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2 M ILA KURNIAWATY, MARJONO

1. I NTRODUCTION

In this paper, we study the Girsanov transformation of Markov process. A Markov process
is said to be conservative if the associated particle stays at state space forever. This property
is one of the important global properties of Markov process. The conservativeness of Markov
processes has been considered by many authors (for example, see [4, 8, 9]). We give the con-
servativeness of Girsanov transform process associated with regular Dirichlet form. Let(E ,F)
be a regular Dirichlet form onL2(E; m) andX = (Ω,Ft, θt, Xt,Px, ζ) them-symmetric Hunt
process onE associated with(E ,F). Letµc〈u,v〉 be a bounded measure, (see [2, Lemma 3.2.3]),
such that

E (c)(u, v) =
1

2
µc〈u,v〉(X) for u ∈ Fe.

We define the familyΘ of sequence of finely open sets defined by

Θ = {{Gn} : Gn is finely open for alln,Gn ⊂ Gn+1,∪∞n=1Gn = E q.e.}.

A functionu ∈ Ḟloc if there exists{Gn} ∈ Θ and{un} ∈ F such thatu = un m-a.e on{Gn}
for eachn ∈ N. It is shown in [6, Theorem 4.1] thatFe ⊂ Ḟloc.

We introduce the subclasṡF †
loc of Ḟloc as follows:

Ḟ †
loc :=

{
u ∈ Ḟloc

∣∣∣∣ ∫
y∈E

(u(y)− u(x))2J(dx, dy) is the smooth measure

}
.

An increasing sequence{Fn} of closed set ofE is said to be astrict E-nest if

lim
n→∞

Cap1,G1ϕ
(E\Fn) = 0,

where Cap1,G1ϕ
is the weighted capacity defined in [7, Chapter V, Definition 2.1] and family

{Fn} of closed sets is a strictE-nest if and only if

Px( lim
n→∞

σE\Fn) = 0 q. e.x ∈ E

in view of [7, Chapter V, proposition 2.6]. A functionu defined onE∂ is said to bestrictly E-
quasi continuous if there exists a strictE-nest{Fn} such thatu is continuous on eachFn∪{∂}.
Denote byQC(E∂) the totality of strictlyE-quasi-continuous functions onE∂. We assume that
ρ is a non-negative function iṅF †

loc ∩ QC(E∂) such thatm({ρ > 0}) > 0 and0 ≤ ρ(∂) < ∞.
SetN := {x ∈ E : ρ(x) = 0} and define a stopping timeσN by σN := inf{t > 0 : Xt ∈ N}.
From the Fukushima decomposition,

ρ(Xt)− ρ(X0) = M
[ρ]
t +N

[ρ]
t , t ∈ [0, ζ[,P-a.s. for q.e.x ∈ E,

whereM [ρ] is an MAF locally of finite energy andN [ρ] is a CAF locally of zero energy. Define
a local martingaleM on the random intervalJ0, σN ∧ ζK by

(1.1) Mt :=

∫ t

0

1

ρ(Xs−)
dM [ρ]

s .

LetLρt be the Doléans-Dade exponential ofMt, that is, the unique solution of

Lρt = 1 +

∫ t

0

Lρs−dMs, Px-a.s.,x ∈ E\N.

By the Doléans-Dade formula ([5, Theorem 9.39]) on{t < σN ∧ ζ},

(1.2) Lρt = exp

(
Mt −

1

2
〈M c〉t

) ∏
0<s≤t

ρ(Xs)

ρ(Xs−)
exp

(
1− ρ(Xs)

ρ(Xs−)

)
.
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THE CONSERVATIVENESS OFGIRSANOV 3

SinceLρt is a positive local martingale on the random intervalJ0, σN ∧ ζK, so is a positive
supermartingale. Consequently, the formula

(1.3) dP̃x = LρtdPx onFt ∩ {t < σN ∧ ζ} for x ∈ E\N,

uniquely determines a family of probability measures on(Ω,F∞). Let X̃ρ := (Ω,Ft, X̃t, P̃x, ζ̃)
be the transformed process ofX byLρt . Here forω ∈ Ω,

X̃t(ω) :=

{
Xt(ω), 0 ≤ t < σN ,
∂, σN ≤ t ≤ ∞,

ζ̃(ω) := σN(ω) ∧ ζ(ω).

