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ABSTRACT. In this paper, we provide a generalization of the Ostrowski’s inequality for func-
tions of bounded variation fdt points via a parameter € [0, 1]. As a by product, we consider

some particular cases to obtained some interesting inequalities in these directions. Our results
generalizes some of the results by Dragomir in [S. S. DRAGOMIR, The Ostrowski inequality
for mappings of bounded variatioBull. Austral. Math. So¢60 (1999), pp. 495-508.]
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1. INTRODUCTION

We start by first recalling some basic properties of functions of bounded variations.

Definition 1.1. Let f : [a,b] — R be a function. We define the total variation pon [a, b],
denoted by’ (f), as follows;

= sup { Z |f(x;) — f(zi1)]; {x:}7", is a partition offa, b]}

We say thatf is of bounded variation ofu, b] if V?(f) < oc.

It is well known that if f : [a, b] — R is a Lipschitz function, therf is of bounded variation.
The following are some important properties of functions of bounded variation.

Proposition 1.1. Let f : [a,b] — R be a function of bounded variation &, b]. The following
holds;
(1) V2 (f) = Vie(f) + V2 (f), for anyz € [a, b].
(2) If [c,d] is a subinterval ofa, b] thenVe(f) < Vi(f).
For more information on functions of bounded variation, we refer the interested reader to [8]
and [18].
In 1938, Ostrowski [1/7] obtained the following inequality which is known in the literature as
Ostrowski inequality.

Theorem 1.2.Let f : [a,b] — R be continuous ona, b] and differentiable in(a, b) and its

derivativef’ : (a,b) — R is bounded ina,b). If M := sup |f'(t)| < oo, then we have
te(a,b)

‘ _a/f dt‘ <4 ((b__a;)b) )(b—a)M

for all = € [a, b]. The inequality is sharp in the sense that the consﬁaaﬁnnot be replaced by
a smaller one.

Many authors have studied and generalized this inequality in several different ways. For more
information about the Ostrowski inequality and its associates, we refer the interested reader to
the papers[1,12,/4)3]9,10,/111,/12] 15, 16].

Dragomir [2] provided the following extension of Theorém]1.2 for functions of bounded
variation.

Theorem 1.3.Let f : [a,b] — R be a function of bounded variation dn,b]. Then the

inequality
b r— =5
) 5= [ s < BJ v

holds for allz € [a, b]. The constant 1/2 is the best possible.

In [1], Dragomir obtained the following generalization of Theofenj 1.3 as follows;
Theorem 1.4.Letl; : a =z < x1 < --- < 1,1 < 2 = b be a division of the intervdk, b|
anda;(: =0,1,--- ,k+ 1) bek + 2 points so thaty, = a, «; € [z;_1,2;] (i =1,--- k) and
axy1 = b. If f:[a,b] — R is of bounded variation ofu, b, then we have the inequality
k

Z(O%l — ;) f(x;) — /ab f(t)dt'

1=0
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< Bu(h) + max {

<v(h)V,(f)
wherev(h) := max{h;|i = 0,1, -

Ty + Tig1
2

Qi1 — aZ:077k_1}:|Vab<f)
,k—l},hz :ZL‘H_l—ZL'Z(Z:O, ,]{?—1)

The goal of this paper is to provide a generalization of the Ostrowski inequality for functions
of bounded variation with multiple points via a parametee [0, 1]. Our results generalizes
Theoreni 1}k

2. MAIN RESULTS
To prove our main result, we need the following lemmas.

Lemma 2.1(seel4]) Letp, g : [a,b] — R be two functions. If is continuous of, b] andg is
of bounded variation off, b], then

/abp(t)dg(t)‘ = /ab |p(t)|d<vat(9>> : o) pon)

D abeR ANe[0,1], Iy :a =z < x1 < -+ < 311 < 1, = bis a partition of the

Lemma 2.2. Let

interval [a, b];
(2 a;eR(:=0,1,--- ,k+1)isk+2points sothatyy = a, o; € [x;_1, 2] (i =1,--- k)
and()ék+1 = b;

(3) f : |a,b] — R is of bounded variation.
(4) Define the kernel functioK (-, I1) : [a,b] — R (see alsd19]) as follows;

(t— o) — O”;“), t € a,ay),
t— (a1 + A5 )t € (o, 1),
t— (g = A5t € 21, 0),

K(t, 1) =
t— (op_q + A%), t € [ag_1,TK1),

t—(ap — A=)t € [apmy, o),

t— Ojk—f—)\w , b€ [Ozk,b],

forall ¢t € [a, b].
Then we have the identity

b

/ K(t, I,)df (1) N (@i = ) f (i)

+ % Z(%‘H - Oéi)< (i) + f( Oéz+1 / f(t)

Remark 2.1. It is worth noting that Lemmp 2.2 is the special case of [19, Lemma 1] when the
time scalel’ = R and the functiory is differentiable with some minor correction. However, we
provide the proof here for completion.

