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1. INTRODUCTION
The nonlinear reaction-diffusion equation

du 0*u
E—D@—i—su(l—u)

was first introduced by Fisher as a model for the propagation of a mutant.gene [9]. It has wide
application in the fields of logistic population growth, flame propagation, neurophysiology,
autocatalytic chemical reactions, branching Brownian motion processes, and nuclear reactor
theory [18].

In chemistry the function(¢, x) is the concentration of the reactaii?. represents its diffu-
sion coefficient, and the positive constamspecifies the rate of chemical reaction. In media of
other naturesy might be temperature or electric potential, might be the thermal conductivity or
specific electrical conductivity [18].

Several researches have been carried out for the resolution of Fisher’s equation. Various
powerful methods have been used to solve the Fisher’s equation : Exp-function methdd in [18],
Homotopy Perturbation method! [6,!15], Haar wavelet method [10], Adomian Decomposition
Method [5], Finite difference method![4], Variational Homotopy Perturbation Methiod [7].

In this work, we examine the following problem

2
%:%+6u(1—u), 0<z<1, 0<t<T
(1.2)

u(0,z) = cosx

where0 < e <« 1

The paper is organised as follows : in section 1, we start with the solving (1.1) by HPM
[11,12,[13[ 14, 17]. In Section 2 and section 3, we construct the solutipn of (1.1) respectively
by RPM [8] and ADM [1/)2] 3| 16]. Section 4 contains the comparison of the solutions obtained
by the different methods.

2. APPLICATION OF HPM TO FISHER’S EQUATION
In order to apply the HPM[11,12,13], we construct a homotéf{y, p) for equation[(L.]1)
which satisfies :
Hivp) = (1) |
Wherep € [0, 1].
As H(v,p) = 0, then we have :

ov  Ouy Oug 0%v _
ot o Par P peetm0) =0

ov ﬁuo] [av 0*v
p

o o | TP e e tevd o)

o o 0
Let as choose the initial approximation@as= cos x, thus% =0
We have,
ov 0 )
(21) a—p@—psv—l—psv =0

Suppose that the solution ¢f (IL.1) is the form
(2.2) v = vy + pu1 + pPva + pus + pos + pous + - -
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In view of the HPM, substituting (2.2) intd (2.1) and equating the coefficients of like ppwer
we get the following set of differential equations :

( 8?)0

=0

(2.3) o ot

\ U()(O,l’) = COST

(v v

1 3_;_82()—5U0+6@g:0

(2.4) o T

\ Ul(o’ x) g O

(0 92

S 7121 — vy + 2evov1 = 0

(2.5) o ot Ox

\ UQ(O, ,CE) — O

( a ; 82
(2.6) 3 % — _8;:22 — vy + e(209vy + v3) =0

) »o

. ?}3(0’ I) — 0

( 8 82
(2.7) 4 % B 87023 — evz + £(2vovs + 2v1v2) =0

. o

N U4(07 .Z') =0

((Ovs 0%
(2.8) » o 8_; N 8724 — evy + €(2uvg + 20105 +03) =0
N U5(07;p) =0

Solve the system of (2.3) tp (2.8) to get the solutions

vo(t,x) = cosx
3cos’zre? coswe? .
v (t,x) = (cos3x€2 - 5 + 5~ sinre+2cos’we
COSTY\ o
—COSTE + t
7 cos?zed  coswed
vy(t,z) = (—cos*wed +2cos®re® — +
’ 6 6

T sin“x in“x
8 cosw sin®ze? 4 sinze? 3 9 5 9
— —3cos’xrxe+3 cos"re” —

3 3

cosx52+2 9 80082x5+00sx5 COST s
sin“xe — -
2 3 2 6
s 4 bHceostzet 25 cosdzet 5 coszet  coswet
vs(t,x) = |cos’ze” — 5 + 12 - g + TS

29 cos?w sin®xe? 29 cosw sin’xed 11 sin®z&?