The semigroup{P̃t} of X̃ρ equals

(1.4) P̃tf(x) = Ẽx[f(X̃t) : t < ζ̃] = Ex[L
ρ
t f(Xt); t < σN ∧ ζ].

The transformed process̃Xρ by Lρt is aρ2m-symmetric right process by [8, Lemma 3.1]. We
denote by(Ẽρ, F̃ρ) the Dirichlet form onL2(E, ρ2m) associated with̃Xρ. It is known that
(Ẽρ, F̃ρ) is aquasi-regular(see [7]). For a closed subsetF of E, Db(E)F is the space defined
by

Db(E)F = {u ∈ Db(E) : u = 0 m-a.e. onE\F},

whereDb(E) is the set of bounded functions inF . The following theorem has been proved in
[8, Theorem 3.4].

Theorem 1. Suppose thatρ > 0 q.e belongs toḞ+
loc ∩ QC(E∂). Then there exists anE-nest

{Fn} of compact sets such that∪n≥1Db(E)Fn ⊂ F̃ρ and foru ∈ Db(E)Fn,

(1.5)
Ẽρ(u, u) =

1

2

∫
E

ρ(x)2µc〈u〉(dx) +

∫
E×E\d

(u(x)− u(y))2ρ(x)ρ(y)J(dx, dy)

+ ρ(∂)

∫
E

u(x)2ρ(x)κ(dx)

We assume thatκ = 0 in (1.5). This means that the corresponding symmetric Hunt process
has no killing inside. Foru, v ∈ F , then we have the following.
(1.6)

Ẽρ(u, v) =
1

2

∫
E

ρ(x)2µc〈u,v〉(dx) +

∫
E×E\d

(u(x)− u(y))(v(x)− v(y))ρ(x)ρ(y)J(dx, dy).

By [2, Theorem 1.6.6] that(E ,F) is conservative if and only if there exists a sequence{un} ⊂
F satisfying

0 ≤ un ≤ 1, lim
n→∞

un = 1 m-a.e.

such that

lim
n→∞

E(un, v) = 0 for anyv ∈ F ∩ L1(E; m).

By the same argument as in [9, Lemma 2.1], we obtain the following lemma.

Lemma 1. Let {ϕn} denote an increasing sequence of non negative function inL2(E; m) ∩
L∞(E; m) such that

lim
n→∞

ϕn = 1 m-a.e.
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4 M ILA KURNIAWATY, MARJONO

Assume that there existst0 > 0 such that

lim
n→∞

∫
E

(f(x)− P̃tf(x))ϕn(x)ρm(dx) = 0

for anyt ∈ (0, t0] and anyf ∈ F ∩ C0(E). Then(Ẽρ, F̃ρ) is conservative.

By considering the Beurling-Deny formula of Girsanov transformed processX̃ρ in [8, The-
orem 3.4], we prove the conservativeness by using a similar way to [9]. More precisely,
we first divide the regular Dirichlet form(Ẽρ, F̃ρ) into the “small jump”partẼρ,(1) and the
“big jump”part Ẽρ,(2) (see Section 2 for definition). Here we assume thatẼρ,(2) is regarded
as a bounded perturbation, which implies that(Ẽρ, F̃ρ) is conservative if and only if so is
(Ẽρ,(1), F̃ρ). We then adapt the Davies method as in [1] to(Ẽρ,(1)F̃ρ).

2. M AIN RESULTS

In this section, we prove the conservativeness of Girsanov transformed for symmetric jump-
diffusion processes,(Ẽρ, F̃ρ). Firstly, we divide it into “small jump”part̃Eρ,(1) and the “big
jump”part Ẽρ,(2). We now impose assumption on the measureJ(dx, dy).

