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1. I NTRODUCTION

We define the well known Pochhammer symbol [7] for any complex numbera as

(a)n =
Γ(a + n)

Γ(a)
(1.1)

=

{
1 (n = 0, a ∈ C \ {0})
a(a + 1) · · · (a + n− 1) (n ∈ N, a ∈ C),

whereΓ(z) is the well known gamma function defined by

Γ(z) =

∫ ∞
0

e−xxz−1dx

for Re(z) > 0.
Based on Pochhammer symbol (1.1), the generalized hypergeometric function withp numer-

ator andq denominator parameters is defined [1, 3, 15, 18, 19] as

(1.2) pFq

[
a1, · · · , ap

b1, · · · , bq
; z

]
=

∞∑
n=0

∏p
i=1(ai)n∏q
i=1(bi)n

zn

n!

It can be easily verified by the ratio test [1, 2] that the series (1.2) is convergent for allp ≤ q.
Also it converges in|z| < 1 for p = q+1 and converges everywhere forp < q+1 and converges
nowhere (z 6= 0) for p > q + 1 .

Further, ifp = q + 1 , it converges absolutely for|z| = 1 provided

δ = Re

(
q∑

j=1

bj −
p∑

j=1

bj

)
> 0

holds and is conditionally convergent for|z| = 1 andz 6= 1 if −1 < δ ≤ 0 and diverges for
|z| = 1 andz 6= 1 if δ ≤ −1. For more details, we refer [15].

The two very important cases of the series (1.2), viz.

2F1

[
a, b

c
; z

]
=

∞∑
n=0

(a)n(b)n

(c)n

zn

n!
.

converges for|z| ≤ 1 and

1F1

[
a
c
; z

]
=

∞∑
n=0

(a)n

(c)n

zn

n!

converges everywhere, popularly known in the literature on the Gauss’s hypergeometric func-
tion and Kummer’s function or confluent hypergeometric function arising in many physical
problems [12, 13, 17].

It is evident that whenever a generalized hypergeometric functions reduce to gamma function,
the result are very important from the application point of view.

Moreover, here we shall mention the following classical summation theorems recorded in
[1].

• Gauss Theorem for Re(c− a− b) > 0

(1.3) 2F1

[
a, b

c
; 1

]
=

Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)
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• Kummer’s Theorem

(1.4) 2F1

[
a, b

1 + a− b
;−1

]
=

Γ(1 + a− b)Γ(1 + 1
2
a)

Γ(1− b + 1
2
a)Γ(1 + a)

• Second Gauss Theorem

(1.5) 2F1

[
a, b

1
2
(a + b + 1)

;
1

2

]
=

√
π Γ(1

2
(a + b + 1))

Γ(1
2
(a + 1))Γ(1

2
(b + 1))

• Bailey’s Theorem

(1.6) 2F1

[
a, 1− a

b
;
1

2

]
=

Γ(1
2
b)Γ(1

2
(b + 1))

Γ(1
2
(a + b))Γ(1

2
(b− a + 1))

• Dixon’s Theorem

3F2

[
a, b, c

1 + a− b, 1 + a− c
; 1

]
(1.7)

=
Γ(1 + 1

2
a)Γ(1 + a− b)Γ(1 + a− c)Γ(1− b− c + 1

2
a)

Γ(1 + a)Γ(1− b + 1
2
a)Γ(1− c + 1

2
a)Γ(1 + a− b− c)

• Watson’s Theorem

3F2

[
a, b, c

1
2
(a + b + 1), 2c

; 1

]
(1.8)

=

√
π Γ(c + 1

2
)Γ(1

2
(a + b + 1))Γ(c− 1

2
(a + b− 1))

Γ(1
2
(a + 1))Γ(1

2
(b + 1))Γ(c− 1

2
(a− 1))Γ(c− 1

2
(b− 1))

• Whipple’s Theorem

3F2

[
a, 1− a, b
c, 2b− c + 1

; 1

]
(1.9)

=
π 21−2b Γ(c)Γ(2b− c + 1)

Γ(1
2
(a + c))Γ(b + 1

2
(a− c + 1))Γ(1

2
(1− a + c))Γ(b + 1− 1

2
(a + c))

• Pfaff-Saalschütz Theorem

(1.10) 3F2

[
a, b, −n

c, 1 + a + b− c− n
; 1

]
=

(c− a)n(c− b)n

(c)n(c− a− b)n

• Second Whipple’s Theorem

(1.11) 4F3

[
a, 1 + 1

2
a, b, c

1
2
a, a− b + 1, a− c + 1

;−1

]
=

Γ(a− b + 1)Γ(a− c + 1)

Γ(a + 1)Γ(a− b− c + 1)

• Dougall’s Theorem

5F4

[
a, 1 + 1

2
a, c, d, e

1
2
a, a− c + 1, a− d + 1, a− e + 1

; 1

]
(1.12)

=
Γ(a− c + 1)Γ(a− d + 1)Γ(a− e + 1)Γ(a− c− d− e + 1)

Γ(a + 1)Γ(a− d− e + 1)Γ(a− c− e + 1)Γ(a− c− d + 1)

