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1. I NTRODUCTION

We start by first recalling some basic properties of functions of bounded variations.

Definition 1.1. Let f : [a, b] → R be a function. We define the total variation off on [a, b],
denoted byV b

a (f), as follows;

V b
a (f) = sup

{ n∑
i=1

|f(xi)− f(xi−1)|; {xi}n
i=0 is a partition of[a, b]

}
We say thatf is of bounded variation on[a, b] if V b

a (f) < ∞.

It is well known that iff : [a, b] → R is a Lipschitz function, thenf is of bounded variation.
The following are some important properties of functions of bounded variation.

Proposition 1.1. Letf : [a, b] → R be a function of bounded variation on[a, b]. The following
holds;

(1) V b
a (f) = V x

a (f) + V b
x (f), for anyx ∈ [a, b].

(2) If [c, d] is a subinterval of[a, b] thenV d
c (f) ≤ V b

a (f).

For more information on functions of bounded variation, we refer the interested reader to [8]
and [18].

In 1938, Ostrowski [17] obtained the following inequality which is known in the literature as
Ostrowski inequality.

Theorem 1.2. Let f : [a, b] → R be continuous on[a, b] and differentiable in(a, b) and its
derivativef ′ : (a, b) → R is bounded in(a, b). If M := sup

t∈(a,b)

|f ′(t)| < ∞ , then we have

∣∣∣∣f(x)− 1
b− a

∫ b

a
f(t)dt

∣∣∣∣ ≤
(

1
4

+

(
x− a+b

2

)2
(b− a)2

)
(b− a)M

for all x ∈ [a, b]. The inequality is sharp in the sense that the constant1
4

cannot be replaced by
a smaller one.

Many authors have studied and generalized this inequality in several different ways. For more
information about the Ostrowski inequality and its associates, we refer the interested reader to
the papers [1, 2, 4, 3, 9, 10, 11, 12, 15, 16].

Dragomir [2] provided the following extension of Theorem 1.2 for functions of bounded
variation.

Theorem 1.3. Let f : [a, b] → R be a function of bounded variation on[a, b]. Then the
inequality ∣∣∣∣f(x)− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣ ≤ [1

2
+

∣∣∣x− a+b
2

∣∣∣
b− a

]
V b

a (f)

holds for allx ∈ [a, b]. The constant 1/2 is the best possible.

In [1], Dragomir obtained the following generalization of Theorem 1.3 as follows;

Theorem 1.4. Let Ik : a = x0 < x1 < · · · < xk−1 < xk = b be a division of the interval[a, b]
andαi(i = 0, 1, · · · , k + 1) bek + 2 points so thatα0 = a, αi ∈ [xi−1, xi] (i = 1, · · · , k) and
αk+1 = b. If f : [a, b] → R is of bounded variation on[a, b], then we have the inequality∣∣∣∣ k∑

i=0

(αi+1 − αi)f(xi)−
∫ b

a

f(t)dt

∣∣∣∣
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≤
[
1

2
ν(h) + max

{∣∣∣∣αi+1 −
xi + xi+1

2

∣∣∣∣; i = 0, · · · , k − 1

}]
V b

a (f)

≤ ν(h)V b
a (f)

whereν(h) := max{hi|i = 0, 1, · · · , k − 1}, hi = xi+1 − xi(i = 0, · · · , k − 1).

The goal of this paper is to provide a generalization of the Ostrowski inequality for functions
of bounded variation with multiple points via a parameterλ ∈ [0, 1]. Our results generalizes
Theorem 1.4

2. M AIN RESULTS

To prove our main result, we need the following lemmas.

Lemma 2.1(see [4]). Letp, g : [a, b] → R be two functions. Ifp is continuous on[a, b] andg is
of bounded variation on[a, b], then∣∣∣∣ ∫ b

a

p(t)dg(t)

∣∣∣∣ ≤ ∫ b

a

|p(t)|d
(
V t

a (g)
)
≤ sup

t∈[a,b]

|p(t)|V b
a (g).