Assumption 1.
(i) The measureJ(dx, dy) onE × E\d is expressed by

J(dx, dy) = J(x, dy)m(dx)

for some kernelJ(x, dy) which associates a positive Radon measure onB(E) for each
x ∈ E.

(ii) There exists a strictly positive functionF (x, y) onE × E\d such that

F (x, y) = F (y, x) for any(x, y) ∈ E × E\d

and

M := sup
x∈E

∫
d(x,y)≥F (x,y)

J(x, dy) <∞.

LetF (x, y) be a function onE×E\d satisfying Assumption 1 (ii). Foru, v ∈ F and assume
ρ is bounded, we divide the integral in (1.6) into:

Ẽρ(u, v) :=
1

2

∫
E

ρ(x)2µc〈u,v〉(dx) +
1

2

∫∫
E×E\d

(ũ(x)− ũ(y))(ṽ(x)− ṽ(y))ρ(x)ρ(y)J(x, dy)m(dx)

=
1

2

∫
E

ρ(x)2µc〈u,v〉(dx)

+
1

2

∫∫
E×E\d

(ũ(x)− ũ(y))(ṽ(x)− ṽ(y))ρ(x)ρ(y)(J (1)(x, dy) + J (2)(x, dy))m(dx)

=
1

2

∫
E

ρ(x)2µc〈u,v〉(dx)

+
1

2

∫∫
0<d(x,y)<F (x,y)

(ũ(x)− ũ(y))(ṽ(x)− ṽ(y))ρ(x)ρ(y)J(x, dy)m(dx)

+
1

2

∫∫
d(x,y)≥F (x,y)

(ũ(x)− ũ(y))(ṽ(x)− ṽ(y))ρ(x)ρ(y)J(x, dy)m(dx)

= Ẽρ,(1)(u, v) + Ẽρ,(2)(u, v).
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whereJ (1)(x, dy = 1{0<d(x,y)<F (x,y)}J(x, dy) andJ (2)(x, dy = 1{d(x,y)≥F (x,y)}J(x, dy).
We set

Ẽρ,(1)(u, v) :=
1

2

∫
E

ρ(x)2µc〈u,v〉(dx)

+
1

2

∫∫
0<d(x,y)<F (x,y)

(ũ(x)− ũ(y))(ṽ(x)− ṽ(y))ρ(x)ρ(y)J(dx, dy)

and

Ẽρ,(2)(u, v) :=
1

2

∫
E

(∫
d(x,y)≥F (x,y)

(ũ(x)− ũ(y))(ṽ(x)− ṽ(y))ρ(x)ρ(y)J(x, dy)

)
m(dx).

Then by the symmetry ofJ , the boundedness ofρ and Assumption 1 (ii) we have

0 ≤ Ẽρ,(2)(u, u) ≤ ‖ρ‖2
∞E (2)(u, u) ≤ 2M‖ρ‖2

∞‖u‖2
L2(E;m) for anyu ∈ F ,

whereE (2)(u, u) = 1
2

∫
E

(∫
d(x,y)≥F (x,y)

(ũ(x)− ũ(y))(ṽ(x)− ṽ(y))J(x, dy)
)

m(dx). Since this

implies that

Ẽρ,(1)
1 (u, u) ≤ Ẽρ1 (u, u) ≤ Ẽρ,(1)2M‖ρ‖2∞+1(u, u) for anyu ∈ F ,

(Ẽρ,(1)
1 , F̃ρ) is also aregular Dirichlet formonL2(E; m). Moreover, by the same way as in [9,

Lemma 2.3], we have the following.

Lemma 2. The form(Ẽρ, F̃ρ) is conservative if and only if so is(Ẽρ,(1), F̃ρ).

Then we consider the conservativeness of(Ẽρ,(1), F̃ρ) in order to show the conservativeness
of (Ẽρ, F̃ρ) . In the following, we consider the conservativeness of(Ẽρ,(1), F̃ρ) . To this end,
we drop the suffix “(1)”for simplicity until the end of this section.

Defineµc〈ξ〉 for any non negativeξ ∈ Ḟloc. Let C(E) be the totality of continuous functions
onE and define

Ḟloc, ac := {ξ ∈ Ḟloc ∩ C(E) | µc〈ξ〉 << m}.

