2π

0
gj(t)dt = 0. The functionRq appearing in the error term

, must belong to Hölder spaceCr+q(R) and be an indefinitely oscillating . Remember that
α > −1, β > 0 andr > 0.

Then there exists a numberδ > 0 and a functionψ satisfying the above conditions, such that
the wavelet transformW (a, b) of f has the next property:

Once restricted to each of curvesa = λb|b|β λ ∈ R, admits the following asymptotic
expansion when0 < a < δ et |b| ≤ δ:
W (λb|b|β, b) = |b|α[m

(0)
λ (|b|−β) + |b|βm(1)

λ (|b|−β) + · · ·+ |b|(q−1)βm
(q−1)
λ (|b|−β)] +R∗

q(a, b)

where each functionm(j)
λ (t) , j ∈ N is measurable in the set of variables ;m

(j)
λ (t) , j ∈ N

and for eachλ fixed, the function2π − periodic of t and verify:

‖m(j)
λ (.)‖∞ ≤ Cjλ

r+j if 0 < λ ≤ 1

‖m(j)
λ (.)‖∞ ≤ Cj,nλ

−n if λ ≥ 1 ∀n ∈ N
SimilarlyR∗

q satisfies the following estimates :

|R∗
q | ≤ Cq|b|α+qβλr+q if 0 < λ ≤ 1

|R∗
q | ≤ Cm|b|α+qβλ−m ∀m ∈ N if λ ≥ 1, a ≤ |b|
|R∗

q | ≤ Cma
m ∀m ∈ N and si|b| ≤ a < δ

We have already established that

< Mz(f), ψ(a, b) >= −a−iz < f, ψ∗(a,b) >

f is a trigonometric chirp, we will restrict ourselves to each of the curvesa = λb|b|β, with λ
any real. Then we have :

< Mz(f), ψ(a, b) >= −(λb|b|β)−iz < f, ψ∗(a,b) >

= −(λb|b|β)−iγ1+γ2W ∗(λb|b|β, b)
Therfore if γ1 = 0 and if r + γ2 > 0 thenMiγ2

(f) is a trigonometric chirp of type(α +
γ2(β + 1), β, r + γ2).

Hence the following result, reasoning modulo functionsC∞ :

Lemma 3.2. Soitf a trigonometric chirp of type(α, β) of regularityr in 0. Sir + γ > 0, then
Miγ(f) is a trigonometric chirp of type(α+ γ(β + 1), β) of regularityr + γ in 0.

3.2 Direct Kernel method.
In this part we try to improve results in the former, by explaining the first term of the asymp-

totic expansion of the action of singular integral operator on the chirp [15]. The Kernel operator
of Mz, notedKz, is given by:

Kz(x) = Cz
|x|iz

x

Therefore :

Mz(f)(x) =
∫

IR
f(y) |x−y|−iz

x−y
dy

Before stating the fundamental theorem, making the following hypotheses:
Let η > 0 and letf a generalized chirp of type(α, β, r) with α > −1, β > 0 andr > 0.
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{
f(x) = xαg+

(
x−β

)
if 0 < x < η

f(x) = |x|α g−
(
|x|−β

)
− η < x < 0

g+ dansg− are both indefinitely oscillating on[T,∞[ with T = η−β. We will take z =
γ1 + iγ2 is a complex number such thatr − γ2 > 0. So we have the following assertion:

Theorem 3.3.For all x in ]− η, η[ we have :

Mz

(
xαg±

(
x−β

))
=

−βizxα−iz(β+1) (Mz (g±))
(
x−β

)
+xα−iz(β+1)+βg

(1)
± (x−β)+ · · ·+xα−iz(β+1)+qβg

(q)
± (x−β)+ · · ·

where the functionsg(i)
± are indefinitely oscillating for alli is an integer other than zero.

This theorem explicitly gives the first term of the asymptotic expansion of the action of the
operatorMz on a chirp.

We write :

M̂z(f)(ξ) = signξ |ξ|−izf̂(ξ)

= |ξ|γ2signξ |ξ|−iγ1 f̂(ξ)

= |ξ|γ2M̂γ1
(f)(ξ)

let Λ = (−∆)
1
2 whose symbol|ξ| we will haveΛγ2 whose symbol|ξ|γ2(is a fractional deriv-

ative operator).