Lemma 2.2. Let

(1) a, b ∈ R, λ ∈ [0, 1], Ik : a = x0 < x1 < · · · < xk−1 < xk = b is a partition of the
interval [a, b];

(2) αi ∈ R (i = 0, 1, · · · , k+1) isk+2 points so thatα0 = a, αi ∈ [xi−1, xi] (i = 1, · · · , k)
andαk+1 = b;

(3) f : [a, b] → R is of bounded variation.
(4) Define the kernel functionK(·, Ik) : [a, b] → R (see also[19]) as follows;

K(t, Ik) =



t−
(
α1 − λα1−a

2

)
, t ∈ [a, α1),

t−
(
α1 + λα2−α1

2

)
, t ∈ [α1, x1),

t−
(
α2 − λα2−α1

2

)
, t ∈ [x1, α2),

...

t−
(
αk−1 + λαk−αk−1

2

)
, t ∈ [αk−1, xk−1),

t−
(
αk − λαk−αk−1

2

)
, t ∈ [xk−1, αk),

t−
(
αk + λαk+1−αk

2

)
, t ∈ [αk, b],

for all t ∈ [a, b].

Then we have the identity∫ b

a

K(t, Ik)df(t) = (1− λ)
k∑

i=0

(αi+1 − αi)f(xi)

+
λ

2

k∑
i=0

(αi+1 − αi)
(
f(αi) + f(αi+1)

)
−
∫ b

a

f(t)dt.

(2.1)

Remark 2.1. It is worth noting that Lemma 2.2 is the special case of [19, Lemma 1] when the
time scaleT = R and the functionf is differentiable with some minor correction. However, we
provide the proof here for completion.
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Proof. We observe that∫ b

a

K(t, Ik)df(t) =
k−1∑
i=0

[ ∫ αi+1

xi

(t− (αi+1 − λ
αi+1 − αi

2
))df(t)

+

∫ xi+1

αi+1

(t− (αi+1 + λ
αi+2 − αi+1

2
))df(t)

]
.

By applying the integration by parts formula for the Riemann–Stieltjes integral on the right-
hand side, we have∫ b

a

K(t, Ik)df(t) =
k−1∑
i=0

[
(αi+1 − (αi+1 − λ

αi+1 − αi

2
))f(αi+1))

− (xi − (αi+1 − λ
αi+1 − αi

2
))f(xi)−

∫ αi+1

xi

f(t)dt

+ (xi+1 − (αi+1 + λ
αi+2 − αi+1

2
))f(xi+1)− (αi+1)

− (αi+1 + λ
αi+2 − αi+1

2
))f(αi+1)−

∫ xi+1

αi+1

f(t)dt

]

=
k−1∑
i=0

[
λ

αi+1 − αi

2
f(αi+1)− (xi − αi+1)f(xi)− λ

αi+1 − αi

2
f(xi)

+ (xi+1 − αi+1)f(xi+1)− λ
αi+2 − αi+1

2
f(xi+1) + λ

αi+2 − αi+1

2
f(αi+1)

−
∫ xi+1

xi

f(t)dt

]
.

It follows that,∫ b

a

K(t, Ik)df(t) =
k−1∑
i=0

[
λ

αi+2 − αi

2
f(αi+1)−

∫ xi+1

xi

f(t)dt

]

+
k−1∑
i=0

[
− (xi − αi+1)f(xi) + (xi+1 − αi+1)f(xi+1)

]

+
k−1∑
i=0

[
− λ

αi+1 − αi

2
f(xi)− λ

αi+2 − αi+1

2
f(xi+1)

]

=
k−1∑
i=0

λ
αi+2 − αi

2
f(αi+1)−

∫ b

a

f(t)dt

− x0f(x0) + xkf(xk) +
k−1∑
i=0

αi+1(f(xi)− f(xi+1))

+
k−1∑
i=0

−λ

2

[
(αi+1 − αi)f(xi) + (αi+2 − αi+1)f(xi+1)

]
.

That is,∫ b

a

K(t, Ik)df(t) =
k−1∑
i=0

λ
αi+2 − αi

2
f(αi+1)−

∫ b

a

f(t)dt
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+ (α1 − a)f(a) + (b− αk)f(b) +
k−1∑
i=1

(αi+1 − αi)f(xi)

− λ

2

[
(α1 − a)f(a) + (b− αk)f(b) + 2

k−1∑
i=1

(αi+1 − αi)f(xi)

]

=
k−1∑
i=0

λ
αi+2 − αi

2
f(αi+1)−

∫ b

a

f(t)dt

+ (1− λ)
k−1∑
i=1

(αi+1 − αi)f(xi) + (1− λ

2
)

