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ABSTRACT. Stability of solutions of the problems is an important aspect for application pur-
poses. Since its introduction by Datkad [7], the concept of exponential stability has been devel-
oped in various types of stability by various approaches. The existing conditions use evolution
operator, evolution semigroup, and quasi semigroup approach for the non-autonomous problems
and a semigroup approach for the autonomous cases. However, the polynomial stability based
on Cy-quasi semigroups has not been discussed in the references. In this paper we propose a
new stability forCy-quasi semigroups on Banach spaces i.e the polynomial stability and poly-
nomial dichotomy. As the results, the sufficient and necessary conditions for the polynomial
and uniform polynomial stability are established as well as the sufficiency for the polynomial
dichotomy. The results are also confirmed by the examples.
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1. INTRODUCTION

There are many ways of defining stability of mild and classical solutions of the linear non-
autonomous Cauchy problem

P(t) = Abz(t), t>0
(1.1) {ZL‘E())) :xo(,) g xg € X,

on a Banach spac&. For example, by the evolution operator approach Ddtko [7] initiated
in characterizing of the stability which is equivalent to the stability of family of the evolution
operatorq U (t, s) }+>s>0- In two years later Pazy [21] has completed the Datko’s theory, and so
the result is well-known by Datko-Pazy Theorem.

The Datko-Pazy Theorem can be generalized to the various concepts of stability. The obtain-
ed generalizations are found In [4]] [5], [16], and|[18] for exponential stability, in [15]land [17]
for exponential instability, and in [19], [22], and [24] for exponential dichotomy. In particular
for autonomous case, the fami{y/(¢, s) }+>s>0 turns into aCy-semigroup{7'(t) };>o. Some
generalizations of the stability @f,-semigroups are found inl[3],/[8]./[9].[10], [11], and [23].

The Datko-Pazy Theorem and all its generalizations imply the exponential convergence to
0 of the solutions of[(1]1). However, the exponential stability is not enough yet covering all
problems even for autonomous cases [2]. Bagkail. [2] show that if [1.1) is weakly damped
systems of linear wave equations, then the classical solutiohs bf (1.1) convefgesyoomi-
ally, but not exponentially. This phenomenon drives the polynomially stable concept. Related
to this concept, Megant al. [14] investigate the polynomial stability of evolution operators
in Banach spaces and Paunonen [20] develops the stability for perturbation of Riesz-spectral
operators in Hilbert spaces.

A quasi semigroup approach can be implemented to investigate the stability of the solutions
of (L.1). In this context, the stability of the solutions depends on the stability,ajuasi
semigroup{ R(t, s)}s.+>o Which is generated byA(t)}:>, on X. We follow the definition of
strongly continuous quasi semigroup in [1] and![12]. The definition implies that eVgry
semigroup is &’y,-quasi semigroup, but it is not conversely. The comprehensively discussion
of properties ofC-quasi semigroups can be foundin [1],[[12],][13], and [26]. In particular, if
{R(t,s)}s1>0 IS @aCp-quasi semigroup on a Banach spacevith its dual ?'(¢, s) on X, then
for everyz € X andx’ € X' the mapt — ||R(t,s)z|| ands — ||R'(t, s)2'|| are measurable.
These are prerequisites to characterize the stabilify,efuasi semigroups.

The following descriptions discuss the studies of stability relating'¢muasi semigroups.
Megan and Cucl[13] generalize the Datko’s result for the exponential stability,-@fuasi
semigroups in Banach spaces. They have constructed the sufficient and necessary conditions
for exponential stability using an admissible increasing function as the upper bound of integral
of norm of the quasi semigroup either using an admissible increasing sequence. Nekt, Cuc [6]
has constructed sufficient and necessary conditions for the uniform exponential dichotomy of
Cy-quasi semigroup in Banach spaces. The results generalized the similar theorem which are
obtained by Datko |[7] and Pazy [21] for the exponential stability and Preda and Mégan ([22],
[23], and [24]) for the exponential dichotomy 6f,-quasi semigroups, respectively. Finally,
Sutrimaet al. [25] construct the sufficient and necessary conditions for the strong stability
of C,-quasi semigroup in Banach spaces. Currently there is no research that addresses the
polynomial stability ofCy,-quasi semigroups in Banach spaces.