(2.1)
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Proof. We observe that
k—1

[ rmao =3[ [~ -2

i=0 i

2

By applying the integration by parts formula for the Riemann-Stieltjes integral on the right-
hand side, we have
k—1

[ 100 = X (@ = (=A%) i)

=0

Tit1 o
+ / (L (s + AZEZZ 0Ly g y]
Q41

Qi1 — Q4

i~ [
(i1 — (i + AT ) f(0) — (i)

2
(A2 o) - [ e

— (zi = (@ig1 — A

B

-1
Qi1 — O Qg1 — Q4
= {)\Lf(aiﬂ) - (xz - Oéi+1)f($z') - )\L

5 5 f(xi)

i
o

QL9 — Q Qo — O
+ (@i — @) f(@i1) = A2 () A2 fa)

2 2
Ti41
— / f (t)dt} )
It follows that,

/ Kt L)df () =

=0
k—1
I [ )\Oéz+12— Oézf( l) _ )\Oéz+2 5 %Hf(afzﬂ)}
i=0
k—1 ' . b
= S A ) - [ s
k—1
— xof(xo) + zi f(zk) + Z i1 (f(zi) = f(@ig1))
k—1 A -
+ 5 { ip1 — ;) f(xi) + (g2 — Oéi+1)f(xi+1)] :
=0

That is,

/Kt]k df (t) Z:)\Oél+2 Oél flaig1) /f
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+ (= a)f(a) + (b—ar) f(b) + D (aipr — ;) ()
A
-5l =@+ b anso) + zz s = )
_ Z A\ z+22 Oél Flai) / ()
= k—1 \

22) +(1= N (@ — (@) + (1= 5) {ml - a)f(a) + - an) )]

Now, consider the following
Z Qo — o) f(aip) = Z(O@H — aiy1) faigr) + '_ (ip1 — ag) f(aigr)
= Z(aHl flai) + Z Qi1 — flaitr)

k k

= Z(O‘i—l-l —a;) fay) = (1 — ap) faw) + Z(Oﬁﬂ —a;) f(aip1) = (arp1r — an) fony1)

Il
|

s
Il
o

(@ar — a)(F() + Fau)) — {(al — o) f(a0) + (s — ak>f<ak+1>} |
So,

ol
—

DO | >

k

(qipe — ) fai1) = %Z(%’H - Oéi)<f(04i) + f(aiH))

=0

ﬁ
Il
o

@3 -3l —as@+ 0 - aso)
Substituting[(2.B) in[(2]2) gives the identity

/ "KL 10d 1)

k k

= (1) Y~ @) + 3 e ) (flaa) + flawn)) ~ [ 100

=0 =0
This completes the prooi

Theorem 2.3. Under the conditions of Lemma P.2, we have the following inequalities
k k

A
’(1 — N (i — aq) fla) + 5 > (@i —a )( flew) + f( Oéz+1 / f(t dt’
1=0 =0
1 Ti + Tig1
< g0+ o {Jous = 25}
1 Q; + Qg0 b
70+ s {foun = 252 ) [
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(2.4 < (vh) + (D)) V),
and
k \ k
‘ ; aip1 — aq) () + 5; Qi1 — on(f(ozz) + f( %+1 / F(t dt‘
(2.5) [ (b—a) + M|
whereh; = x4 — 2, T = Qigo — 0y (i = 0,1,k —1),

y(h):max{hizizo,l,'n ,k—l}, V(T):max{ﬂ:i:(),l,'” ,k—l},
k-1

O := max {v%(f), VIS ()= 0,1,k — 1} andu = (aiss — ay).

=0

Proof. By applying Lemma 2]1 to the functiopgt) := K (¢, I;,) andg(t) := f(t), we have

b k-1 it Tit1
/K(t,[k)df(t)‘gZ{ K(t,I,)df (t ’ ‘ K (t, I)df )H
a i=0 T Q41
E—1
S| sw KGO+ s KRV
i=0 te[xi,azurﬂ tE[a¢+1,xi+1}
E—1 o
N I O L)
i—0 Lt€lziaiti]
(67} — z
+  sup |t—<ai+1+A%)|vag;(f)]
te[ai+1,xi+1]
o Qg1 — Q| Qi — Qg
= [maX{l’i—OéiH—i‘)\ Z+12 ; z+12 Z}%?“(f)