• Second Dougall’s Theorem

7F6

[
a, 1 + 1

2
a, b, c, d, 1 + 2a− b− c− d + n, −n

1
2
a, a− b + 1, a− c + 1, a− d + 1, b + c + d− a− n, a + 1 + n

; 1

]
(1.13)

=
(a + 1)n(a− b− c + 1)n(a− b− d + 1)n(a− c− d + 1)n

(a + 1− b)n(a + 1− c)n(a + 1− d)n(a + 1− b− c− d)n
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For finite sums of hypergeometric series, we will use the following symbol

(m)

pFq

[
a1, · · · , ap

b1, · · · , bq
; z

]
=

m∑
n=0

∏p
i=1(ai)n∏q
i=1(bi)n

zn

n!
,

where for instance

(−1)

pFq(z) = 0,
(0)

pFq(z) = 1,
(1)

pFq(z) = 1 +
a1 · · · ap

b1 · · · bq

z.

By using the following relation [14].

pFq

[
a1, · · · , ap−1, 1
b1, · · · , bq−1, m

; z

]
(1.14)

=
Γ(b1) · · ·Γ(bq−1)

Γ(a1) · · ·Γ(ap−1)

Γ(a1 −m + 1) · · ·Γ(ap−1 −m + 1)

Γ(b1 −m + 1) · · ·Γ(bq−1 −m + 1)

(m− 1)!

zm−1

×
{

p−1Fq−1

[
a1 −m + 1, · · · , ap−1 −m + 1
b1 −m + 1, · · · , bq−1 −m + 1

; z

]
−

(m−2)

p−1Fq−1

[
a1 −m + 1, · · · , ap−1 −m + 1
b1 −m + 1, · · · , bq−1 −m + 1

; z

]}
,

very recently Masjed-Jamei and Koepf [11] have established generalizations of the classical
summation theorems (1.3) to (1.13) in the following form:

3F2

[
a, b, 1

c, m
; 1

]
(1.15)

=
Γ(m)Γ(c)Γ(a−m + 1)Γ(b−m + 1)

Γ(a)Γ(b)Γ(c−m + 1)

×
{

Γ(c−m + 1)Γ(c− a− b + m− 1)

Γ(c− a)Γ(c− b)
−

(m−2)

2F1

[
a−m + 1, b−m + 1

c−m + 1
; 1

]}
= Ω1

3F2

[
a, b, 1

a− b + m, m
;−1

](1.16)

= (−1)m−1 Γ(m)Γ(a− b + m)Γ(a−m + 1)Γ(b−m + 1)

Γ(a)Γ(b)Γ(a− b + 1)

×
{

Γ(a− b + 1)Γ(1 + 1
2
(a−m + 1))

Γ(2 + a−m)Γ(m− b + 1
2
(a−m + 1))

−
(m−2)

2F1

[
a−m + 1, b−m + 1

a− b + 1
;−1

]}
= Ω2
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3F2

[
a, b, 1

1
2
(a + b + 1), m

;
1

2

]
(1.17)

= 2m−1 Γ(m)Γ(1
2
(a + b + 1))Γ(a−m + 1)Γ(b−m + 1)

Γ(a)Γ(b)Γ(−m + 1 + 1
2
(a + b + 1))

×
{ √

π Γ(−m + 1 + 1
2
(a + b + 1))

Γ(1 + 1
2
(a−m))Γ(1 + 1

2
(b−m))

−
(m−2)

2F1

[
a−m + 1, b−m + 1
−m + 1 + 1

2
(a + b + 1)

;
1

2

]}
= Ω3

3F2

[
a, 2m− a− 1, 1

b, m
;
1

2

]
(1.18)

= 2m−1 Γ(m)Γ(b)Γ(a−m + 1)Γ(m− a)

Γ(a)Γ(2m− a− 1)Γ(b−m + 1)

×
{

Γ(1
2
(b−m + 1))Γ(1

2
(b−m + 2))

Γ(−m + 1 + 1
2
(a + b))Γ(1

2
(b− a + 1))

−
(m−2)

2F1

[
a−m + 1, m− a

b−m + 1
;
1

2

]}
= Ω4

4F3

[
a, b, c, 1

a− b + m, a− c + m, m
; 1

]
(1.19)

=
Γ(m)Γ(a− b + m)Γ(a− c + m)Γ(a + 1−m)Γ(b + 1−m)Γ(c + 1−m)

Γ(a)Γ(b)Γ(c)Γ(a− b + 1)Γ(a− c + 1)

×
{ Γ(1

2
(a + 3−m))Γ(a− b + 1)Γ(a− c + 1)Γ(−b− c + 1

2
(a + 3m− 1))

Γ(a + 2−m)Γ(−b + 1
2
(a + m + 1))Γ(−c + 1

2
(a + m + 1))Γ(a− b− c + m)

−
(m−2)

3F2

[
a−m + 1, b−m + 1, c−m + 1

a− b + 1, a− c + 1
; 1

]}
= Ω5

4F3

[
a, b, c, 1

1
2
(a + b + 1), 2c + 1−m, m

; 1

]
(1.20)