[
(α1 − a)f(a) + (b− αk)f(b)

]
.(2.2)

Now, consider the following
k−1∑
i=0

(αi+2 − αi)f(αi+1) =
k−1∑
i=0

(αi+2 − αi+1)f(αi+1) +
k−1∑
i=0

(αi+1 − αi)f(αi+1)

=
k∑

i=1

(αi+1 − αi)f(αi) +
k−1∑
i=0

(αi+1 − αi)f(αi+1)

=
k∑

i=0

(αi+1 − αi)f(αi)− (α1 − α0)f(α0) +
k∑

i=0

(αi+1 − αi)f(αi+1)− (αk+1 − αk)f(αk+1)

=
k∑

i=0

(αi+1 − αi)(f(αi) + f(αi+1))−
[
(α1 − α0)f(α0) + (αk+1 − αk)f(αk+1)

]
.

So,
k−1∑
i=0

λ

2
(αi+2 − αi)f(αi+1) =

λ

2

k∑
i=0

(αi+1 − αi)
(
f(αi) + f(αi+1)

)
− λ

2

[
(α1 − a)f(a) + (b− αk)f(b)

]
.(2.3)

Substituting (2.3) in (2.2) gives the identity∫ b

a

K(t, Ik)df(t)

= (1− λ)
k∑

i=0

(αi+1 − αi)f(xi) +
λ

2

k∑
i=0

(αi+1 − αi)
(
f(αi) + f(αi+1)

)
−
∫ b

a

f(t)dt.

This completes the proof.

Theorem 2.3.Under the conditions of Lemma 2.2, we have the following inequalities∣∣∣∣(1− λ)
k∑

i=0

(αi+1 − αi)f(xi) +
λ

2

k∑
i=0

(αi+1 − αi)
(
f(αi) + f(αi+1)

)
−
∫ b

a

f(t)dt

∣∣∣∣
≤
[
1

2
ν(h) + max

i=0,1,··· ,k−1

{∣∣∣αi+1 −
xi + xi+1

2

∣∣∣}
+ λ
(1

2
ν(τ) + max

i=0,1,··· ,k−1

{∣∣∣αi+1 −
αi + αi+2

2

∣∣∣})]V b
a (f)
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≤
(
ν(h) + λν(τ)

)
V b

a (f),(2.4)

and ∣∣∣∣(1− λ)
k∑

i=0

(αi+1 − αi)f(xi) +
λ

2

k∑
i=0

(αi+1 − αi)
(
f(αi) + f(αi+1)

)
−
∫ b

a

f(t)dt

∣∣∣∣
≤ Θ

[
(b− a) + λµ

]
(2.5)

wherehi = xi+1 − xi, τ i = αi+2 − αi (i = 0, 1, · · · , k − 1),

ν(h) = max
{

hi : i = 0, 1, · · · , k − 1
}

, ν(τ) = max
{

τ i : i = 0, 1, · · · , k − 1
}

,

Θ := max
{

V
αi+1
xi (f), V

xi+1
αi+1 (f); i = 0, 1, · · · , k − 1

}
andµ =

k−1∑
i=0

(αi+2 − αi).

Proof. By applying Lemma 2.1 to the functionsp(t) := K(t, Ik) andg(t) := f(t), we have∣∣∣∣ ∫ b

a

K(t, Ik)df(t)

∣∣∣∣ ≤ k−1∑
i=0

[∣∣∣∣ ∫ αi+1

xi

K(t, Ik)df(t)

∣∣∣∣+ ∣∣∣∣ ∫ xi+1

αi+1

K(t, Ik)df(t)

∣∣∣∣]

≤
k−1∑
i=0

[
sup

t∈[xi,αi+1]

|K(t, Ik)|V αi+1
xi

(f) + sup
t∈[αi+1,xi+1]

|K(t, Ik)|V xi+1
αi+1

(f)

]

=
k−1∑
i=0

[
sup

t∈[xi,αi+1]

|t− (αi+1 − λ
αi+1 − αi

2
)|V αi+1

xi
(f)

+ sup
t∈[αi+1,xi+1]

|t− (αi+1 + λ
αi+2 − αi+1

2
)|V xi+1

αi+1
(f)

]

=
k−1∑
i=0

[
max

{∣∣∣xi − αi+1 + λ
αi+1 − αi

2

∣∣∣, λαi+1 − αi

2

}
V αi+1

xi
(f)