3.2. Operator study Mγ,γ is real.
Always with the same notations and by limiting tofχ[0,∞), we setf(x) = xαg(x−β) with

α > −1, β > 0 andg is an indefinitely oscillating function. And for allγ real we have :

Mγf(x) =
∫ 1

−1
f(t) |t−x|−iγ

t−x
dt

It is clear that outside the interval[0, 1], Mγf is a functionC∞. The decomposition of our
integral is given by :

Mγf(x) =
∫ x(1−ε)

0
f(t) |t−x|−iγ

t−x
dt

+
∫ x(1+ε)

x(1−ε)
f(t) |t−x|−iγ

t−x
dt

+
∫ 1

x(1+ε)
f(t) |t−x|−iγt−x

d
t

ε is a strictly positive real such thatε << 1 as well asβε << 1.

We have this theorem :

Theorem 3.4.
∫ x(1+ε)

x(1−ε)
f(t) |t−x|−iγ

t−x
dt = −βiγxα−iγ(β+1)

∫ x−β(1+ε)−β

x−β(1−ε)−β g(t)
|t−x−β |−iγ

t−x−β dt+xα−iγ(β+1)+βg1(x
−β)

whereg1 is a function indefinitely oscillating of regularityr + 1.

Remark :The main component of this development is given byMγ(f) in the neighborhood
of the singularity. Let the integral above we will noteI1(x), then we have :

I1(x) =
∫ x(1+ε)

x(1−ε)
f(t)Kγ (x− t) dt

=
∫ x(1+ε)

x(1−ε)
tαg

(
t−β

) |t−x|−iγ

t−x
dt

Proceed to the next change of variable :u = t−β andX = x−β, I1(x) then becomes:

I1(X) = 1
β

∫ X(1+ε)−β

X(1−ε)−β g(u)u
−(α+β+1

β )

�
�
�
�
u
− 1

β −X
− 1

β

�
�
�
�

−iγ

u
− 1

β −X
− 1

β
du

= 1
β

∫ X(1+ε)−β

X(1−ε)−β g(u)
(

u
X

)−α+β
β X

iγ−α−β
β

�
�
�
�

u
X

− 1
β −1

�
�
�
�

−iγ

1− u
X

1
β

du

Proceed to the change of variable :
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θ = u
X
− 1, γ1 = −α+β

β
et γ2 = 1

β

F (θ) = (1 + θ)γ1
|(1+θ)−γ2−1|−iγ

1−(1+θ)γ2

A limited development ofF in θ in the neighborhood of0 gives

F (θ) = 1+O(θ)
θ(−γ2+O(θ))

| − γ2θ +O(θ2)|−iγ

= −β1+iγ|θ|−iγ−1 + |θ|−iγO(1)

We take this formula and inject there in the integralI1, he comes :

I1(x) = −βiγX
iγ−α−β

β
∫ X(1−ε)−β

X(1+ε)−β g(u)|θ|−iγ−1du+O(1)X
iγ−α−β

β
∫ X(1−ε)−β

X(1+ε)−β g(u)|θ|−iγdu

θ is replaced byu
X
− 1 and x = X

−1
β and we have :

I1(x) = −βiγxα−iγ(β+1)
∫ x−β(1−ε)−β

x−β(1+ε)−β g(u)
|u−x−β |−iγ

u−x−β du+

xα−iγ(β+1)+βO(1)
∫ x−β(1−ε)−β

x−β(1+ε)−β g(u)|u− x−β|−iγdu

It remains to proof that the functionh defined by :

h(x) =
∫ x(1−ε)−β

x(1+ε)−β g(u)|u− x|−iγdu

is a indefinitely oscillating function of global regularity isr + 1.
Indeed

h(x) =
∫ x(1−ε′)

x(1+ε′) g(u)|u− x|−iγdu

=
∫ xε′
−xε′ g(u+ x)|u|−iγdu

with ε′ ' βε << 1. So we have :

h(x) =
∫ xε′

0
[g(x+ u)− g(x− u)]|u|−iγdu

=
∫ 1

0
[g(x+ u)− g(x− u)]|u|−iγdu+

∫ xε′
1

[g(x+ u)− g(x− u)]|u|−iγdu

The first term of the second member is majorises easily by2‖g‖∞. Against by, in the second
term of the second member, noted byS(x), we proceed to integration by parts :

S(x) =
∫ xε′

1
[g(x+ u)− g(x− u)]|u|−iγdu

= [|u|−iγ(g1(x+ u)− g1(x− u))]
xε′
1 + iγ

∫ xε′
1

|u|−iγ−1[g1(x+ u)− g1(x− u)]du

The first term of the second member is an indefinitely oscillating function according to
Lemma(2.3).