In this paper we propose new concepts of stability, namely the polynomial stability and poly-
nomial dichotomy ofCj-quasi semigroups in Banach spaces. The organization of this paper is
as follows. Section 2 deals with the sufficiency and necessity for the polynomial stability of
Cy-quasi semigroups. Investigation of the sufficiency is given in Section 3.
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2. POLYNOMIAL STABILITY

In this section we concern on the polynomial stability(@fquasi semigroups which is an
elaboration of the exponential stability. We first give the definition of a strongly continuous
quasi semigroup following [1] and [12].

Definition 2.1. Let X be a Banach space afd.X') be the set of all bounded linear operators on
X. Atwo-parameter commutative famify(¢, s) } s .0 in £(X) is called a strongly continuous
qguasi semigroup, in shott,-quasi semigroup, oX if for eachr,s,t > 0 andx € X:

(a) R(t,0) = I, the identity operator oKX,
(b) R(t,s+7)=R(t+r, s)R(t,r),
(€) limy o+ ||R(t, s)z — z|| = 0,
(d) there is a continuous increasing functibh: [0,00) — [1, c0) such that
IR(, s)|| < M(s),
forallt,s > 0.

In the sequel we denote the quasi semigréiit, s)}<.>o by R(t,s) and M is a function
satisfying condition (d) of Definitioh 21 for sont&-quasi semigroug(t, s).

We see that ifR(¢, s) is exponentially stable then the classical solutiofiy = R(0,¢)z of
(1.1) converge t® exponentially ag — oo. The following definitions describe the types of
exponential stability following [6],[[13], and [25].

Definition 2.2. A Cy-quasi semigrougk(t, s) on a Banach spack is said to be:

(a) exponentially stable oK if there are constant > 0 and increasing functiof®v : R* —
[1,00) such that

el R(t, s)xl| < N(#)[|]

forallt,s > 0 andx € X
(b) uniformly exponentially stable oX if there are constant > 0 and/N > 1 such that

el R(t, s)z| < Nl«|

forallt,s > 0 andx € X

(c) exponentially stable in the Barreira-Valls sense if there are condtantl, 5 > a > 0
such that

e*||R(t, s)z| < N ||z|
forallt,s > 0 andx € X.

In the Definition 2.2 we see the importance of the function or constant 1 to guarantee
the solutionz(t) = R(0,t)x converges td) ast — oo. The polynomially stable concept is
based on this condition.

Definition 2.3. A Cy-quasi semigroug(t, s) on a Banach spac¥ is said to be polynomially
stable if there existe > 0, ¢, > 0, and an increasing functiaN : R™ — [1, co) such that

(t+ )| R(L, s)zl| < N (@)=,
forallt,s > 0,¢t > ty, andx € X .

Lemma 2.1. If Cy-quasi semigroug(t, s) is exponentially stable on a Banach spa€ethen
R(t, s) is polynomially stable orX .
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Proof. Definition[2.2 gives that there are > 0, ¢, > 0, an increasing functio&V, g : R* —
[1,00) with g(t) := N(t)e~** such that

e[| R(t, s)z| < g(t)ll]],
forallt,s > 0with ¢t > ¢, andx € X. Hence
(t+ )| R(E, s)z| < e™e™[|R(t, s)z]| < N(t)]]
forall t,s > 0 with t > t, andz € X. Thus, theCy-quasi semigroug(¢, s) is polynomially
stable onX. n
The following example shows that the converse of Lerpmp 2.1 is not valid.

Example 2.1. A Cy-quasi semigroup defined by

141t
—X
1+t+s
forall t,s > 0 andz € R is polynomially stable ofR but it is not exponentially stable.