+ max

{∣∣∣xi+1 − αi+1 − λ
αi+2 − αi+1

2

∣∣∣, λαi+2 − αi+1

2

}
V xi+1

αi+1
(f)

]
≤

k−1∑
i=0

[(∣∣∣xi − αi+1 + λ
αi+1 − αi

2

∣∣∣+ λ
αi+1 − αi

2

)
V αi+1

xi
(f)

+
(∣∣∣xi+1 − αi+1 − λ

αi+2 − αi+1

2

∣∣∣+ λ
αi+2 − αi+1

2

)
V xi+1

αi+1
(f)

]
≤

k−1∑
i=0

[(
αi+1 − xi + λ(αi+1 − αi)

)
V αi+1

xi
(f)

+
(
xi+1 − αi+1 + λ(αi+2 − αi+1)

)
V xi+1

αi+1
(f)

]
=: M(λ, Ik).

That is,

∣∣∣∣ ∫ b

a

K(t, Ik)df(t)

∣∣∣∣ ≤ M(λ, Ik)(2.6)

AJMAA, Vol. 16, No. 1, Art. 16, pp. 1-12, 2019 AJMAA

http://ajmaa.org


SOME OSTROWSKITYPE INEQUALITY 7

where

M(λ, Ik) =
k−1∑
i=0

[(
αi+1 − xi + λ(αi+1 − αi)

)
V αi+1

xi
(f)

+
(
xi+1 − αi+1 + λ(αi+2 − αi+1)

)
V xi+1

αi+1
(f)

]
Now, we consider the following estimates forM(λ, Ik). By using the fact that

max{A, B} =
A + B

2
+
|A−B|

2
, we observe that

M(λ, Ik) =
k−1∑
i=0

[(
αi+1 − xi

)
V αi+1

xi
(f) +

(
xi+1 − αi+1

)
V xi+1

αi+1
(f)

+ λ(αi+1 − αi)V
αi+1
xi

(f) + λ(αi+2 − αi+1)V
xi+1
αi+1

(f)

]
≤

k−1∑
i=0

[
max

{
αi+1 − xi, xi+1 − αi+1

}
V xi+1

xi
(f)

+ λ max
{

αi+1 − αi, αi+2 − αi+1

}
V xi+1

xi
(f)

]
=

k−1∑
i=0

[(1

2
(xi+1 − xi) +

∣∣∣αi+1 −
xi + xi+1

2

∣∣∣)V xi+1
xi

(f)

+ λ
(1

2
(αi+2 − αi) +

∣∣∣αi+1 −
αi + αi+2

2

∣∣∣)V xi+1
xi

(f)

]
=

k−1∑
i=0

[(1

2
hi +

∣∣∣αi+1 −
xi + xi+1

2

∣∣∣)V xi+1
xi

(f)

+ λ
(1

2
τ i +

∣∣∣αi+1 −
αi + αi+2

2

∣∣∣)V xi+1
xi

(f)

]
≤ max

i=0,1,··· ,k−1

{1

2
hi +

∣∣∣αi+1 −
xi + xi+1

2

∣∣∣} k−1∑
i=0

V xi+1
xi

(f)

+ λ max
i=0,1,··· ,k−1

{1

2
τ i +

∣∣∣αi+1 −
αi + αi+2

2

∣∣∣} k−1∑
i=0

V xi+1
xi

(f)

≤
[
1

2
ν(h) + max

i=0,1,··· ,k−1

{∣∣∣αi+1 −
xi + xi+1

2

∣∣∣}
+ λ
(1

2
ν(τ) + max

i=0,1,··· ,k−1

{∣∣∣αi+1 −
αi + αi+2

2

∣∣∣})]V b
a (f).

That is,

M(λ, Ik) ≤
[
1

2
ν(h) + max

i=0,1,··· ,k−1

{∣∣∣αi+1 −
xi + xi+1

2

∣∣∣}
+ λ
(1

2
ν(τ) + max

i=0,1,··· ,k−1

{∣∣∣αi+1 −
αi + αi+2

2

∣∣∣})]V b
a (f).(2.7)
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Using (2.1), (2.6) and (2.7), we obtained the first inequality of (2.4). Now, we observe that

∣∣∣αi+1 −
xi + xi+1

2

∣∣∣ ≤ 1

2
hi

and ∣∣∣αi+1 −
αi + αi+2

2

∣∣∣ ≤ 1

2
τ i.