We proceed to a new integration by parts for the second term of the second member, noted
byL(x) :

L(x) =
∫ xε′

1
|u|−iγ−1[g1(x+ u)− g1(x− u)]du

= [|u|−iγ−1g2(x+ u)− g2(x− u)]xε′
1 + (iγ + 1)

∫ xε′
1

|u|−iγ g2(x+u)−g2(x−u)
u2 du

Similarly, the first term of the second member is an indefinitely oscillating function while the
second term is indeed a function inL∞. We conclude thath is inL∞. So we have

h(x) =
∫ x(1+ε′)

x(1−ε′) g(u)|u− x|−iγdu

= [g1(u)|u− x|−iγ]
x(1+ε′)
x(1−ε′) + iγ

∫ x(1+ε′)
x(1−ε′) g1(u)|u− x|−iγ−1du

(3.1) = G∗
1(x)x

−iγ + iγ

∫ x(1+ε′)

x(1−ε′)
g1(u)|u− x|−iγ−1du

with G∗
1(x) = ε′−iγ[g1(x(1 + ε′))− g1 (x(1− ε′))] which is indefinitely oscillating of regularity

r + 1. We notedgi the ith primitive of g. The second term of the second member of equality
becomes after the change of variableu = sx∫ x(1+ε′)

x(1−ε′) g1(u)|u− x|−iγ−1du = x−iγ
∫ 1+ε′

1−ε′
g1(sx)|s− 1|−iγ−1ds
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Therefore we have:

h(x) = x−iγG∗
1(x) + iγ

∫ 1+ε′

1−ε′
g1(sx)|s− 1|−iγ−1ds

We deduce a first information thath has a regularity equal tor + 1.
G∗

1 is an indefinitely oscillating function, andh is inL∞, therefore∫ 1+ε′
1−ε′ g1(sx)|s− 1|−iγ−1ds

is in L∞, and all the primitives de plus toutes les primitives of that amount can be deduced
directly from the primitive ofg1 ; it is therefore an indefinitely oscillating function. And thanks
to the Lemma(2.3), we can deduce thath is an indefinitely oscillating function.

With the same notation as before, we have the following lemma:

Lemma 3.5.
∫ x(1−ε)

0
tαg(t−β) |t−x|−iγ

t−x
dt = xα−iγ(β+1)+βG̃1(x

−β) whereG̃1is an indefinitely os-
cillating function of the global regularity isr + 1.

An integration by parts gives:

I(x) =
∫ x(1−ε)

0
tαg(t−β) |t−x|−iγ

t−x
dt

= xα+β−iγ g̃1(x
−β)− 1

β

∫ x(1−ε)

0
tα+βg1(t

−β)
(
(1 + iγ) t

t−x
− (α+ β + 1)

) |t−x|−iγ

t−x
dt

whereg̃ is an indefinitely oscillating function of the global regularity isr + 1. In the integral
of the secon term , notedI2, we proceed to the classical change of variablet = sx and we have
:

I2(x) = xα+β−iγ
∫ 1−ε

0
g1(x

−βs−β)sα+β((1 + iγ) s
s−1

− (α+ β + 1) |s−1|−iγ

s−1
ds

I2 is written :

I2(x) = xα+β−iγh(x−β)

whereh is analogously, an indefinitely oscillating function of a global regularityr + 1. By
Lemma(2.3), we can always writexα+β−iγh(x−β) = xα+β−iγ+(β+1)H(x−β), with h an indefi-
nitely oscillating function with the same smoothness. With the notation previously encountered,
we have the following result:

Lemma 3.6.
∫ 1

x(1+ε)
tαg(t−β) |t−x|−iγ

t−x
dt = xα−iγ(β+1)+βF (x−β) + r(x)

whereF is an indefinitely oscillating function of the global regularityr + 1 et r(x) is an
indefinitely differentiable function in the neighborhood of0.