For non negativeξ ∈ Ḟloc, ac, we denote byΓc(ρ) the density function ofµc〈ξ〉 with respect to the

measurem. For eachr > 0 andξ ∈ Ḟloc, ac, we set

Kξ(r) := {x ∈ E | ξ(r) ≤ r}.
To state another assumption, we introduce a function classA defined by

A := {ξ ∈ Ḟloc, ac | lim
x→∆

ξ(x) = ∞ andKξ(r) is compact for eachr > 0}.

Assumption 2. There exist a functionF (x, y) satisfying Assumption 1 (ii) and a functionξ ∈ A
such that the following hold.

(i) For any(x, y) ∈ E × E\d with d(x, y) < F (x, y),

|ξ(x)− ξ(y)| < 1.

(ii) The functionξ satisfies

1

ρ(x)

∫
0<d(x,y)<F (x,y)

(ξ(x)− ξ(y))2ρ(y)J(x, dy) <∞

for anyx ∈ E andρ(x) 6= 0.

The main result of this section is the following.
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6 M ILA KURNIAWATY, MARJONO

Theorem 2. Assume Assumptions 1 and 2 on(Ẽρ, F̃ρ). If there exists a sequence{an} such
that

(2.1) lim
n→∞

Mξ(n+ 3)m(Kξ(n+ 3)) exp(−nan + a2
ne
anpnMξ(n+ 1)T ) = 0

for someT > 0, then(Ẽρ, F̃ρ) is conservative.

We fix F (x, y) and ξ ∈ A satisfying Assumptions 1 and 2. Let{wn} ⊂ C0(R) be an
increasing sequence such that

wn(t) :=

 1, |t| ≤ n+ 1,
n+ 2− |t|, n+ 1 ≤ |t| ≤ n+ 2,
0, |t| ≥ n+ 2.

Let us define a sequence of cut-off functions{ϕn} by

ϕn(x) := wn(ξ(x)) for n = 1, 2, 3, ....

By [9, Lemma 3.1], we can see thatϕn ∈ F ∩ C0(E) for anyn ≥ 1. We know by [2, Theorem
3.2.2] that the measureµ(c)

〈ϕn〉
is absolutely continuous with respect tom. Moreover, if we denote

by Γc(ϕn) the density function ofµ(c)
〈ϕn〉

with respect tom, then we obtain

Γc(ϕn)(x) = w′n(ξ(x))
2 · Γc(ξ)(x) ≤ Γc(ξ)(x) · 1{n+1≤ξ(x)≤n+2}.(2.2)

We denote byΓj(ϕn) the density function of the jumping energy measure

µ
(j)
〈ϕn〉

(dx) :=

∫
E

(ϕn(x)− ϕn(y))
2ρ(x)ρ(y)J(dx, dy)

with respect toρ(x)2m(dx). By Assumption 2 we have

|ϕn(x)− ϕn(y)| = |wn(ξ(x))− wn(ξ(y))| ≤ |ξ(x)− ξ(y)| · 1{n≤ξ(x)≤n+3}

for any(x, y) ∈ E × E\d with d(x, y) < F (x, y), then we obtain

Γj(ϕn)(x) :=

∫
0<d(x,y)<F (x,y)

(ϕn(x)− ϕn(y))
2ρ(x)ρ(y)J(x, dy)

≤
∫

0<d(x,y)<F (x,y)

(ξ(x)− ξ(y))2ρ(x)ρ(y)J(x, dy) · 1{n≤ξ(x)≤n+3}

= Γj(ξ)(x) · 1{n≤ξ(x)≤n+3}.(2.3)

Hence we obtain from Eq. (2.2) and (2.3) the following result.

Lemma 3. The following inequality holds:

Γc(ϕn)(x) + Γj(ϕn)(x) ≤ (Γc(ξ)(x) + Γj(ξ)(x)) · 1{n≤ξ(x)≤n+3}.

For the proof of Theorem 2, we need the following two lemmas.