6 6 12
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7T cos?xre®  cosxed
+4 costxe® —6 cos®red + 3 — G

32 cosz sin®xe?  8sinre? 37 cos®xe? 23 cos? x 2

3 3 6 6
cosze? Tsin?ze 8cos’re coswe cosx) A

1 R Y

s 4 DHcostze! 25 cosre?  Hcos’we!  coswe!
v(t,x) = |cos’ze” — + - + -

2 12 8 24

29 cos?z sin®ze® 29 cosz sin?ze® 11 sin?ze?
6 6 12
+4 cos*ze® — 6 cos® x e + Tcoswe - cosw e’
3 6
32 cosz sin?ze?  8sinze? 37 cosPre? 23 cos?ze?
B 3 S
cosze? Tsin?ze 8cos’re coswe cosx) 5

4 3 3 6 T :

13 cos*ze® 3 cosdxed
vs(t,x) = <— cos® 1° + 3 cos® xe® — 1 + 5

31 cos® x &° n cos T €° n 37 cos® x sin® x et
120 120 5
111 cos? z sin?xe* 137 cosx sin®ze* 13 sin x &?

10 30 30

4 4.3
COSZTE 32 sin“x e
_5 5 4 10 4 4 o
cos’xet + Cos T € 7 B

422 cos?z sin?ze3 189 cosx sin®xe® 11 sin’ze

15 10 6
163 cos*xzed 25 cos®ze?r 5 cosPret 178 cosPx el

15 4 * 4 15

43 cos? xe®  cosxe® 364 cosx sin?ze? 46 sin® gz &2

15 12 15 15
317 cos® x €2 N 11 cos?re?  cosxe? 9 sin?ae
— — sin*ze —
30 3 12

32 cos’ze  cosze cosx) 46

3

15 24 120
The six-term HPM approximate solution ¢f (IL.1) is given by
u(t,x) ~ lirr% [vo(t, 2) + poi(t,2) + - - - + p°us(t, x)]
p%

~ wo(t,z) +vi(t,x) + - +vs(t, )

We gather according to the powerssof
t2 t4 t6 t8 th t12 t14 tlﬁ

u(t,x) = {C08x<1_5+@_§+§_1_0!+ﬁ_ﬁ+1_6!_
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Or

u(t,z) =

AN ANALYTICAL SOLUTION OF PERTURBEDFISHER'S EQUATION

t18 t20
@*ﬂﬂ

N 5 [t 13t7_% 710 491¢t N 13711 ¢4
x| — — —

=1 20 840 ' 30240 3326400 ' 1037836800
28607 15 66811 17 7198319 ¢19

13589145600 | 2694601728000  10137091700736000
t*! 61

13502619648000  47826278793216000 +
54T % ) .y ( t7 t9
+cosrsin“z| — — —+

28695767275929600000 140 504
47 11 739113 34403 ¢ 72747

184800 43243200 * 36324288000 18712512000 N
188947 ¢ t2!

153592298496000 4725916876300
13t 41 ¢
*_3416162770944000'_ 717394181898240000)]
—%52[005511(——§£i-+-439t10-— 23801 ¢12 N 743201t
224 100800 13305600 2421619200
38239 ¢16 78121361 ¢'8 1903 %0

931392000 - 22230464256000 482236416000
5921 t#2 297239 24 >

31191051386880  31304473391923200
13¢10 L 339712 352421 ¢ .
2800 © 1663200 605404800

4 cos® x sin®z <—

8337116 2611822718 . 1247 %0
825552000 2223046425600 42195686400
1191041 ¢ 11675131 %4

779776284672000 + 215218254569472000
1251720 ) 4 ( 1312 1663t
+cosx sin" x

1016715110400000 61600 * 20180160
16447 t16 n 573889 '8 _ 2903 20
864864000 205837632000 281304576000
12517 ¢23 1191041 ¢4

+20334302208000  71739418189824000

162721 ¢25 IR
12200581324800000

e cosx +
- {cos%n <i _ 13¢7 L+ 71t° B 491 ¢ . 13711 ¢4 _
20 840 30240 3326400 1037836800
28607 t1° . 66811 17 _ 719831917
43589145600 ~ 2694601728000  10137091700736000
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t21 61 t23

13502619648000  47826278793216000

54T % . t’ t?
28695767275929600000) Teos st (Eo T 504
47 ¢ 73913 34403 ¢ 727 17
184300 43243200 | 36324288000 18712512000

188947 19 2!