=
Γ(m)Γ(1

2
(a + b + 1))Γ(2c + 1−m)Γ(a + 1−m)Γ(b + 1−m)Γ(c + 1−m)

Γ(a)Γ(b)Γ(c)Γ(−m + 1
2
(a + b + 3))Γ(2c− 2m + 2)

×
{ √

π Γ(c−m + 3
2
)Γ(−m + 1

2
(a + b + 3))Γ(c− 1

2
(a + b− 1))

Γ(1 + 1
2
(a−m))Γ(1 + 1

2
(b−m))Γ(c + 1− 1

2
(a + m))Γ(c + 1− 1

2
(b + m))

−
(m−2)

3F2

[
a−m + 1, b−m + 1, c−m + 1

−m + 1 + 1
2
(a + b + 1), 2c− 2m + 2

; 1

]}
= Ω6
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4F3

[
a, 2m− 1− a, b, 1

c, 2b− c + 1, m
; 1

]
(1.21)

=
Γ(m)Γ(c)Γ(2b− c + 1)Γ(m− a)Γ(a + 1−m)Γ(b + 1−m)

Γ(a)Γ(b)Γ(2m− 1− a)Γ(c + 1−m)Γ(2b− c−m + 2)

×
{ π 22m−2b−1 Γ(c−m + 1)

Γ(−m + 1 + 1
2
(a + c))Γ(−m + 1 + b + 1

2
(a− c + 1))Γ(1

2
(1− a + c))

× Γ(2b− c−m + 2)

Γ(b + 1− 1
2
(a + c))

−
(m−2)

3F2

[
a−m + 1, b−m + 1, m− a
c−m + 1, 2b− c−m + 2

; 1

]}
= Ω7

4F3

[
a, b, −n + m− 1, 1

c, 1 + a + b− c− n, m
; 1

]
=

(m− 1)! (1− c)m−1

(1− a)m−1(1− b)m−1

(1.22)

× (c− a− b + n)m−1

(n + 2−m)m−1

×
{ (c− a)n(c− b)n

(c + 1−m)n(c− a− b + m− 1)n

−
(m−2)

3F2

[
a−m + 1, b−m + 1, −n

c−m + 1, 2 + a + b− c−m− n
; 1

]}
= Ω8

5F4

[
a, 1

2
(a + m + 1), b, c, 1

1
2
(a + m− 1), a− b + m, a− c + m, m

;−1

]
= (−1)m−1Γ(m)(1.23)

×
Γ(1

2
(a + m− 1))Γ(a− b + m)Γ(a− c + m)Γ(1

2
(a−m + 3))Γ(a−m + 1)

Γ(a)Γ(b)Γ(c)Γ(1
2
(a + m + 1))Γ(1

2
(a−m + 1))

× Γ(b + 1−m)Γ(c + 1−m)

Γ(a− b + 1)Γ(a− c + 1)
×
{ Γ(1 + a− b)Γ(1 + a− c)

Γ(2−m + a)Γ(m + a− b− c)

−
(m−2)

4F3

[
a−m + 1, b−m + 1, 1

2
(a−m + 3), c−m + 1

1
2
(a−m + 1), a− b + 1, a− c + 1

;−1

]}
= Ω9

6F5

[
a, 1

2
(a + m + 1), c, d, e, 1

1
2
(a + m− 1), a− c + m, a− d + m, a− e + m, m

; 1

]
(1.24)

=
Γ(m)Γ(1

2
(a + m− 1))Γ(a− c + m)Γ(a− d + m)Γ(a− e + m)

Γ(a− c + 1)Γ(a− d + 1)Γ(a− e + 1)

×
Γ(a−m + 1)Γ(1

2
(a−m + 3))Γ(c + 1−m)Γ(d + 1−m)Γ(e + 1−m)

Γ(a)Γ(c)Γ(d)Γ(e)Γ(1
2
(a + m + 1))Γ(1

2
(a−m + 1))

×
{ Γ(a− c + 1)Γ(a− d + 1)Γ(a− e + 1)Γ(a− c− d− e + 2m− 1)

Γ(2−m + a)Γ(a− c− e + m)Γ(a− d− e + m)Γ(a− c− d + m)

−
(m−2)

5F4

[
a−m + 1, c−m + 1, 1

2
(a−m + 3), d−m + 1, e−m + 1

1
2
(a−m + 1), a− c + 1, a− d + 1, a− e + 1

; 1

]}
= Ω10
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8F7

[
a, 1

2
(a + m + 1), b, c, d, 2a− b− c− d + 2m− 1 + n, m− n− 1, 1

1
2
(a + m− 1), a− b + m, a− c + m, a− d + m, b + c + d− a + 1−m− n, a + n + 1, m

; 1
](1.25)