Lemma 4. The following inequality holds:∫
E

ψn(x)
−2Γc(ϕn)(x)m(dx) +

∫
E

ψn(x)
−2Γj(ϕn)(x)m(dx)

≤ e−naMξ(n+ 3)ρ2m(Kξ(n+ 3)).(2.4)
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Proof. Fix a constanta > 0. Let {vn} ⊂ Cb(R) be a sequence such that

vn(t) =

 0, |t| ≤ n
2
,

a(|t| − n
2
), n

2
≤ |t| ≤ n,

na/2, |t| ≤ n.

Let us define

ψn(x) := exp(vn(ξ(x))) for n = 1, 2, 3, ....

By the definition ofψn, we have∫
E

ψn(x)
−2Γc(ϕn)(x)ρ(x)

2m(dx) +

∫
E

ψn(x)
−2Γj(ϕn)(x)ρ(x)

2m(dx)

=

∫
n+1≤ξ(x)≤n+2

e−naΓc(ϕn)(x)ρ
2m(dx) +

∫
n≤ξ(x)≤n+3

e−naΓj(ϕn)(x)ρ
2m(dx)

≤ e−na
∫
n≤ξ(x)≤n+3

(Γc(ϕn)(x) + Γj(ϕn)(x))ρ
2m(dx)

≤ e−na
(
ess supn≤ξ(x)≤n+3(Γ

c(ϕn)(x)) + ess supn≤ξ(x)≤n+3(Γ
j(ϕn)(x))

)
ρ2m (Kξ(n+ 3)) .

Put

Mξ(r) := ess supx∈Kξ(r)(Γ
c(ξ)(x)) + ess supx∈Kξ(r)(Γ

j(ξ)(x)) for eachr > 0,

hence we obtain the assertion.

Lemma 5. The following inequality holds:

1

2

∫ t

0

(∫
E

ψn(x)
2ρ(x)2µc〈us〉(dx)

)
ds

+
1

2

∫ t

0

(∫∫
0<d(x,y)<F (x,y)

(us(x)− us(y))
2ψn(x)

2ρ(x)ρ(y)J(dxdy)

)
ds

≤ 2 exp(a2eapnMξ(n+ 1)t)‖ρψn‖2
L2(E;m).(2.5)

Proof. The proof is based on an idea in [9]. Fixf ∈ F ∩ C0(E) and setut := P̃
ρ,(1)
t for t > 0,

where{P̃ ρ,(1)
t }t>0 is the Markovian semigroup onL2(E; m) associated with theDirichlet form

(Ẽρ,(1), F̃ρ). By similar way in [9, Lemma 3.1], we haveψn ∈ Ḟb,loc. Furthermore, the measure
µ

(c)
〈ψn〉

is absolutely continuous with respect tom by [2, Theorem 3.2.2]. We denote byΓc(ψn)

the density function ofµ(c)
〈ψn〉

with respect tom then by the Schwarz inequality ([6, lemma 5.2]),
we have for anyλ > 0,

− 2

∫
E

ρ(x)2us(x)ψn(x)µ
c
〈us,ψn〉(ds)

≤ 2

√∫
E

ρ(x)2us(x)2µc〈ψn〉
(dx) ·

√∫
E

ρ(x)2ψn(x)
2µc〈us〉(dx)

≤ λ

∫
E

ρ(x)2us(x)
2µc〈ψn〉(dx) +

1

λ

∫
E

ρ(x)2ψn(x)
2µc〈us〉(dx)

= λ

∫
E

ρ(x)2us(x)
2Γc(ψn)m(dx) +

1

λ

∫
E

ρ(x)2ψn(x)
2µc〈us〉(dx)(2.6)
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and

−
∫∫

0<d(x,y)<F (x,y)

(us(x)− us(y))(ψn(x)
2 − ψn(y)

2)us(y)ρ(x)ρ(y)J(dxdy)

≤ λ

∫∫
0<d(x,y)<F (x,y)

(ψn(x)− ψn(y))
2us(y)

2ρ(x)ρ(y)J(dxdy)