Theorem 2.2. Let R(¢, s) be aCy-quasi semigroup on a Banach spake If there existy > 0,
to > 1,andH : Rt — [1,00) such that

R(t,s)x =

Y

(2.1) / (t + )| R(t, v)a|ldv < H(t)]|x]).

forall ¢t >t andz € X, thenR(t, s) is polynomially stable orX.

Proof. Given anyz € X. We use facts that the functidn whereh(t) = ¢'/t, is increasing on
interval (0, co) and there is a function/ satisfying condition (d) of Definitioh 2|1. Far> 1
andt > t, we have

(t+ s)||R(t, s)x|| = /:(t + )| R(t, s)z||dv
< /: M(s —v)e"*™) (t + v)Y||R(t, v)x|dv

< M(l)e”’/ (t + v) || R(E, v)| do.
s—1
Fors >t + 1 we obtain

M(1)e /:(Hv)wR(t,v)deu < M(1)e /j(t—kv)”HR(t,v)dev

< M(1)e /too(t + )| (, v)z|do

< M(L)e"H(t)||=]] = Ni(8) ],
whereN;(t) = M(1)e"H(t).
Next, fort < s <t + 1 by the Mean Value Theorem for integral, we have

M(1)e” /:(t + ) ||R(¢t, v)z||dv < M(1)e” /:l(t +0)||R(t, v)z||dv

< M(l)e'*/ (t+ v) M)z dv +

M(1)e /too(tﬂ)wm(t,v)xudu
< M(1)e” (27T M(C) + H()) ||lz|| = Na(t)[|=]],
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for some( € [t — 1,t] whereNy(t) = M(1)e? (277 M(¢) + H(t)). We can choos&V (t) =
max{ Ny (t), N2(t)} such that

(t+s)"|R(t, s)z|| < N(t)||=||
forallt,s > 0,t > to, andx € X. Thus,R(t, s) is polynomially stable orX. g
The converse of Theorem 2.2 is valid when- 1 in Definition[2.3.

Theorem 2.3.1f R(t,s) is a polynomially stable”;-quasi semigroup on a Banach spa&e
with o > 1, thenR(t, s) satisfies the inequalit{2.1).

Proof. By hypothesis there exist > 1, t, > 0, and an increasing functioN' : Rt — [1, 0c0)
such that

(t + 8)* | R(E, s)zl| < N (@),

forallt,s > 0,t > ty,andx € X. Choosey € (0, a«—1). Sincey can be stated as= a—1—0
for somed > 0, we have

/ (1 + o) | R, o) ldv = / (t + o) DY R(t, o) dv
t t

§N(t)||:c||/ (t + v)~0+0) gy
t

N(t)
5(2t)°

] == H(@)|]]-

This proves the required assertign.

If « = 1 in Definition[2.3, thenR(t, s) may be polynomially stable although it does not
satisfy [2.1). Example 2.1 confirms this statement. Moreovéy,iif Definition[2.3 is a constant
function, then the stability is uniform stability.

Definition 2.4. A Cy-quasi semigrou(¢, s) on a Banach spac& is said to be uniformly
polynomially stable if there exist > 0, t, > 0, andN > 1 such that

(t + )| R(L, s)z[| < Nt*|z|l,
forallt,s > 0,t > ty, andx € X .

Definition[2.4 states that ifz(¢, s) is uniformly polynomially stable, theR(¢, s) is polyno-
mially stable.

Lemma 2.4. If a Cy-quasi semigroupR(¢, s) is uniformly exponentially stable on a Banach
spaceX, thenR(t, s) is uniformly polynomially stable o/ .