= (−1)m−1(m− 1)!×
(1

2
(3− a−m))m−1(1− a + b−m)m−1

(1
2
(1− a−m))m−1(1− a)m−1

× (1− a + c−m)m−1(1− a + d−m)m−1(m + n + a− b− c− d)m−1(−a− n)m−1

(1− b)m−1(1− c)m−1(1− d)m−1(b + c + d− 2a + 2− 2m− n)m−1(n + 2−m)m−1

×
{(a−m + 2)n(a− b− c + m)n(a− b− d + m)n(a− c− d + m)n

(a− b + 1)n(a− c + 1)n(a− d + 1)n(a− b− c− d + 2m− 1)n

−
(m−2)

7F6

[
a−m + 1, 1

2
(a−m + 3), b−m + 1, c−m + 1, d−m + 1, 2a− b− c− d + m + n, −n

1
2
(a−m + 1), a− b + 1, a− c + 1, a− d + 1, b + c + d +−a + 2− 2m− n, a−m + n + 2

; 1
]}

= Ω11

It is interesting to mention here that form = 1, the results (1.15) to (1.25) reduce to the
results (1.3) to (1.13) respectively. For other generalizations and extensions of the results (1.4)
to (1.9), we refer [6, 8, 9, 10, 16].

The aim of this paper is to establish eleven Eulerian’s type integrals involving generalized
hypergeomertic function by employing the summation theorems (1.15) to (1.25). Several new
and interesting special cases have also been given.

2. EULERIAN ’ S TYPE I NTEGRALS

The eleven new class of Eulerian’s type integrals involving generalized hypergeometric func-
tions to be established in the paper are given in the following theorems.

Theorem 2.1.For m ∈ N, Re(b) > 0, Re(c− b) > 0 and Re(c− a− b + m) > 1, the following
result holds true.

(2.1)
∫ 1

0

xb−1(1− x)c−b−1
2F1

[
a, 1

m
; x

]
dx =

Γ(b)Γ(c− b)

Γ(c)
Ω1,

whereΩ1 is the same as given in(1.15).

Proof. For proving Theorem 2.1, denoting the left-hand side of (2.1) byI, expressing2F1 as a
series, change the order of integration and summation, evaluating the beta-integral, we have

I =
∞∑

n=0

(a)n(1)n

(m)nn!

Γ(b + n)Γ(c− b)

Γ(c + n)
.

Using (1.1) and after some simplification, we have

I =
Γ(b)Γ(c− b)

Γ(c)

∞∑
n=0

(a)n(b)n(1)n

(c)n(m)n

1

n!
.

Summing up the series, we finally get

I =
Γ(b)Γ(c− b)

Γ(c)
3F2

[
a, b, 1

c, m
; 1

]
.

Now, we observe that the3F2 appearing can be evaluated with the help of the result (1.15)
and we easily arrive at the right side of (2.1). This completes the proof of Theorem 2.1.
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Corollary 2.2. In Theorem 2.1, if we takem = 2, 3 (omitting the trivial case ofm = 1), we
respectively get the following integrals.∫ 1

0

xb−1(1− x)c−b−1
2F1

[
a, 1

2
; x

]
dx

=
(c− 1)

(a− 1)(b− 1)

Γ(b)Γ(c− b)

Γ(c)

{
Γ(c− 1)Γ(c− a− b + 1)

Γ(c− a)Γ(c− b)
− 1

}
and ∫ 1

0

xb−1(1− x)c−b−1
2F1

[
a, 1

3
; x

]
dx

=
Γ(b)Γ(c− b)

Γ(c)

2(c− 2)2

(a− 2)2(b− 2)2

×
{

Γ(c− 2)Γ(c− a− b + 2)

Γ(c− a)Γ(c− b)
− ab + c− 2a− 2b + 2

c− 2

}
.

The following Theorems and the corresponding Corollaries 2.3 to 2.22 can be obtained by
employing the results (1.16) to (1.25). Hence, they are given here without proof.

Theorem 2.3.For m ∈ N, Re(b) > 0 and Re(a− 2b + m) > 0, the following result holds true.

(2.2)
∫ 1

0

xb−1(1− x)a−2b+m−1
2F1

[
a, 1

m
;−x

]
dx =

Γ(b)Γ(a− 2b + m)

Γ(a− b + m)
Ω2,

whereΩ2 is the same as given in(1.16).

Corollary 2.4. In Theorem 2.3, if we takem = 1, 2, 3, we respectively get the following inte-
grals. ∫ 1

0

xb−1(1− x)a−2b(1 + x)−adx =
Γ(b)Γ(1 + a− 2b)Γ(1 + 1

2
a)

Γ(1 + a)Γ(1 + 1
2
a− b)

,

∫ 1

0

xb−1(1− x)a−2b+1
2F1

[
a, 1

2
; x

]
dx

=
(a− b + 1)

(a− 1)(b− 1)

Γ(b)Γ(a− 2b + 2)

Γ(a− b + 2)

{
1−

Γ(1 + a− b)Γ(1
2
a + 1

2
)

Γ(a)Γ(1
2
a− b + 3

2
)

}
and ∫ 1

0

xb−1(1− x)a−2b+2
2F1

[
a, 1

3
; x

]
dx

=
2(a− b + 1)2

(a− 2)2(b− 2)2

Γ(b)Γ(a− 2b + 3)

Γ(a− b + 3)

×
{

Γ(1
2
a)Γ(1 + a− b)

Γ(a− 1)Γ(1
2
a− b + 2)

− 3a + b− ab− 3

1 + a− b

}
.