So, it follows that

max
i=0,1,··· ,k−1

{∣∣∣αi+1 −
xi + xi+1

2

∣∣∣} ≤ 1

2
ν(h)(2.8)

and

max
i=0,1,··· ,k−1

{∣∣∣αi+1 −
αi + αi+2

2

∣∣∣} ≤ 1

2
ν(τ).(2.9)

Hence, by using (2.7), (2.8) and (2.9), we have

M(λ, Ik) ≤
(
ν(h) + λν(τ)

)
V b

a (f).(2.10)

This proves the second inequality in (2.4). Finally, to obtain the inequality in (2.5), we observe
that

M(λ, Ik) ≤ Θ
k−1∑
i=0

(
αi+1 − xi + λ(αi+1 − αi) + xi+1 − αi+1 + λ(αi+2 − αi+1)

)
= Θ

k−1∑
i=0

(
xi+1 − xi + λ(αi+2 − αi)

)
= Θ

[
(b− a) + λµ

]
.

That is

M(λ, Ik) ≤ Θ
[
(b− a) + λµ

]
(2.11)

This proves the theorem.

Corollary 2.4. If we let λ = 0 in Theorem 2.3, then the inequalities in (2.4) reduces to the
inequalities in Theorem 1.4 and the inequality in (2.5) becomes∣∣∣∣ k∑

i=0

(αi+1 − αi)f(xi)−
∫ b

a

f(t)dt

∣∣∣∣ ≤ Θ(b− a)(2.12)

Corollary 2.5. Under the conditions of Theorem 2.3, if we choose

α0 = a, αi+1 =
xi + xi+1

2
(i = 0, · · · , k − 1) andαk+1 = b,

then we have the inequalities;∣∣∣∣1− λ

2

[
(x1 − a)f(a) +

k−1∑
i=1

(xi+1 − xi−1)f(xi) + (b− xk−1)f(b)
]

+
λ

4

[
(x1 − a)

(
f(a) + f

(x1 + a

2

))
+

k−1∑
i=1

(xi+1 − xi−1)
(
f
(xi + xi−1

2

)
+ f
(xi+1 + xi

2

))
+ (b− xk−1)

(
f(b) + f

(b + xk−1

2

))]
−
∫ b

a

f(t)dt

∣∣∣∣
AJMAA, Vol. 16, No. 1, Art. 16, pp. 1-12, 2019 AJMAA
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≤
[
1

2
ν(h) + λ

(1

2
ν(τ) + max

i=0,1,··· ,k−1

{∣∣∣αi+1 −
αi + αi+2

2

∣∣∣})]V b
a (f)

≤
(1

2
ν(h) + λν(τ)

)
V b

a (f)(2.13)

and ∣∣∣∣1− λ

2

[
(x1 − a)f(a) +

k−1∑
i=1

(xi+1 − xi−1)f(xi) + (b− xk−1)f(b)
]

+
λ

4

[
(x1 − a)

(
f(a) + f

(x1 + a

2

))
+

k−1∑
i=1

(xi+1 − xi−1)
(
f
(xi + xi−1

2

)
+ f
(xi+1 + xi

2

))
+ (b− xk−1)

(
f(b) + f

(b + xk−1

2

))]
−
∫ b

a

f(t)dt

∣∣∣∣
≤ Θ

[
(b− a) + λµ

]
.(2.14)

Proof. In this case, we have

α1 − α0 =
x1 − a

2
, αi+1 − αi =

xi+1 − xi−1

2
(i = 1, · · · , k − 1),

αk+1 − αk =
b− xk−1

2
andαi+1 −

xi + xi−1

2
= 0 (i = 0, · · · , k − 1).

Now, if we chooseIk to be the equidistant partition of[a, b], then we have the following
corollary.