Il
o

(2

Q2 — Oy
A
2

it — Ot z;
+ max{ Tip1 — Oyl — ;A - 9 - }Vauﬁf(f)]

k—1
Qjp1 — & Qi1 — O o
< R -
o i—0 |:< i Qi1 + A 2 2 )V:'cz (f)
Qi i Qit2 — X Tit1
R R A\ ]
k—1
< |:<ai+l — @ + AM@is1 — ai)) Vot (f)
=0
* <xi+1 = Qi1+ A(aivz — Oéz'+1)> Vciff(f)}
=: M(\, I).
That is,
b
2 [ st naro| < a0
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where
k1
M\ 1) = Z [(ai+1 — 2 + Maip — ai))‘/;:m(f)
=0

+ (:Ei+1 — i1 + Mo — 04i+1)>vgiff(f)}

Now, we consider the following estimates fbf(\, I;.). By using the fact that

maX{A,B}:A+B+ 14— B

, we observe that
2 2

T
L

MO = 3 [ (e = o)V (1) + (s = Vi ()

I
o

+ )\(Oéi_;,_l — ai)Vx‘f"“(f) + )\(ai+2 - ai-i—l)voz-irll (f):|

IA
T

[max {Oéiﬂ — Tj Tig1 — Oéz‘+1}vxfi“(f)

-
Il
o

+ Amax {ai“ — Q, Qo — ai+1}vx?+l (f)}

T
I

T; + Tig1

Qi1 — 5

= [(%(zm —x;) +

V()

s
Il
=)

Q; + Qg0

+/\( (Qipo — ) + ozi+1—TDVz?+l(f)}

et

+/\<

N
—_

T; + Tiq1

Qi1 — 5

v ()

s
Il
=)

o + Qo
2

Qi1 —

)v;?“(fﬂ

k—1
1 x; + Tit1 )
< _h. = T Tit+1
<  max I{th—l— Qi1 5 ‘};_0 Vi (f)

i=0,1, k—

That is,

IN

M\ I) Fu(h)+ maxkl{

2 i=0,1

Qi1 —

1
(2.7) + A(ﬁy(T) * izog}%},{ka {
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Using (2.1),[(2.B) and (21 7), we obtained the first inequality of| (2.4). Now, we observe that

Ti + T 1
i1 —— | < shi
Qi1 5 =5
and
. . 1
iy — N2 o 2
2
So, it follows that
Ti + T 1
(2.8) izog}%},{k—l{ Qi1 ™ 2 } = §V(h>
and
Q; + Qigo 1
(2.9) i:O,IE-EP,(k—I{ @it = 2 ’} = 51/(7)‘
Hence, by usind (2] 7), (2.8) arld (R.9), we have
(2.10) MO < <y(h) n Ay(r))vj( f).

This proves the second inequality jn (2.4). Finally, to obtain the inequalify ih (2.5), we observe
that

N

-1
M\ 1) <6 <Oéi+1 — 2 + Mg — 06) + T — a1 + Moo — 04i+1)>

x> .
_ O

) <xi+1 — T + M2 — ozz-)> =0 [(b —a)+ )\,u].

1=

o

That is
(2.11) M\ I) <0 [(b —a)+ A,u]
This proves the theorem.

Corollary 2.4. If we letA = 0 in Theoren{ 2]3, then the inequalities jn (2.4) reduces to the
inequalities in Theorein 1.4 and the inequality[in [2.5) becomes

k

b
> (e~ ai(a) - [ f)ar| < 60 -0)

=0

(2.12)

Corollary 2.5. Under the conditions of Theorgm P.3, if we choose

Qy = G, 041 = % (Z =0,--- ,k— 1) andOék+1 =0,
then we have the inequalities;
k—1

1—-A

— [(fl —a)f(a) + Z(%H —xi1)f(w) + (b— l’k—l)f(b)]

N

-1

[(371 —a) (f(a) + f(xlTM>) + > (Tiy1 — Ti1) <f<w>

i

+
2
Tiv1 + T4 b+ xp_q b
) om0+ (2] - [ s

~] >

Il
—
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< Fy(h) + A(lu(T) + max { Qi1 — w‘})} V2(f)

2 2 i=0,1, ,k—1 2
@13) < (5o + ) V)
and
k—1
5 [ = @)+ X ) ) + 0= )00
Ao 1) ¢ S 1(42)
() s o me (50 ()] - [ o
(2.14) <o [(b —a)+ /\M} .
Proof. In this case, we have
a1 — g = :1:12—@7 ai—i—l_ai:%(i:l"" ,k—l),
Uy — Qp = b= anda;; — it Ti1 =0(=0,---,k—1).