Proof. By Definition[2.2, there exist > 0 and N > 1 such that
e[| R(t, s)z| < N,
forallt,s > 0 andx € X. Hence, ift > t, for somet, > 1, then
(t+ )| R(t, s)z| < t%e®||R(E, s)z|| < Nt*||]]
forallt,s > 0 andx € X. So,R(t, s) is uniformly polynomially stable orX. &

The following example shows that there exist&€'@quasi semigroup which is uniformly
polynomially stable but it is not uniformly exponentially stable.
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Example 2.2. A Cy-quasi semigrougR(t, s) is defined by
1+ ¢
pry —x7
14 (t+s)?

forall t,s > 0 andx € R, is uniformly polynomially stable. However it is not uniformly
exponentially stable.

R(t,s)x

The R(t, s) is uniformly polynomially stable ofR with o = 2. Supposé(t, s) is uniformly
exponentially stable. There exidt > 1 anda > 0 such that

e (1+1%) < N1+ (t+5)?),
forall ¢,s > 0. If we choose = 0, then
e® < (1+s°)N,

which is a contradiction for sufficiently large
By inspecting the proof of Theorgm 2.2 we can construct a sufficient condition for uniformly
polynomially stable of”-quasi semigroup.

Corollary 2.5. Let R(t, s) be aCj-quasi semigroup on a Banach spake If there existy > 0,
to > 1,and H > 1 such that

| @0 IR vl < Hija,
t

forall ¢t >ty andz € X, thenR(t, s) is uniformly polynomially stable o/ .
Proof. Proof follows the proof of Theorefn 2.2 with facts that for ¢, we have
MW Hjx|| < M(1)e" Ht |||

and
M(1)e" (27 M(C) + H) ||lf| < M(1)e” (2"M(C) + H) ||z

In Definition[2.4, ifa > 1, then the converse of Corollafy 2.5 is still true. The following
example confirms Corollafy 2.5.

Example 2.3. A Cy-quasi semigroug(t, s) defined by
t
t+s
forall t,s > 0 andz € R, is uniformly polynomially stable oR.

R(t,s)x =¢*°

)

We verify that there i$; > 1 such that the functiom(t) = e7/(2t? + t),t > 0, attains its
maximum at;;. Hence, we have

/ (t +v)?|R(t,v)x|dv < / (t +v)te "|z|dv
¢ ¢
= e '(2t* + t)|z] < u(t)|z| == H|x|.

Corollary[2.5 implies thaR(¢, s) is uniformly polynomially stable ofR.
By implementing the dual principle we have an alternative sufficiency for the uniform poly-
nomial stability ofR(t, s).
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Theorem 2.6.Let R(t, s) be aCy-quasi semigroup on a Banach spake If there existy > 1,
to > 1,andH > 1 such that

s /¢ Y
[ (552) 1rte o < iy,
t (%

forall s > 0,¢ > ty, andx’ € X', thenR(t, s) is uniformly polynomially stable o .

Proof. Given anyr € X andz’ € X'. If s > ¢+ 1 andt > ¢, > 1, then

(t * 5>7 & (R(t, s)z)| = /_1 (t * 5>7 (3) 1R 0)2/ (Rt + 0,5 — vl
<omlel [ (222) 1RG0

v
<S2M@)H||[|2"] = Nl

t+s\’
(%) 1,530l < N,

Next, ift < s <t+ 1witht > tg, then

Hence we have

t+s ! v ol
) IR s)all < 3TM(s)llz]| < 3"M(2)|jz] = Nllz]].

Therefore, for alk, s > 0 with ¢t > ¢, andx € X we conclude that
(t+ )" | R(¢, s)z|| < Ntz
Hence,R(t, s) is uniformly polynomially stable orX . n

As in the exponential stability, we can generalize the polynomially stable concéptapiasi
semigroups into the Barreira-Valls sense.

Definition 2.5. A Cy-quasi semigrougk(t, s) is said to be polynomially stable in the Barreira-
Valls sense on a Banach spageif there existNV > 1, a > 0, 8 > «, andty, > 0 such
that

(t+ 8)* | R(t, s)x]| < Nt7||]),
forall s > 0 andt > t,
From Definition 2.5 we conclude that i(¢, s) is polynomially stable in the Barreira-Valls
sense, therk(¢, s) is polynomially stable. Moreover, iR(t, s) is uniformly polynomially sta-

ble, thenR(t, s) is polynomially stable in the Berreira-Valls sense. The following two examples
show that the converse of both implications is not valid. These examples are modified!from [5].