Corollary 2.6. Let

Ik : xi = a + (b− a)
i

k
(i = 0, 1, · · · , k)

be the equidistant partitioning of[a, b] and theα′
is be as in Corollary 2.5. Then the following

inequality holds;∣∣∣∣1− λ

2

[b− a

k

(
f(a) + f(b)

)
+

2(b− a)

k

k−1∑
i=1

f
((k − 1)a + bi

k

)]
+

λ

4

[b− a

k

(
f(a) + f(b) + f

((2k − 1)a + b

2k

)
+ f
(a + (2k − 1)b

2k

)
+

2(b− a)

k

k−1∑
i=1

(
f
((2k − 2i + 1)a + (2i− 1)b

2k

)
+ f
((2k − 2i− 1)a + (2i + 1)b

2k

))]

−
∫ b

a

f(t)dt

∣∣∣∣ ≤ b− a

2k

(
1 + 4λ

)
V b

a (f).

(2.15)

and∣∣∣∣1− λ

2

[b− a

k

(
f(a) + f(b)

)
+

2(b− a)

k

k−1∑
i=1

f
((k − 1)a + bi

k

)]
+

λ

4

[b− a

k

(
f(a) + f(b) + f

((2k − 1)a + b

2k

)
+ f
(a + (2k − 1)b

2k

)
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+
2(b− a)

k

k−1∑
i=1

(
f
((2k − 2i + 1)a + (2i− 1)b

2k

)
+ f
((2k − 2i− 1)a + (2i + 1)b

2k

))]

−
∫ b

a

f(t)dt

∣∣∣∣ ≤ b− a

k

[
(1 + 2λ)k − λ

]
Θ.

(2.16)

Proof. We consider the following computations.

x1 − a =
b− a

k
, x1 + a =

(2k − 1)a + b

k
, xi+1 − xi−1 =

2(b− a)

k
(i = 1, · · · , k − 1),

xi + xi−1

2
=

(2k − 2i + 1)a + (2i− 1)b

k
,

xi + xi+1

2
=

(2k − 2i− 1)a + (2i + 1)b

k
,

(i = 1, · · · , k − 1), b− xk−1 =
b− a

k
, b + xk−1 =

a + (2k − 1)b

k
, hi =

b− a

k

(i = 0, · · · , k − 1), τ 0 =
3(b− a)

2k
, τ i =

2(b− a)

k
(i = 1, · · · , k − 2),

τ k−1 =
3(b− a)

2k
, andµ =

b− a

k

(
2k − 1

)
.

Using these computations and the last inequality in (2.13), we have the inequality in (2.15).
Similarly, the inequality in (2.16) follows from the inequality in (2.14).

3. SOME PARTICULAR CASES

In this section, we consider some particular cases for the inequality (2.4) in Theorem 2.3.
Similar results can be obtained from the inequality (2.5) as well.

Corollary 3.1. Leta, b ∈ R, a < b, λ ∈ [0, 1], a ≤ α1 ≤ x1 ≤ α2 ≤ b andf : [a, b] → R be an
absolutely continuous function. Then, we have the following inequalities;∣∣∣∣(1− λ)

[
(α1 − a)f(a) + (α2 − α1)f(x1) + (b− α2)f(b)

]
+

λ

2

[
(α1 − a)(f(a) + f(α1)) + (α2 − α1)(f(α1) + f(α2))

+ (b− α2)(f(α2) + f(b))
]
−
∫ b

a

f(t)dt

∣∣∣∣
≤
[
1

2
max

{
x1 − a, b− x1

}
+ max

{∣∣∣α1 −
a + x1

2

∣∣∣, ∣∣∣α2 −
x1 + b

2

∣∣∣}
+ λ
(1

2
max

{
α2 − a, b− α1

}
+ max

{∣∣∣α1 −
a + α2

2

∣∣∣, ∣∣∣α2 −
α1 + b

2

∣∣∣})]V b
a (f)

≤
(

max
{

x1 − a, b− x1

}
+ λ max

{
α2 − a, b− α1

})
V b

a (f).(3.1)

Proof. The proof follows directly from Theorem 2.3 by choosingk = 2.

Corollary 3.2. (1) If we chooseα1 = a, x1 = x andα2 = b in Corollary 3.1, then we have
the inequalities∣∣∣∣(b− a)

[
(1− λ)f(x) +

λ

2

(
f(a) + f(b)

)]
−
∫ b

a

f(t)dt

∣∣∣∣
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≤
(

max
{

x− a, b− x
}

+ λ(b− a)
)
V b

a (f)

=
(1

2
(b− a) +

∣∣∣x− a + b

2

∣∣∣+ λ(b− a)
)
V b

a (f)(3.2)

for all x ∈ [a, b].