2 2

Now, if we choosel}, to be the equidistant partition g, b], then we have the following
corollary.

Corollary 2.6. Let

Ik:xi:a+(b—a)%(@':0717... k)
be the equidistant partitioning di:, b] and thec;s be as in Corollanyf 2.6. Then the following
inequality holds;

[b;a<f (b)>+2(bk—a)kzif<(k—1lia+bi>]

=1

2[2% B N
]:Zl < ( (2k — 20 + 12)Z+ (20 — 1)b> N f<(2k: —2i— 12)Z + (20 + 1)b)>]
(2.15)
—/a f(t)dt‘ < b;—ka<1+4>\>\/f(f).
and

AR () + ) + 20 ka(Wﬂ

A o 10+ (EE) (£ Y
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(2k — 2i + D)a+ (20 — 1)b (2k — 2i — Da + (2i + 1)b
(+( )+4( )

2k 2k
b
- / f(t)dt

Proof. We consider the following computations.

(2.16)

< b_T“[(HQA)k - )\}@.

b— 2k — 1 b 2(b—

T —a= ka,$1+a:%,iﬁi+1—$i1 ( a)@ k=1,
Ti+ Ti1 . (2]€ — 21+ 1>CL + (22 - 1>b T; + Tit+1 . (2]€ - 22 1)CL + (21 + 1)b

2 k o2 k ’
, b—a a+ (2 —1)b b—a
(221,"',]{;_1),b—.’1}k,1— L b—i—.’L‘kl %7}%: L

. 3b—a) _ 20b-a) .
(Z—O,' ]{5—1) T,Ti—T(Z—l,"',k—Q),

_ 3(b—a) _b—a
Tk—1 = T, and[L = <2]{5 — 1)

Using these computations and the last inequality in (2.13), we have the inequality ih (2.15).
Similarly, the inequality in[(2.1]6) follows from the inequality [n (2} 14).
3. SOME PARTICULAR CASES

In this section, we consider some particular cases for the inequality (2.4) in Thgorem 2.3.
Similar results can be obtained from the inequality](2.5) as well.

Corollary 3.1. Leta,b e Rya < b, A€ [0,1],a < a3 <z <ay <bandf:[a,b — Rbean
absolutely continuous function. Then, we have the following inequalities;

(1= [f0r = 0)(0) + (02 — ) ) + (0 )0

+ 21— a)(f(@) + Fan)) + (@2 — ) (flan) + (o)
(b= a2)(f(e2) + f(0) / 1 dt'

< Bmax{xl —a,b—x1}+max{ o — a—;m o — x12+b’}
(3o ==} o - 522 o - S

(3.1) < (maX {xl —a,b— xl} + A max {a2 —a,b— 041})Vab(f).
Proof. The proof follows directly from Theorem 2.3 by choosihg- 2. 1

Corollary 3.2. (1) If we choosey; = a,z; = x andas = b in Corollary[3.3, then we have
the inequalities

o-aa-276+5 (70 +50)] - [

AJMAA \Vol. 16, No. 1, Art. 16, pp. 1-12, 2019 AJMAA


http://ajmaa.org

SOME OSTROWSKITYPE INEQUALITY 11

< (max{a:—a,b—m} —i-/\(b—a))ch(f)

a”" FA(—a))VAS)

1
(3.2) - (ﬁ(b—a)—l— ‘:v—
for all x € [a, b].
(2) If we chooser = GTM in ), then we have the following "midpoint inequality”;

o-afa-nr5h+ 5 (0 +5w)] - [ o

2
(3.3) < S0—a)(1+2) V)
(3) If we choosey; = 5a; b, oy = a+5b andz; = z in CorollaryH, then we have
‘(1_A)b;a[f<>2f<>+2f($>}+x<b;a>[f<a>;f<> (2t
g (a—|—5b _/abf(t)dt’
< [ mm s} fo {2552 | 222
0= a1
(5 = e - 25 - )
(3.4) + %(b — a)] V().

(4) In particular, if we chooser = a— in ( .) then we have the following perturbed
"Simpson’s inequality";

‘(1_>\)b—a[f( )+f()+2f<a+b>} Jr)\(b—a) [f(a)+f(b) §f<5a+b>

3 2 3 * 6

2 2
b
—f a+5 /f dt‘
<1
3

(3.5) (b—a) (1 + 2)\) VA(f).

4, CONCLUSION

A new Ostrowski-type inequality for functions of bounded variationiguoints via a para-
meter has been established. Some particular cases have be considered as examples. By consid-
ering different partitions, different points and/or different values of the parameter we will obtain
several interesting inequalities.
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