153592298496000 4725916876800

13¢% 41 1%
T 3416162770944000 717394181898240000)] L

3. THE REGULAR PERTURBATION METHOD

Let us suppose that the solutieft, ) of the initial value problem| (1]1) has the following
form [8] :

+oo
(3.1) u(t,z) = Za”un(t,x)
n=0

Putting [3.1) into[(1.]1), and collecting equal powers @fe obtain a system of recurrent initial
value problems

((Oug Pug
(3.2) & ot a2
( u0(0,2) =cosx
( 2
(3.3) R %—%;; —uy+u =0
\ u1(0, ) =
2
(3.4) 2 ' % - 88;22 —uy + 2uguy =0
\ ug(0,2) =0
(3.5) 3. (%_%2;23_“2+2U0u2+u%:0
\ uz(0,z) =0
(3.6) et | % B %2;4 — ug + 2uguy + 2uguz =0
\ ug(0,2) =0
(3.7) &5 , % - %2;25 — uy + 2uguy + 2uqus +u3 =0
\ us(0,2) =0
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To solve the above equations, we use ADM and we obtain :

ug(t,z) = e'cosw
u(t,r) = 2cosze t +sin®re 2" —2 cos’we !
3sinze 2t 3cos?ze " 10 cosz sin?ze 3t
wtr) = ——— N 2 * 9
10 cos® z e3¢
9
5sinze 2t 19 cos?xe 2t 644 cosx sin®ze 3t
us(t, z) = 2 - 2 - 27 *
652 cos®ze 3t 26 sinfze*t 259 cos? x sin’ x e 4
27 9 + 9
40 cos z e 4!
3
20 sin?ze 2t 43 cos’ze 2t 14132 cosx sin’® x e 3?
ug(t,z) = - -
2 2 81
926 sin* ze~*t 13285 cos?z sin?ze*t 536 costx et
27 * 27 3
396 cosx sin* e " 3388 cos® x sin? x 0
5 9
3796 cos’® et
* 15
101 sin?ze 2t 115 cos? e 2t
us(t,z) = 5 — 5 —

267452 cosz sin x e 3t N 129124 cos3 x e3¢

243 243

182585 sin* ze=%t 906533 cos? x sin? x e~ 4t

324 * 162

18787 cos*ze™*t 201944 cosx sin® z e !

12 + 75

6736804 cos® x sin® z e 2t N 49544 cos® x et

675 27

106682 sin® e %t 3500128 cos? x sin* z e 6t

1215 1215

6971032 cos* x sin? x e~ 6? 903908 cos e 6t

1215 1215

Hence, the approximate solution pf ([1.1) is given by :

u(t,r) =~ wup(t,z) +eui(t,z) + -+ us(t, v)
= elcosx +
5 13t 7140 491 ¢11

13711 ¢13

3 _— J— —
© {COS v (20 340 730240 3326400 | 1037836800
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28607 t1° 66811 ¢17 7198319 ¢

43589145600 + 2694601728000  10137091700736000
t21 61 t23

13502619648000  47826278793216000 +
547 t% N .y t7 t9 N
cosrsmxr| —— —
28695767275929600000 140 504
47t 739 ¢13 34403 t1° 727 17

184800 43243200 * 36324288000 18712512000 *
188947 19 2!