Theorem 2.5.For m ∈ N, Re(b) > 0 and Re(a− b + 1) > 0, the following result holds true.

(2.3)
∫ 1

0

xb−1(1− x)
1
2
(a−b−1)

2F1

[
a, 1

m
;
1

2
x

]
dx =

Γ(b)Γ(1
2
(a− b + 1))

Γ(1
2
(a + b + 1))

Ω3,

whereΩ3 is the same as given in(1.17).
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Corollary 2.6. In Theorem 2.5, if we takem = 1, 2, 3, we respectively get the following inte-
grals. ∫ 1

0

xb−1(1− x)
1
2
(a−b−1)(1− 1

2
x)−adx =

Γ(1
2
)Γ(b)Γ(1

2
(a− b + 1))

Γ(1
2
(a + 1))Γ(1

2
(b + 1))

,

∫ 1

0

xb−1(1− x)
1
2
(a−b−1)

2F1

[
a, 1

2
;
1

2
x

]
dx

=
(a + b− 1)

(a− 1)(b− 1)

Γ(b)Γ(1
2
(a− b + 1))

Γ(1
2
(a + b + 1))

{√
π Γ(1

2
(a + b− 1))

Γ(1
2
a)Γ(1

2
b)

− 1

}
and ∫ 1

0

xb−1(1− x)
1
2
(a−b−1)

2F1

[
a, 1

3
;
1

2
x

]
dx

=
2(a + b− 1)(a + b− 3)

(a− 2)2(b− 2)2

Γ(b)Γ(1
2
(a− b + 1))

Γ(1
2
(a + b + 1))

×
{ √

π Γ(1
2
(a + b− 3))

Γ(1
2
(a− 1))Γ(1

2
(b− 1))

− ab− a− b + 1

a + b− 3

}
.

Theorem 2.7.For m ∈ N, Re(a) > 0 and Re(b− a) > 0, the following result holds true.

(2.4)
∫ 1

0

xa−1(1− x)b−a−1
2F1

[
2m− a− 1, 1

m
;
1

2
x

]
dx =

Γ(a)Γ(b− a)

Γ(b)
Ω4,

whereΩ4 is the same as given in(1.18).

Corollary 2.8. In Theorem 2.7, if we takem = 1, 2, 3, we respectively get the following inte-
grals. ∫ 1

0

xa−1(1− x)b−a−1(1− 1

2
x)−a−1dx =

21−b Γ(1
2
)Γ(a)Γ(b− a)

Γ(1
2
(a + b))Γ(1

2
(b− a + 1))

,

∫ 1

0

xa−1(1− x)b−a−1
2F1

[
3− a, 1

2
;
1

2
x

]
dx

=
2(1− b)

(1− a)2

Γ(a)Γ(b− a)

Γ(b)

{
Γ(1

2
(b− 1))Γ(1

2
b)

Γ(1
2
(a + b)− 1)Γ(1

2
(b− a + 1))

− 1

}
and∫ 1

0

xa−1(1− x)b−a−1
2F1

[
5− a, 1

3
;
1

2
x

]
dx

=
8(b− 2)2

(a− 4)4

Γ(a)Γ(b− a)

Γ(b)

{
Γ(1

2
(b− 1))Γ(1

2
(b− 2))

Γ(1
2
(a + b)− 2)Γ(1

2
(b− a + 1))

− 5a− a2 + 2b− 10

2(b− 2)

}
.

Theorem 2.9.For m ∈ N, Re(c) > 0 and Re(a− 2c + m) > 0, the following result holds true.

(2.5)
∫ 1

0

xc−1(1− x)a−2c+m−1
3F2

[
a, b, 1

a− b + m, m
; x

]
dx =

Γ(c)Γ(a− 2c + m)

Γ(a− c + m)
Ω5,

whereΩ5 is the same as given in(1.19).
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Corollary 2.10. In Theorem 2.9, if we takem = 1, 2, 3, we respectively get the following
integrals.

∫ 1

0

xc−1(1− x)a−2c
2F1

[
a, b

1 + a− b
; x

]
dx

=
Γ(c)Γ(1 + a− 2c)Γ(1 + 1

2
a)Γ(1 + a− b)Γ(1 + 1

2
a− b− c)

Γ(1 + a)Γ(1 + 1
2
a− b)Γ(1 + 1

2
a− c)Γ(1 + a− b− c)

,

∫ 1

0

xc−1(1− x)a−2c+1
3F2

[
a, b, 1

a− b + 2, 2
; x

]
dx

=
(1 + a− b)(1 + a− c)

(a− 1)(b− 1)(c− 1)

Γ(c)Γ(2 + a− 2c)

Γ(a− c + 2)

×
{

Γ(1
2
(a + 1))Γ(1 + a− b)Γ(1 + a− c)Γ(1

2
a− b− c + 5

2
)