Example 2.4. Defined aC\,-quasi semigroug(¢, s) onR by

t2u(t)
(t + s)%u(t + S)I’

R(t,s)x =

forall¢,s > 0 andz € R, withu(n) = " andu (n + +) = ¢? for all non-negative integers.

It is obvious thatR(¢, s) is polynomially stable ofR with o = 1. SupposeR(t, s) is polyno-
mially stable in the Barreira-Valls sense. There eXist> 1, a > 0, § > «, andt, > 0 such
that

(t +5)*2u(t) < Nu(t + s)t° 2,
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for all s > 0 andt > t,. However, fort = n ands = % we have
1 a—2
n®Pen (1 + —2) < Né?,
n

which yields a contradiction for sufficiently large
Exampl€ 2.4 also shows thatff(¢, s) is polynomial stable then it does not need uniformly
polynomially stable.

Example 2.5. DefinedCy-quasi semigroug(t, s) onR by

R(t ) (t—|— 1)2(t—|—8 + 1)cosln(t+s+1)
S)T = T
) <t+5+ 1)2(t+ 1)cosln(t+1)

forall t,s > 0 andx € R.

It is easy to show thak(t, s) is polynomially stable in the Barreira-Valls sense Rmwith
a = 1landfg = 3. Supposei(t, s) is uniformly polynomially stable ofR. There existV > 1,
a > 0, andt, > 0 such that

(t_'_s)a*Q(t_i_ 1)2(t+8+ 1)cosln(t+s+1) < Nta(t+s+ 1)2(t+ 1)cosln(t+1)7

forallt,s > Owitht > ty. Fort = —1 + e andt + s = —1 + 2", we have
-1 2nm «a
) e
—1l+e 2™

This yields a contradiction for sufficiently large
As a special case of Theor¢ém[2.2, we have a sufficient condition for the polynomial stability
in the Barreira-Valls sense.

Corollary 2.7. Let R(t, s) be aCy-quasi semigroup on a Banach spake If there existd > 1,
0 >~ > 0, andty > 1 such that

/ (t + o) || R(t, v)e|ldv < HE|Jz],
t

forall ¢t >t andz € X, thenR(t, s) is polynomially stable in the Barreira-Valls sense &n
Proof. Proof follows the proof of Theorefn 3.2 fdi (t) = t°. u

As in the polynomially stable case, if Definitipn 2.5 holds for> 1, then the converse of
Corollary[2.T is still valid.

Example 2.6. The Cy-quasi semigroupR(t, s) in Examplg 2. is polynomially stable in the
Barreira-Valls sense but it is not exponentially stable in the Barreira-Valls sense.

From Exampl¢ 2]2 we have
(t+ 5)|R(t, 5)a| < 262|a],

forall t,s > 0 with¢ > ¢, = 1 andx € X. This states thaR(¢, s) is polynomially stable in
the Barreira-Valls sense with = 1 and = 2. SupposeR(t, s) is exponentially stable in the
Barreira-Valls sense. There exist> 0 and a functionV : R™ — [1, o) such that

e (1+t*) < (1+ (t+5)?) N(t),
forall ¢, s > 0. However, ift is fixed, then it yields a contradiction for sufficiently large
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Theorem 2.8. Let R(¢, s) be aCy-quasi semigroup on a Banach spa&e If there existy >
v >0,ty > 1,andH > 1 such that

s t Y
/ ( “) |R (t,0)2 |dv < HE |2
t v

forall t,s > Owitht > ¢ty andz’ € X', thenR(t, s) is polynomially stable in the Barreira-Valls
sense onk.