153592298496000 4725916876800

N 1323 41t N
3416162770944000  717394181898240000

4. APPLICATION OF ADM TO FISHER’S EQUATION

Defining the operators :

Lio) = gr0), Lulo) = (o). Nu= (0 et L) = [ (e)ds

Equation[(1.]l) can be written as :

(4.2) Liu—L,u = eu—eNu
Applying L;* to (4.1), we obtain :
42)  u(t,x) =u(0,2) + L [Lou(t, )] + Ly u(t, 2)] — eL;* [Nu(t, 2)]
Assuming that the solution df (J.1) can be given by :
“+o0o
(4.3) u(t,z) = Zun(t,x)
n=0
and
+oo
(4.4) Nu(t,z) =Y Ay(t,z)
n=0

whereA,, are the Adomian&Zs polynomials with

1| a o
A =—|— [N iy,
! n| [d)\n ( (Zz:; >\ UZ> )] A=0

By substituting[(4.3) and (4.4) intp (4.2), we obtain the Adomian algorithm

uo(t,z) = u(0,x) = cosx

Uny1(t,7) = Ly [Loun(t,2)] 4+ e Ly un(t, 7)) — e L [Au(t, 2)], n >0

with
Ay = uf
A = 2uouy
Ay = 2ugug + u%
As = 2uous + 2uius
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Ay = 2uoug + 2uqus + u%

As = 2uous + 2uiuy + 2usus

A = 2ugug + 2uius + 2usuy + u§

A; = 2uqur + 2uiug + 2usus + 2ugtiy

Using the algorithm, we have :

up(t,z) = cosz
3cos’zre? coswe? .
w(t,z) = (00531‘52 - 5 + 5 —sin*re+2cos’re
COST\ o
—CcosT e+ t
2
7 cos?zed  coswed
uy(t,r) = [ —cos*we® +2cos®red — +
’ 6 6

8 cosw sinze? 4 sinze? . 5 9
— —3cos’xe*+3 cos“re” —

3 3
cosx52+2 9 80082x5+005x5 COSTY 3
sin“xe — —
2 3 2 6
(t,2) s 4 Hcostxel n 25 cos®zet 5 cos’zet n cosx el
us(t,z) = cos’re” — — —
5 2 12 8 24
29 cos? x sin® x &3 n 29 cos z sin® x &3 11 sin® z &3
6 6 12
7T cos?xre?  cosxed
+4 costxe® — 6 cos® et + 3 — 5
32 cos z sin? x &2 n 8 sin? z 2 n 37 cos®xe? 23 cos?xe?
3 3 6 6
cosze? Tsin?ze 8cos’re coswe L COSTY
4 3 3 6 24
(t,2) s 4 Hcostxet n 25 cos®ze? 5 cos’xet n cosx el
uy(t,z) = cos’re” — — —
4 2 12 8 24
29 cos?x sinxe® 29 cosz sin? x &? 11 sin® z &3
6 6 12
7T cos?xre®  cosxed
+4 costxe® —6 cos® e + 3 — 5
32 cosx sin?zre? 8 sin? xe? N 37 cos>xe? 23 cos®xe?
3 3 6 6
cosze? Tsinxe 8coslze cosre cosx
— + — + °
4 3 3 6 24
13 cos*xe® 3 cosPzed
us(t,r) = (— cos® ° + 3 cos® xe® — 1 + 5
31 cos® x &° n coszre® 37 cos®x sin? x &t
120 120 5
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111 cos? z sin®xe* 137 cosx sinxze* 13 sin? x &?