Γ(a)Γ(1
2
a− b + 3

2
)Γ(1

2
a− c + 3

2
)Γ(2 + a− b− c)

− 1

}
and∫ 1

0

xc−1(1− x)a−2c+2
3F2

[
a, b, c

a− b + 3, 3
; x

]
dx

=
2(a− b + 1)2(a− c + 1)2

(a− 2)2(b− 2)2(c− 2)2

Γ(c)Γ(a− 2c + 3)

Γ(a− c + 3)

×
{

Γ(1
2
a)Γ(1 + a− b)Γ(1 + a− c)Γ(1

2
a− b− c + 4)

Γ(a− 1)Γ(1
2
a− b + 2)Γ(1

2
a− c + 2)Γ(3 + a− b− c)

− (a− 2)(b− 2)(c− 2)

(a− b + 1)(a− c + 1)
− 1

}
.

Remark 2.1. The first result given in the Corollary 2.10 is also recorded in [4, 5].

Theorem 2.11.For m ∈ N and Re(c) > 0, the following result holds true.

(2.6)
∫ 1

0

xc−1(1− x)c−m
3F2

[
a, b, 1

1
2
(a + b + 1), m

; x

]
dx =

Γ(c)Γ(c−m + 1)

Γ(2c−m + 1)
Ω6,

whereΩ6 is the same as given in(1.20).

Corollary 2.12. In Theorem 2.11, if we takem = 1, 2, 3, we respectively get the following
integrals.

∫ 1

0

xc−1(1− x)c−1
2F1

[
a, b

1
2
(a + b + 1)

; x

]
dx

=
Γ(1

2
)Γ(c)Γ(c)Γ(c + 1

2
)Γ(1

2
(a + b + 1))Γ(c− 1

2
(a + b− 1))

Γ(2c)Γ(1
2
(a + 1))Γ(1

2
(b + 1))Γ(c− 1

2
(a− 1))Γ(c− 1

2
(b− 1))

,

∫ 1

0

xc−1(1− x)c−2
3F2

[
a, b, 1

1
2
(a + b + 1), 2

; x

]
dx

=
(a + b− 1)

(a− 1)(b− 1)

Γ(c)Γ(c− 1)

Γ(2c− 1)

{√
π Γ(c− 1

2
)Γ(1

2
(a + b− 1))Γ(c− 1

2
(a + b− 1))

Γ(1
2
a)Γ(1

2
b)Γ(c− 1

2
a)Γ(c− 1

2
b)

− 1

}
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and∫ 1

0

xc−1(1− x)c−3
3F2

[
a, b, 1

1
2
(a + b + 1), 3

; x

]
dx

=
(2c− 3)(a + b− 1)(a + b− 3)

(c− 1)(a− 2)2(b− 2)2

Γ(c)Γ(c− 2)

Γ(2c− 2)

×
{ √

π Γ(c− 3
2
)Γ(1

2
(a + b− 3))Γ(c− 1

2
(a + b− 1))

Γ(1
2
(a− 1))Γ(1

2
(b− 1))Γ(c− 1

2
(a + 1))Γ(c− 1

2
(b + 1))

− (a− 2)(b− 2)

a + b− 3
− 1

}
.

Remark 2.2. The first result given in the Corollary 2.12 is also recorded in [4, 5].

Theorem 2.13.For m ∈ N, Re(a) > 0 and Re(c− a) > 0, the following result holds true.

(2.7)
∫ 1

0

xa−1(1− x)c−a−1
3F2

[
2m− 1− a, b, 1

2b− c + 1, m
; x

]
dx =

Γ(a)Γ(c− a)

Γ(c)
Ω7,

whereΩ7 is the same as given in(1.21).

Corollary 2.14. In Theorem 2.13, if we takem = 1, 2, 3, we respectively get the following
integrals.

∫ 1

0

xa−1(1− x)c−a−1
2F1

[
1− a, b
2b− c + 1

; x

]
dx

=
π 21−2b Γ(a)Γ(c− a)Γ(2b− c + 1)

Γ(1
2
(a + c))Γ(b + 1

2
(a− c + 1))Γ(1

2
(1− a + c))Γ(b + 1− 1

2
(a + c))

,

∫ 1

0

xa−1(1− x)c−a−1
3F2

[
3− a, b, 1
2b− c + 1, 2

; x

]
dx

=
(c− 1)(c− 2b)

(a− 2)2(b− 1)

Γ(a)Γ(c− a)

Γ(c)

×
{

π23−2bΓ(c− 1)Γ(2b− c)

Γ(1
2
(a + c)− 1)Γ(b + 1

2
(a− c− 1))Γ(1

2
(1− a + c))Γ(b + 1− 1

2
(a + c))

− 1

}
and ∫ 1

0

xa−1(1− x)c−a−1
3F2

[
5− a, b, 1
2b− c + 1, 3

; x

]
dx =

Γ(a)Γ(c− a)

Γ(c)

×
{ π 25−2b Γ(c− 2)Γ(2b− c + 1)

Γ(1
2
(a + c)− 2)Γ(b + 1

2
(a− c− 3))Γ(1

2
(1− a + c))Γ(b + 1− 1

2
(a + c))

− (a− 2)(3− a)(b− 2)

(c− 2)(2b− c− 1)
− 1
}

.