Proof. Proof follows the proof of Theorein 2.6. Let it be given any= X andz’ € X'. If
s >t+1landt >ty > 1, then

(t : S)V & (R(t, $)7)| = /:1 <t f; S)7 (3) 1R 0)2/ (Rt + 0,5 — vl
<omlel (752 I oean

v

< M) HE ||z []a|] == Nt [l]|]|2"]).

Hence we have
(t+ ) |R(t, s)z]| < Nt*H7||z]].
Next, if t < s <t + 1 with ¢ > t,, then

t+s\’
) M)

< 3MEP |2l < 3TM ) o] = Nt ||

(t + YR )| < (

Therefore we conclude that
(t+ )" |R(t, s)x|| < Nt |||,

forallt,s > Owith ¢t > t, andx € X. So,R(t, s) is polynomially stable in the Barreira-Valls
sense orX.. i

3. POLYNOMIAL DICHOTOMY

In this section we characterize the polynomial dichotomy’'giquasi semigroups on a Ba-
nach space. The concept is a blend of the polynomial terminology and the exponential di-
chotomy of semigroups and evolution operators.

Definition 3.1. A Cy-quasi semigroug(t, s) is said to be polynomially dichotomic on a Ba-
nach spaceX if there exista > 0, t, > 0, a functionH : R™ — [1,00), and a strongly
continuous projection-valued functidn: R™ — £(X) such that

(@) R(t,s)P(t) = P(t+ s)R(t,s);

(b) (t + )| R(t, s)x|| < H()]]];

(©) H(t+ s)|R(E, s)yll = (¢ + 5)*[|yll;
forall t,s > 0 with ¢t > ¢y, x € ranP(t), andy € kerP(t), where rar) and ker) denote the
range and kernel ap, respectively.

We see if the functiorP in Definition[3.1 exists, then raf(t) and kerP(t¢) are not empty.
Moreover, conditions (b) and (c) of Definitipn 8.1 are equivalent with

(bY (t+ 7+ )°(|R(t,r + s)a|| < H(t+r)|R(t,r)ell,

©) (t+r+s)*|B(E r)yll < HE+r+ s)|R(E r + s)yll,
respectively. The last conditions are useful in applications.
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Example 3.1.Let X be a Banach space & with norm||(z1, z2)|| = |71| + |72]. We define a
Co-quasi semigrougR(t, s) on X by

R(t, S)l‘ _ <€a(t+s)_a(t)l‘1, 6b(t-i—s)—b(t)‘,lh)7

wherex = (x1,22), a(t) = —2t + tsint andb(t) = t — 4tsint. If we define the projection
Py X — X with Py (21, 22) = (21,0)and P(t) = P, forall t > 0, thenR(t, s) is polynomially
dichotomic onX.

In this context we have raB(t) = {(z1,0) : 1 € R} and kerP(t) = {(0,x2) : zo € R}.
We observe that

R(t,s)P(t)z = P(t + s)R(t,s)z = (")W1, 0),
(t+ )Rt s)all < (t+ s)e e [|z[| < te™||]],
(t + )R, s)yll = (¢ + 5) ]y,

forall z € X,z e ranP(t), y € kerP(t), andt, s > 0 with ¢t > t, for anyt, > 0. This shows
that (¢, s) is polynomially dichotomic orX with o = 1 and H () = te®.

(t
(t

S
, S

Definition 3.2. A Cy-quasi semigrougk(t, s) is said to be uniformly polynomially dichotomic
on a Banach spac¥ if there existo > 0, t, > 0, H > 1, and a strongly continuous projection-
valued functionP : Rt — £(X) such that

(@) R(t,s)P(t) = P(t + s)R(t, s);

(b) (¢ + 5)°| R(t, 5)z]| < HE* ||

(©) Ht*[|R(t, s)yll = (¢ + s)*[lyll;
forallt,s > 0witht > ¢y, x € ranP(t), andy € ker P(t).