10 30 \ 30
_ 4 4 cosze' 32sin'zed
—5cos’ze” 4+ 10 cos” xe” — YR B
422 cos?x sinxe® 189 cosz sin?ze® 11 sin® x e’
15 a 10 6
163 cos*xze® 25 cosPze?  5cos?rer 178 cosPxed
B 15 B 4 T 15
43 cos?xe®  cosxe® 364 cosx sin®ze? 46 sin®ze?
15 T T 15 B 15
317 cos’ x €? N 11 cos?ze®  cosae? o sin?re—
30 3 12
32 cos’ze coswe cosx 4
15 24 120)

Or
u(t,r) =~ up(t,x) +w(t,x)+ -+ us(t, )
e cosw +
. {cos?’x(i— 13¢7 N 71t 4914t N 13711¢%
20 840 30240 3326400 1037836800
28607 t1° 66811 17 719831919

13580145600 2604601728000  10137091700736000
t* 617

13502619648000  47826278793216000 +
54T % ) . 5 ( t7 t9
+cosrsm | — — —+

28695767275929600000 140 504
47t 739 ¢13 34403 t° 727 17

184800 43243200 * 36324288000 18712512000
188947 19 2!

153592298496000 4725916876800
13¢%3 41t )} N

3416162770944000  717394181898240000

5. COMPARISON OF THE APPROXIMATE SOLUTIONS

In this section we analyze the approximate solutiong of (1.1) are obtained by the three nu-
merical methods (ADM, RPM and ADM).

The solution in equatior] (1.1) which obtained by HPM is absolutely same as that of the
solution obtained by ADM. But, the approximate solution obtained by RPM, differs from the
one obtained by ADM and HPM.

The tables[(5]1)] (513) anf ($.5) give some values of the approximate solutions obtained by
the three methods. One notes a significant variation of the values obtained by RPM when
becomes increasingly large.

The tables[(5]2)] (514) anfl (5.6)show absolute error between the various approximate solu-
tions. It is noticed that the absolute error between the solutions of RPM and ADM just as RPM
and HPM increases wherbecomes increasingly large.
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Table 5.1: Approximate solutions by ADM, RPM and HPMtfer 0.2 ande = 0.0001

x Uadm

urpm

Unhpm

0 |0.8187

0.8188

0.8187

0.10.8146

0.8147

0.8146

0.2 0.8146

0.8024

0.8146

0.3 0.7822

0.7822

0.7822

0.4 10.7541

0.7541

0.7541

0.5 0.7185

0.7186

0.7185

0.6 | 0.6757

0.6758

0.6757

0.7 0.6262

0.6263

0.6262

0.8 ]0.5704

0.5705

0.5704

0.9 [ 0.5089

0.5090

0.5089

1 10.4424

0.4425

0.4424

T | |Uadm — u?"pm| |[Uadm — uhpm| ‘uhpm - u?"pm|
0 1x1074 0 1x10°*
01| 1x10* 0 1x10*
0.2 0 0 0
0.3 0 0 0
0.4 0 0 0
05| 1x10™* 0 1x10*
06| 1x10* 0 1x10°*
0.7 1x10* 0 1x10°*
08| 1x10™* 0 1x10*
09| 1x10™ 0 1x10*
1 1x10~* 0 1x107*

Table 5.2: Absolute error for variablesfrom 0 to 1 and = 0.2 ande = 0.0001
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Table 5.3: Approximate solutions by ADM, RPM and HPM,tfer 0.5 ande = 0.0002

Uadm

urpm

Unhpm

0.6065

0.6066

0.6065

0.1

0.6035

0.6036

0.6035

0.2

0.5945

0.5945

0.5945

0.3

0.5795

0.5795

0.5795

0.4

0.5587

0.5588

0.5587

0.5

0.5323

0.5324

0.5323

0.6

0.5006

0.5007

0.5006

0.7

0.4639

0.4640

0.4639

0.8

0.4226

0.4227

0.4226

0.9

0.3770

0.3772

0.3770

0.3277

0.3279

0.3277

T | |Uadm — u?"pm| |[Uadm — uhpm| ‘uhpm - u?"pm|
0 0.1 x 1073 0 0.1 x 1073
0.1] 0.1x1073 0 0.1 x 1073
0.2 0 0 0