+
1

4λ

∫∫
0<d(x,y)<F (x,y)

(us(x)− us(y))
2(ψn(x) + ψn(y))

2ρ(x)ρ(y)J(dxdy)

≤ λ

∫∫
0<d(x,y)<F (x,y)

(ψn(x)− ψn(y))
2us(x)

2ρ(x)ρ(y)J(dxdy)

+
1

2λ

∫∫
0<d(x,y)<F (x,y)

(us(x)− us(y))
2(ψn(x)

2 + ψn(y)
2)ρ(x)ρ(y)J(dxdy)

Defining

Γj(ψn)(x) :=
1

ρ(x)

∫
0<d(x,y)<F (x,y)

(ψn(x)− ψn(y))
2ρ(y)J(x, dy), x ∈ E,

and by Assumption 1 the following holds.

−
∫∫

0<d(x,y)<F (x,y)

(us(x)− us(y))(ψn(x)
2 − ψn(y)

2)us(y)ρ(x)ρ(y)J(dxdy)

= λ

∫
E

us(x)
2Γj(ψn)(x)ρ(x)

2m(dx)

+
1

λ

∫∫
0<d(x,y)<F (x,y)

(us(x)− us(y))
2ψn(x)

2ρ(x)ρ(y)J(dxdy).(2.7)

Sinceψn ∈ Ḟloc ∩ Cb(E), we haveρunψ
2
n ∈ F by Assumption 2 and [9, Eq. 3.5] in similar

way to [4, Lemma 3.5]. Then by [3, Theorem 4.9(iv)] and [2] we see that

d

ds
‖ρusψn‖2

L2(E;m) = −2Ẽρ,(1)(us, usψ2
n)

= −
∫
E

ρ(x)2µc〈us,usψ
2
n〉

(dx)−
∫∫

0<d(x,y)<F (x,y)

(us(x)− us(y))

× (us(x)ψn(x)
2 − us(y)ψn(y)

2)ρ(x)ρ(y)J(dxdy)

= −
∫
E

ρ(x)2ψn(x)
2µc〈us〉(dx)− 2

∫
E

ρ(x)2us(x)ψn(x)µ
c
〈us,ψn〉(dx)

−
∫∫

0<d(x,y)<F (x,y)

(us(x)− us(y))
2ψn(x)

2ρ(x)ρ(y)J(dxdy)

−
∫∫

0<d(x,y)<F (x,y)

(us(x)− us(y))

× (ψn(x)
2 − ψn(y)

2)us(y)ρ(x)ρ(y)J(dxdy).(2.8)

Takeλ = 1 in Eq. (2.6) and (2.7) we have

d

ds
‖ρusψn‖2

L2(E;m) ≤
∫
E

ρ(x)2us(x)
2Γc(ψn)m(dx) +

∫
E

ρ(x)2us(x)
2Γj(ψn)(x)m(dx)
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Let {pn} be a sequence defined by

pn := 2 sup{|ξ(x)− ξ(y)| : n
2
− 1 ≤ ξ(x) ≤ n+ 1, 0 < d(x, y) < F (x, y)}.

By [9, Lemma 3.3] we then have the following.∫
E

ρ(x)2us(x)
2Γc(ψn)m(dx) +

∫
E

ρ(x)2us(x)
2Γj(ψn)(x)m(dx)

≤ a2eapnMξ(n+ 1)‖ρusψn‖2
L2(E;m).

By the Gronwall lemma, we obtain

‖ρutψn‖2
L2(E;m) ≤ exp(a2eapnMξ(n+ 1)t‖ρψn‖2

L2(E;m)).(2.9)

By (2.6) and (2.7) withλ = 2, we see from (2.8) that

d

ds
‖ρusψn‖2

L2(E;m) ≤ −1

2

∫
E

ψn(x)
2ρ(x)2µc〈us〉(dx)

+ 2

∫
E

us(x)
2ρ(x)2Γc(ψn)m(dx)

− 1

2

∫∫
0<d(x,y)<F (x,y)

(us(x)− us(y))
2ψn(x)

2ρ(x)ρ(y)J(dxdy)

+ 2

∫
E

us(x)
2ρ(x)2Γj(ψn)m(dx)

≤ −1

2

∫
E

ψn(x)
2ρ(x)2µc〈us〉(dx)

− 1

2

∫∫
0<d(x,y)<F (x,y)

(us(x)− us(y))
2ψn(x)

2ρ(x)ρ(y)J(dxdy)

+ 2a2eapnMξ(n+ 1) exp(a2eapnMξ(n+ 1)s)‖ρψn‖2
L2(E;m).