Remark 2.3. The first result given in the Corollary 2.14 is also recorded in [4, 5].

Theorem 2.15.For m ∈ N, Re(a) > 0 and Re(c− a) > 0, the following result holds true.

(2.8)
∫ 1

0

xa−1(1− x)c−a−1
3F2

[
−n + m− 1, b, 1

1 + a + b− c− n, m
; x

]
dx =

Γ(a)Γ(c− a)

Γ(c)
Ω8,

whereΩ8 is the same as given in(1.22).
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Corollary 2.16. In Theorem 2.15, if we takem = 1, 2, 3, we respectively get the following
integrals.∫ 1

0

xa−1(1− x)c−a−1
2F1

[
−n, b

1 + a + b− c− n
; x

]
dx =

Γ(a)Γ(c− a)

Γ(c)

(c− a)n(c− b)n

(c)n(c− a− b)n

,

∫ 1

0

xa−1(1− x)c−a−1
3F2

[
−n + 1, b, 1

1 + a + b− c− n, 2
; x

]
dx

=
(1− c)(c− a− b + n)

n(1− a)(1− b)

Γ(a)Γ(c− a)

Γ(c)
×
{

(c− a)n(c− b)n

(c)n(c− a− b + 1)n

− 1

}
and ∫ 1

0

xa−1(1− x)c−a−1
3F2

[
−n + 2, b, 1

1 + a + b− c− n, 3
; x

]
dx

=
2(1− c)2(c− a− b + n)2

n(1− a)2(1− b)2

Γ(a)Γ(c− a)

Γ(c)

×
{

(c− a)n(c− b)n

(c− 2)n(c− a− b + 2)n

+
n(a− 2)(b− 2)

(c− 2)(a + b− c− n− 1)
− 1

}
.

Theorem 2.17.For m ∈ N, Re(b) > 0 and Re(a−2b+m) > 0, the following result holds true.∫ 1

0

xb−1(1− x)a−2b+m−1
4F3

[
a. 1

2
(a + m + 1), c, 1

1
2
(a + m− 1), a− c + m, m

;−x

]
dx(2.9)

=
Γ(b)Γ(a− 2b + m)

Γ(a− b + m)
Ω9,

whereΩ9 is the same as given in(1.23).

Corollary 2.18. In Theorem 2.17, if we takem = 1, 2, 3, we respectively get the following
integrals. ∫ 1

0

xb−1(1− x)a−2b
3F2

[
a. 1

2
(a + 2), c

1
2
a, a− c + 1

;−x

]
dx

=
Γ(b)Γ(1 + a− c)Γ(1 + a− 2b)

Γ(1 + a)Γ(1 + a− b− c)
,

∫ 1

0

xb−1(1− x)a−2b+1
4F3

[
a, 1

2
(a + 3), c, 1

1
2
(a + 1), a− c + 2, 2

;−x

]
dx

=
(1 + a− b)(1 + a− c)

(a + 1)(b− 1)(c− 1)

Γ(b)Γ(a− 2b + 2)

Γ(2 + a− b)
×
{

1− Γ(1 + a− b)Γ(1 + a− c)

Γ(a)Γ(2 + a− b− c)

}
and ∫ 1

0

xb−1(1− x)a−2b+2
4F3

[
a. 1

2
(a + 4), c, 1

1
2
(a + 3), a− c + 3, 3

;−x

]
dx

=
2(1 + a− b)2(1 + a− c)2

(a + 2)(a− 1)(b− 2)2(c− 2)2

Γ(b)Γ(a− 2b + 3)

Γ(3 + a− b)

×
{

Γ(1 + a− b)Γ(1 + a− c)

Γ(a− 1)Γ(3 + a− b− c)
+

a(b− 2)(c− 2)

(1 + a− b)(1 + a− c)
− 1

}
.
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Theorem 2.19.For m ∈ N, Re(b) > 0 and Re(a−2c+m) > 0, the following result holds true.∫ 1

0

xc−1(1− x)a−2c+m−1
5F4

[
a. 1

2
(a + m + 1), d, e, 1

1
2
(a + m− 1), a− d + m, a− e + m, m

; x

]
dx(2.10)

=
Γ(c)Γ(a− 2c + m)

Γ(a− c + m)
Ω10,

whereΩ10 is the same as given in(1.24).

Corollary 2.20. In Theorem 2.19, if we takem = 1, 2, 3, we respectively get the following
integrals.