It is obvious that ifR(t, s) is uniformly polynomially dichotomic, then it is polynomially
dichotomic. Examplg 3]1 shows that the converse is not valid.
As before, conditions (b) and (c) of Definitipn B.2 can be replaced by

(0)" (£ 47+ )" | B(t, r + s)x|| < H(t +r)*||R(E,7)z],
©) (t+r+s)R({E s)yll < H(t+5)*[|R(t, 7+ )y,
respectively.

Example 3.2.Let X be a Banach space @ with norm||(zy, z5)|| = |z1| + |72]. We define
Co-quasi semigroupR(t, s) on X by

t t+ s
R(t =le* 5
(73)$ (6 t—l—sxl’e ; $2)7

wherex = (z1,25). If P(t) = P is the projection as in Exampfe 3.1, thétt, s) is uniformly
polynomially dichotomic otX .

We observe that
(t+ 8[| R(t, s)z| < (t+ s)te™*||z|| < £z,
LR, s)yll > (t+5)*(|yll,

for all z € ranP(t), y € kerP(t), andt,s > 0 with ¢t > t, for anyt, > 0. So R(t,s) is
uniformly polynomially dichotomic onX with o = 2 andH = 1.

Now we give the sufficient condition for the uniform polynomial dichotomy(@fquasi
semigroups on a Banach space. The sufficiency follows Corgllajy 2.5 for the uniform polyno-
mial stability.
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Theorem 3.1. Let R(t, s) be aCy-quasi semigroup on a Banach spake If there existy > 0,
to > 1, H > 1, a functionG : R — (0,00), and a strongly continuous projection-valued
functionP : R™ — £(X) such that

3.1) R(t,s)P(t) = P(t + $)R(t, 5),
(3.2) [+ er IR valdo < Hal.

(3:3) [ = orin o < HGOYE -+ 7RG )
(3.4) (47 + sV IR( s)yll < HG)(E+ ) | R(Es + Dyl

forall z € ranP(t), y € kerP(t), andt, s > 0 witht > t,, thenR(¢, s) is uniformly polynomi-
ally dichotomic onX.

Proof. If condition (3.2) is satisfied, then by Corollary PR¢, s) is uniformly polynomially
dichotomic on rarP(t).

If s> 1,t>tyg, andr > 0 suchthat +v > r with s — 1 < v < s for somev > 0, then by
(3.3) we obtain

(t+7r+s)||R( s)yl| = / (t+r+s)(t—r+v) 7t —r+0)|R(s)yldv
s—1
< M(s —v)e? st (¢ —p 4 0)Y||R(t,v)yl|dv
s—1

r+s

< M(l)eWT*l)/ (t —r +0)7||R(t,v)y||dv
0

< (t+s)TH|R(t,r + s)yl|,

for all y € ker P(t) whereG(r) = e+ /M(1). Hence,R(t, s) fulfils (b)".
Next, we consided < s < 1. For0 < r < 1 andy € ker P(¢) by (3.4) we have

(t+r+s)° R s)yll < HM(1)e™ (¢ + 5)*(|R(E, 7 + 5)y]-
While forr > 1 by (3.4) and Lemma 2.4 of [6] we obtain
(t+ 7+ )Rt s)yll < mHe™ (t+ s)*||R(t, r + s)yl|.

For each case we can choose a suitable functiorThese show thak(¢, s) fulfils (b)”. We
conclude thafk(t, s) is uniformly polynomially dichotomic orX. g

Remark 3.1. Corollary{2.5 is a special case of Theorenj 3.1 whenKey = {0} forall ¢ > 0.

If R(t¢,s) is uniformly exponentially dichotomic, then Theor3.1 gives a characterization
of uniform exponential dichotomy of’y-quasi semigroups. This characterization is a result
obtained by Cuc([6]. Moreover, iRR(t,s) is a Cy-semigroup, the characterization had been
done by Preda and Megan [23]. There is an open problem of investigation of the polynomial
stability and polynomial dichotomy af’y-quasi semigroups using the infinitesimal generator
A(t) similar to C,-semigroups case.
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