By integrating with respect tos, we have the assertion.

Proof of Theorem 2.By [3, Theorem 4.9(iv)], we have the following.∫
E

(ut(x)− f(x))ϕn(x)ρ(x)m(dx)

= −
∫ t

0

Ẽρ,(1)(us, ϕn)ds

= −1

2

∫ t

0

(∫
E

ρ(x)2µc〈us,ϕn〉(dx)

)
ds

− 1

2

∫ t

0

(∫∫
0<d(x,y)<F (x,y)

(us(x)− us(y))(ϕn(x)− ϕn(y))ρ(x)ρ(y)J(dx, dy)

)
ds.

By Schwarz inequality [6, Lemma 5.2], we then have(∫
E

ρ(x)2µc〈us,ϕn〉(dx)

)2

=

(∫
E

ρ(x)2ψn(x)
−1ψn(x)µ

c
〈us,ϕn〉(dx)

)2

≤
∫
E

ρ(x)2ψn(x)
−2µc〈ϕn〉(dx)

∫
E

ρ(x)2ψn(x)
2µc〈us〉(dx),
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and (∫∫
0<d(x,y)<F (x,y)

(us(x)− us(y))(ϕn(x)− ϕn(y))ρ(x)ρ(y)J(dxdy)

)2

≤
∫∫

0<d(x,y)<F (x,y)

(ϕn(x)− ϕn(y))
2ψn(x)

−2ρ(x)ρ(y)J(dxdy)

×
∫∫

0<d(x,y)<F (x,y)

(us(x)− us(y))
2ψn(x)

2ρ(x)ρ(y)J(dxdy).

We thus have(∫
E

(ut(x)− f(x))ϕn(x)ρ(x)m(dx)

)2

≤ t

(∫
E

ρ(x)2ψn(x)
−2µc〈ϕn〉(dx)

) (
1

2

∫ t

0

(∫
E

ρ(x)2ψn(x)
2µc〈us〉(dx)

)
ds

)
+ t

(∫
E

(ϕn(x)− ϕn(y))
2ψn(x)

−2ρ(x)ρ(y)J(dxdy)

)
×

(
1

2

∫ t

0

(∫∫
0<d(x,y)<F (x,y)

(us(x)− us(y))
2ψn(x)

2ρ(x)ρ(y)J(dxdy)

)
ds

)
≤ t

(∫
E

ρ(x)2ψn(x)
−2µc〈ϕn〉(dx) +

∫
E

(ϕn(x)− ϕn(y))
2ψn(x)

−2ρ(x)ρ(y)J(dxdy)

)
×

(
1

2

∫ t

0

(∫
E

ρ(x)2ψn(x)
2µc〈us〉(dx)

)
ds

+
1

2

∫ t

0

(∫∫
0<d(x,y)<F (x,y)

(us(x)− us(y))
2ψn(x)

2ρ(x)ρ(y)J(dxdy)

)
ds

)
.

If we takea = an, then by Lemmas 4 and 5 that the last expression is less than

(2.10) 2te−nanMξ(n+ 3)m(Kξ(n+ 3)) exp(a2
ne
anpnMξ(n+ 1)t)‖ρψn‖2

L2(E;m).

Moreover, we can take a subsequence{nk} such that the expression in (2.10) goes to0 as
k →∞. Namely, we have

lim
k→∞

∫
X

(ut(x)− f(x))ϕnk
(x)ρm(dx) = 0 for anyt ∈ (0, T ].

This equality and Lemma 1 complete the proof.
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