An integration by parts gives:∫ 1

x(1+ε)
tαg(t−β) |t−x|−iγ

t−x
dt =

[
− 1

β
g1(t

−β)tα+β+1 |t−x|−iγ

t−x

]1

x(1+ε)

− 1
β

∫ 1

x(1+ε)
tα+βg1(t

−β)
(
(1 + iγ) t

t−x
− (α+ β + 1)

) |t−x|−iγ

t−x
dt

The first term of the second member is written in the form of a function indefinitely differ-
entiable in the neighborhood of0 and ofxα+β−iγ g̃1(x

−β), whereg̃1 is an indefinitely oscillating
function of the global regularityr + 1. The second term of the second member consists of two
terms:

I3(x) =
∫ 1

x(1+ε)
tα+β+1g1(t

−β) |t−x|−iγ

(t−x)2
dt

I4(x) =
∫ 1

x(1+ε)
tα+βg1(t

−β) |t−x|−iγ

t−x
dt

The integralI4, poses no problems since it is the same type thatI(x).
As regards the other term, we begin by posing

I5(x) =
∫ 1

x(1+ε)
tα+β+1g1(t

−β) |t−x|−iγ

t−x
dt

DifferentiatingI5, we get :
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I ′5(x) = xα+β−iγh̃(x−β) + CγI3(x)

h̃ is an indefinitely oscillating function of the global regularityr+1, andI5(x) is the same type
I(x), wich is a chirp in0 and it is written :

I(x) = xα+β−iγh̃(x−β) + r(x)

wherẽh is an indefinitely oscillating function of the global regularityr+1, r(x) is an indefinitely
differentiable function in the neighborhood of0.

So we just proved the following result :

Mγ(f)(x) = −βiγxα−iγ(β+1)
∫ x−β(1+ε)−β

x−β(1−ε)−β g(t)
|t−x−β |−iγ

t−x−β dt+ xα−iγ(β+1)+β g̃1(x
−β)

whereg̃ is an indefinitely oscillating function of the global regularityr + 1.
Analyze conclusion, the two remaining integrals and with the same previous notation we

have:

Lemma 3.7. xα−iγ(β+1)
∫ x−β(1+ε)−β

1
g(t) |t−x−β |−iγ

t−x−β dt = xα−iγ(β+1)+βh0(x) + r(x)

xα−iγ(β+1)
∫ +∞

x−β(1−ε)−β g(t)
|t−x−β |−iγ

t−x−β dt = xα−iγ(β+1)+βh1(x) where the functionsh0 eth1 are
indefinitely oscillating function of the global regularityr + 1, andr(x) is an indefinitely differ-
entiable function in the neighborhood of0.

Indeed an integration by parts gives:∫ +∞
x−β(1+ε′) g(t)

|t−x−β |−iγ

t−x−β dt =
[
g1(t)

|t−x−β |−iγ

t−x−β

]+∞

x−β(1−ε′)
+ Cγ

∫ +∞
x−β(1+ε′) g1(t)

|t−x−β |−iγ

(t−x−β)
2 dt

The first term is written:

xβu(x−β) where u(x) = −ε′−iγ−1g1(x(1 + ε′))x−iγ

Therefore,u is an indefinitely oscillating function of the global regularityr + 1.
In the other integral, we proceed to the change of variablet = sx−β. This will provide :∫ +∞

x−β(1+ε′) g1(t)
|t−x−β |−iγ

(t−x−β)
2 dt = x(iγ+1)β

∫ +∞
1+ε′ g1(sx

−β) |s−1|−iγ

(s−1)2
ds

= xβH(x−β)

whereH is an indefinitely oscillating function of the global regularityr + 1. It is given by the
following formula:

H(x) = x−iγ
∫ +∞

1+ε′ g1(sx)
|s−1|−iγ

(s−1)2
ds

IndeedH is in L∞ and all the primitives of
∫ +∞

1+ε′ g1(sx)
|s−1|−iγ

(s−1)2
ds are deduced directly from

the derivatives ofg1. Come in to ultimate integral:

J(x) =
∫ x−β(1+ε)−β

1
g(t) |t−x−β |−iγ

t−x−β dt

From what precedes, and already we know thatJ(x) is a chirp in0. An integration by parts
gives :

J(x) = xα+β−iγ(β+1)h̃(x−β) + Cγx
α−iγ(β+1)

∫ x−β(1+ε)−β

1
g1(t)

|t−x−β |−iγ

(t−x−β)
2 dt+ r(x)

whereh̃(x) = ε′−iγ−1g1(x(1 − ε′))x−iγ wich is an indefinitely oscillating function of global
regularityr + 1, andr(x) is an indefinitely differentiable function in the neighborhood of0.

Note the integralK(x) :

K(x) =
∫ x−β(1+ε)−β

1
g1(t)

|t−x−β |−iγ

t−x−β dt+ r(x)

K ′(x) = xβg∗(x−β) + Cγ

∫ x−β(1+ε)−β

1
g1(t)

|t−x−β |−iγ

(t−x−β)
2 dt
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whereg∗ = x−iγε′−iγ−1g1(x(1 − ε′)) is an indefinitely oscillating function of global regularity
r + 1. So we have the last lemma. We had seen that the action of an operatorMiγ on a
trigonometric chirp of type(α, β, r, 2π) in 0 as we haver − γ > 0 etα − γ(β + 1) > −1, is a
trigonometric chirp of type(α− γ(β + 1), β, r − γ, 2π) in 0.

Let g+ et g− are two functions inCr and2π − periodic of the variablet. And we have∫ 2π

0
g+ (t)dt = 0, α > −1 and β > 0.

Definition 3.1. f is a trigonometric pure chirp of type(α, β, r, 2π) in 0 if and only if we have :
f(x) = xαg+(x−β) pour0 < x < η

f(x) = |x|αg−(|x|−β) pour−η < x < 0

whereg± are subject to the above properties (frequency, regularity and vanishing integral).

Precisely this definition was not adequate in the sense that the action of an operatorMiγ (
which is other than an operator of derivation or integration in the case whereγ 6= 0) on a pure
trigonometric chirp does not give a pure trigonometric chirp

Now we will show a more accurate result in the case of the Hilbert transform:(γ = 0). With
the same notations as we have:

Lemma 3.8.H(f)(x) = −|x|αH(g± )(|x|−β)+r(x) wherer(x) is an indefinitely differentiable
in the neighborhood of0.

The above results allow us to write that:
H(f)(x) = −xαH(g)(x−β) + xα+βg∗(x−β) + r(x)

wherer(x) is a function inC∞ , and whereg∗ is an indefinitely oscillating function of global
regularityr + 1. Suppose thatf is a sum of two pure trigonometric chirp :

f(x) = xαg(x−β) + xα+βg1(x
−β)

g, g1 are2π − periodic of class respectivelyCr andCr+1 and such that∫ 2π

0
g(t)dt =

∫ 2π

0
g1(t)dt = 0

Then we have (modulo a functionC∞) :
H(f)(x) = −xαH(g)(x−β) + xα+βg∗(x−β)− xα+βH(g1)(x

−β) + xα+2βg∗1(x
−β)

= −xαH(g)(x−β) + xα+β[g∗ −H(g1)](x
−β) + xα+2βg∗1(x

−β)

g∗etg∗1are two indefinitely oscillating functions of global regularity respectivelyr+1 andr+2.
we know that for any given row, the asymptotic expansion of a trigonometric chirp is unique.
f is a trigonometric chirp,H(f) is too. Then necessarily we haveg∗ − H(g1) is a function

2π − periodic. We conclude thatg∗ and thereforeg∗1 are2π − periodic average to zero. Or

g∗(x) = xH(g)(x) + x1+α
βH(f)(x−

1
β )

We verifie thatg∗ is not periodic sinceg∗ is written in the following form :

g∗(x) = x
∫ g(sx)+sαg(xs

− 1
β )

s−1
ds

The functionxg(sx) + sαg(xs−
1
β ) is not periodic ifg is not periodic. Therefore the function

xα+βg∗(x−β) is an indefinitely differentiable.
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