0.3 0 0 0

04| 0.1x1073 0 0.1 x 1073
05| 0.1x1073 0 0.1 x 1073
0.6 0.1x1073 0 0.1 x 1073
0.7 0.1x1073 0 0.1 x 1073
0.8 0.1x1073 0 0.1 x 1073
09 02x1073 0 0.2 x 1073
1 0.2 x 1073 0 0.2 x 1073

Table 5.4: Absolute error for variablesfrom 0 to 1 and = 0.5 ande = 0.0002
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Table 5.5: Approximate solutions by ADM, RPM and HPMtfer 0.8 ande = 0.003

Uadm

urpm

Unhpm

0.4495

0.4508

0.4495

0.1

0.4473

0.4486

0.4473

0.2

0.4406

0.4419

0.4406

0.3

0.4295

0.4308

0.4295

0.4

0.4141

0.4154

0.4141

0.5

0.3945

0.3959

0.3945

0.6

0.3710

0.3724

0.3710

0.7

0.3439

0.3453

0.3439

0.8

0.3132

0.3147

0.3132

0.9

0.2795

0.2809

0.2795

0.2429

0.2443

0.2429

T |Ugdm — u?"pm| |[Uadm — uhpm| ‘uhpm - u?‘pm|
0 0.0013 0 0.0013
0.1 0.0013 0 0.0013
0.2 0.0013 0 0.0013
0.3 0.0013 0 0.0013
0.4 0.0013 0 0.0013
0.5 0.0014 0 0.0014
0.6 0.0014 0 0.0014
0.7 0.0014 0 0.0014
0.8 0.0015 0 0.0015
0.9 0.0014 0 0.0014
1 0.0014 0 0.0014

Table 5.6: Absolute error for variablesfrom 0 to 1 andt = 0.8 ande = 0.003
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The figures[(lL) and [2) give the comparison of the approximate solutions in dimension 2,
obtained by the three methods.

In dimension 3, we obtain the figurgs (3)} ().(5) and (6).

+ HPM + HPM
——— ADM
——FRPM

osp

uft x)
uft x)

nst

1 1 1 n 1
058 1 156 2 25 3

(@) = 0.0001

(b) e = 0.001

Figure 1: Comparison of the HPM solution, ADM solution and RPM solution

+  HPM

ult,x)

——— ADM ||
——RPM

ult,x)

+ HPM
——— ADM

[ | ——RPM

DIE '; 1‘5 2‘ 2‘5 3 ) D‘E 1‘ 1‘5 é 2‘5 3
(@)e = 0.002 (b) e = 0.003

Figure 2: Comparison of the HPM solution, ADM solution and RPM solution
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(a) HPM solution (b) RPM solution

Figure 3: Comparison of the HPM solution with RPM solution fo 0.0001

(a) ADM solution (b) RPM solution

Figure 4: Comparison of the HPM solution with RPM solution fo& 0.001

AJMAA Vol. 16, No. 1, Art. 13, pp. 1-17, 2019 AIMAA


http://ajmaa.org

16 MouUsSABAGAYOGO, YoussoUFMINOUNGOU, YoussouFPARE

(a) HPM solution (b) RPM solution

Figure 5: Comparison of the HPM solution with RPM solution fo 0.002

(a) ADM solution (b) RPM solution

Figure 6: Comparison of the HPM solution with RPM solution fo& 0.003

6. CONCLUSION

In the present study, the HPM, ADM and RPM was applied on perturbed Fisher’s equation.
The results obtained by three methods were comapared. RPM solution differs from the ADM
and HPM solution, but ADM and HPM give the same approximate solution. This research
reveals that although the obtained results by HPM and ADM are the same, HPM are much
easier, more convenient, and efficient in comparison. Different from ADM, where specific
algorithms are usually used to determine the Adomian polynomials, HPM handle linear and
nonlinear problem in simple manner by deforming a difficult problem into a simple one. In
addition, the RPM solution is very sensitive to the variations of the perturbation parameter.
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