∫ 1

0

xc−1(1− x)a−2c
4F3

[
a, 1

2
(a + 2), d, e

1
2
a, a− d + 1, a− e + 1

; x

]
dx

=
Γ(c)Γ(a− 2c)Γ(1 + a− d)Γ(1 + a− e)Γ(1 + a− c− d− e)

Γ(1 + a)Γ(1 + a− d− e)Γ(1 + a− c− e)Γ(1 + a− c− d)
,

∫ 1

0

xc−1(1− x)a−2c+1
5F4

[
a, 1

2
(a + 3), d, e, 1

1
2
(a + 1), a− d + 2, a− e + 2, 2

; x

]
dx

=
(1 + a− c)(1 + a− d)(1 + a− e)

(1 + a)(c− 1)(d− 1)(e− 1)

Γ(c)Γ(a− 2c + 2)

Γ(a− c + 2)

×
{

Γ(1 + a− c)Γ(1 + a− d)Γ(1 + a− e)Γ(3 + a− c− d− e)

Γ(a)Γ(2 + a− d− e)Γ(2 + a− c− e)Γ(2 + a− c− d)
− 1

}
and ∫ 1

0

xc−1(1− x)a−2c+2
5F4

[
a, 1

2
(a + 4), d, e, 1

1
2
(a + 2), a− d + 3, a− e + 3, 3

; x

]
dx

=
2(1 + a− c)2(1 + a− d)2(1 + a− e)2

(a− 1)(a + 2)(c− 2)2(d− 2)2(e− 2)2

Γ(c)Γ(a− 2c + 3)

Γ(a− c + 3)

×
{Γ(1 + a− c)Γ(1 + a− d)Γ(1 + a− e)Γ(5 + a− c− d− e)

Γ(a− 1)Γ(3 + a− d− e)Γ(3 + a− c− e)Γ(3 + a− c− d)

− a(c− 2)(d− 2)(e− 2)

(1 + a− c)(1 + a− d)(1 + a− e)

}
.

Theorem 2.21.For m ∈ N, Re(b) > 0 and Re(a−2b+m) > 0, the following result holds true.

∫ 1

0

xb−1(1− x)a−2b+m−1

(2.11)

× 7F6

[
a, 1

2(a + m + 1), c, d, 2a− b− c− d + 2m + n− 1, m− n− 1
1
2(a + m− 1), a− c + m, a− d + m, b + c + d− a−m− n + 1, a + n + 1, m

; x

]
dx

=
Γ(b)Γ(a− 2b + m)

Γ(a− b + m)
Ω11,

whereΩ11 is the same as given in(1.25).

Corollary 2.22. In Theorem 2.21, if we takem = 1, 2, 3, we respectively get the following
integrals.
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∫ 1

0

xb−1(1− x)a−2b

× 6F5

[
a, 1

2
(a + 2), c, d, 2a− b− c− d + n + 1, −n

1
2
a, 1 + a− c, 1 + a− d, b + c + d− a− n, a + n + 1

; x

]
dx

=
Γ(b)Γ(a− 2b + 1)

Γ(a− b + 1)

(1 + a)n(a− b− c + 1)n(a− b− d + 1)n(a− c− d + 1)n

(1 + a− b)n(1 + a− c)n(1 + a− d)n(1 + a− b− c− d)n

,

∫ 1

0

xb−1(1− x)a−2b+1

× 7F6

[
a, 1

2
(a + 3), c, d, 2a− b− c− d + n + 3, 1− n, 1

1
2
(a + 1), 1 + a− c, 1 + a− d, b + c + d− a− n− 1, a + n + 1, 2

; x

]
dx

=
(b− a− 1)(c− a− 1)(d− a− 1)(n + 2 + a− b− c− d)(a + n)

n(1 + a)(1− b)(1− c)(1− d)(b + c + d− 2a− 2− n)

Γ(b)Γ(a− 2b + 1)

Γ(a− b + 1)

×
{

1− (a)n(a− b− c + 2)n(a− b− d + 2)n(a− c− d + 2)n

(1 + a− b)n(1 + a− c)n(1 + a− d)n(3 + a− b− c− d)n

}
and∫ 1

0

xb−1(1− x)a−2b+2

× 7F6

[
a, 1

2(a + 4), c, d, 2a− b− c− d + n + 5, 2− n, 1
1
2(a + 2), 3 + a− c, 3 + a− d, b + c + d− a− n− 2, a + n + 1, 3 ; x

]
dx

=
(a− 2)(b− a− 2)2(c− a− 2)2(d− a− 2)2(−a− n)n(3 + n + a− b− c− d)2

(a + 2)(1− a)2(1− b)2(1− c)2(1− d)2(n− 1)2(b + c + d− 2a− 4− n)2

· Γ(b)Γ(a− 2b + 3)

Γ(a− b + 2)
×
{(a− 1)n(a− b− c + 3)n(a− b− d + 3)n(a− c− d + 3)n

(a− b + 1)n(a− c + 1)n(a− d + 1)n(a− b− c− d + 5)n

+
na(b− 2)(c− 2)(d− 2)(2a− b− c + n + 3)

(a− b + 1)(a− c + 1)(a− d + 1)(b + c + d− a− n− 4)(n + a− 1)
− 1
}

.

Similarly other results can be obtained.

Concluding Remarks

In this paper, eleven Eulerian’s type integrals involving generalized hypergeometric functions
have been evaluated in terms of gamma function by employing very recently obtained summa-
tion theorems by Masjed-Jamei and Koepf. Several new, interesting and elementary integrals
have also been given as special cases of our main findings.
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