(2) If we choosex =
a + b

2
in (3.2), then we have the following "midpoint inequality";∣∣∣∣(b− a)

[
(1− λ)f(

a + b

2
) +

λ

2

(
f(a) + f(b)

)]
−
∫ b

a

f(t)dt

∣∣∣∣
≤ 1

2
(b− a)

(
1 + 2λ

)
V b

a (f)(3.3)

(3) If we chooseα1 =
5a + b

6
, α2 =

a + 5b

6
andx1 = x in Corollary 3.1, then we have∣∣∣∣(1− λ)

b− a

3

[f(a) + f(b)

2
+ 2f(x)

]
+

λ(b− a)

3

[f(a) + f(b)

2
+

5

2
f
(5a + b

6

)
+

5

2
f
(a + 5b

6

)]
−
∫ b

a

f(t)dt

∣∣∣∣
≤
[
1

2
max

{
x− a, b− x

}
+

1

2
max

{∣∣∣x− 2a + b

3

∣∣∣, ∣∣∣x− a + 2b

3

∣∣∣}
+

2λ

3
(b− a)

]
V b

a (f)

=

[
1

2

(b− a

2
+
∣∣∣x− a + b

2

∣∣∣+ max
{∣∣∣x− 2a + b

3

∣∣∣, ∣∣∣x− a + 2b

3

∣∣∣})
+

2λ

3
(b− a)

]
V b

a (f).(3.4)

(4) In particular, if we choosex =
a + b

2
in (3.4), then we have the following perturbed

"Simpson’s inequality";∣∣∣∣(1− λ)
b− a

3

[f(a) + f(b)

2
+ 2f

(a + b

2

)]
+

λ(b− a)

3

[f(a) + f(b)

2
+

5

2
f
(5a + b

6

)
+

5

2
f
(a + 5b

6

)]
−
∫ b

a

f(t)dt

∣∣∣∣
≤ 1

3
(b− a)

(
1 + 2λ

)
V b

a (f).(3.5)

4. CONCLUSION

A new Ostrowski-type inequality for functions of bounded variation fork points via a para-
meter has been established. Some particular cases have be considered as examples. By consid-
ering different partitions, different points and/or different values of the parameter we will obtain
several interesting inequalities.
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25–34.

[11] S. KERMAUSUOR,Ostrowski type and Ostrowski–Grüss type inequalities for vector-valued func-
tions withk points via a parameter, Adv. Inequal. Appl.,2018(2018) Art. 10.

[12] S. KERMAUSUOR, E. R. NWAEZE and D. F. M. TORRES, Generalized weighted Ostrowski and
Ostrowski–Grüss type inequalities on time scales via a parameter function,J. Math. Inequal.,11
(2017), no. 4, pp. 1185–1199.

[13] W. J. LIU and Q. A. NGÔ , A generalization of Ostrowski inequality on time scales fork points,
Appl. Math. Comput., 203(2008), no. 2, pp. 754–760.

[14] W. J. LIU, Q. A. NGÔ and W. CHEN, A new generalization of Ostrowski type inequality on time
scales,An. St. Univ. Ovidius Constanta,17 (2009), no. 2, pp. 101–114.

[15] E. R. NWAEZE and S. KERMAUSUOR, New Bounds of Ostrowski–Grüss type inequality for
(k + 1) points on time scales,Int. J. Anal. Appl., 15 (2017), no. 2, pp. 211–221.

[16] E. R. NWAEZE, S. KERMAUSUOR and A. M. TAMERU, New time scale generalizations of the
Ostrowski–Grüss type inequality fork points,J. Inequal. Appl., 2017:245(2017).

[17] A. M. OSTROWSKI, Über die Absolutabweichung einer differentiebaren Funktion von ihrem In-
tegralmitelwert,Comment. Math. Helv.,10 (1938), pp. 226–227.

[18] H. L. ROYDEN and P. M. FITZPATRICK,Real Analysis, 4th edition, Pearson Education Inc,
Boston, 2010.

[19] G. XU and Z. B. FANG, A generalization of Ostrowski type inequality on time scales withk points,
J. Math. Inequal., 11 (2017), no. 1, pp. 41–48.

AJMAA, Vol. 16, No. 1, Art. 16, pp. 1-12, 2019 AJMAA

http://ajmaa.org

	1. Introduction
	2. Main Results
	3. Some Particular Cases
	4. Conclusion
	References

