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ABSTRACT. Stability of solutions of the problems is an important aspect for application pur-
poses. Since its introduction by Datko [7], the concept of exponential stability has been devel-
oped in various types of stability by various approaches. The existing conditions use evolution
operator, evolution semigroup, and quasi semigroup approach for the non-autonomous problems
and a semigroup approach for the autonomous cases. However, the polynomial stability based
on C0-quasi semigroups has not been discussed in the references. In this paper we propose a
new stability forC0-quasi semigroups on Banach spaces i.e the polynomial stability and poly-
nomial dichotomy. As the results, the sufficient and necessary conditions for the polynomial
and uniform polynomial stability are established as well as the sufficiency for the polynomial
dichotomy. The results are also confirmed by the examples.
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1. I NTRODUCTION

There are many ways of defining stability of mild and classical solutions of the linear non-
autonomous Cauchy problem

(1.1)

{
ẋ(t) = A(t)x(t), t ≥ 0
x(0) = x0, x0 ∈ X,

on a Banach spaceX. For example, by the evolution operator approach Datko [7] initiated
in characterizing of the stability which is equivalent to the stability of family of the evolution
operators{U(t, s)}t≥s≥0. In two years later Pazy [21] has completed the Datko’s theory, and so
the result is well-known by Datko-Pazy Theorem.

The Datko-Pazy Theorem can be generalized to the various concepts of stability. The obtain-
ed generalizations are found in [4], [5], [16], and [18] for exponential stability, in [15] and [17]
for exponential instability, and in [19], [22], and [24] for exponential dichotomy. In particular
for autonomous case, the family{U(t, s)}t≥s≥0 turns into aC0-semigroup{T (t)}t≥0. Some
generalizations of the stability ofC0-semigroups are found in [3], [8], [9], [10], [11], and [23].

The Datko-Pazy Theorem and all its generalizations imply the exponential convergence to
0 of the solutions of (1.1). However, the exponential stability is not enough yet covering all
problems even for autonomous cases [2]. Bátkaiet al. [2] show that if (1.1) is weakly damped
systems of linear wave equations, then the classical solutions of (1.1) converges to0 polynomi-
ally, but not exponentially. This phenomenon drives the polynomially stable concept. Related
to this concept, Meganet al. [14] investigate the polynomial stability of evolution operators
in Banach spaces and Paunonen [20] develops the stability for perturbation of Riesz-spectral
operators in Hilbert spaces.

A quasi semigroup approach can be implemented to investigate the stability of the solutions
of (1.1). In this context, the stability of the solutions depends on the stability ofC0-quasi
semigroup{R(t, s)}s,t≥0 which is generated by{A(t)}t≥0 on X. We follow the definition of
strongly continuous quasi semigroup in [1] and [12]. The definition implies that everyC0-
semigroup is aC0-quasi semigroup, but it is not conversely. The comprehensively discussion
of properties ofC0-quasi semigroups can be found in [1], [12], [13], and [26]. In particular, if
{R(t, s)}s,t≥0 is aC0-quasi semigroup on a Banach spaceX with its dualR′(t, s) on X ′, then
for everyx ∈ X andx′ ∈ X ′ the mapt 7→ ‖R(t, s)x‖ ands 7→ ‖R′(t, s)x′‖ are measurable.
These are prerequisites to characterize the stability ofC0-quasi semigroups.

The following descriptions discuss the studies of stability relating toC0-quasi semigroups.
Megan and Cuc [13] generalize the Datko’s result for the exponential stability ofC0-quasi
semigroups in Banach spaces. They have constructed the sufficient and necessary conditions
for exponential stability using an admissible increasing function as the upper bound of integral
of norm of the quasi semigroup either using an admissible increasing sequence. Next, Cuc [6]
has constructed sufficient and necessary conditions for the uniform exponential dichotomy of
C0-quasi semigroup in Banach spaces. The results generalized the similar theorem which are
obtained by Datko [7] and Pazy [21] for the exponential stability and Preda and Megan ([22],
[23], and [24]) for the exponential dichotomy ofC0-quasi semigroups, respectively. Finally,
Sutrimaet al. [25] construct the sufficient and necessary conditions for the strong stability
of C0-quasi semigroup in Banach spaces. Currently there is no research that addresses the
polynomial stability ofC0-quasi semigroups in Banach spaces.

In this paper we propose new concepts of stability, namely the polynomial stability and poly-
nomial dichotomy ofC0-quasi semigroups in Banach spaces. The organization of this paper is
as follows. Section 2 deals with the sufficiency and necessity for the polynomial stability of
C0-quasi semigroups. Investigation of the sufficiency is given in Section 3.
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POLYNOMIAL DICHOTOMY OF C0-QUASI SEMIGROUPS 3

2. POLYNOMIAL STABILITY

In this section we concern on the polynomial stability ofC0-quasi semigroups which is an
elaboration of the exponential stability. We first give the definition of a strongly continuous
quasi semigroup following [1] and [12].

Definition 2.1. Let X be a Banach space andL(X) be the set of all bounded linear operators on
X. A two-parameter commutative family{R(t, s)}s,t≥0 in L(X) is called a strongly continuous
quasi semigroup, in shortC0-quasi semigroup, onX if for eachr, s, t ≥ 0 andx ∈ X:

(a) R(t, 0) = I, the identity operator onX,
(b) R(t, s + r) = R(t + r, s)R(t, r),
(c) lims→0+ ‖R(t, s)x− x‖ = 0,
(d) there is a continuous increasing functionM : [0,∞) → [1,∞) such that

‖R(t, s)‖ ≤ M(s),

for all t, s ≥ 0.

In the sequel we denote the quasi semigroup{R(t, s)}s,t≥0 by R(t, s) andM is a function
satisfying condition (d) of Definition 2.1 for someC0-quasi semigroupR(t, s).

We see that ifR(t, s) is exponentially stable then the classical solutionsx(t) = R(0, t)x of
(1.1) converge to0 exponentially ast → ∞. The following definitions describe the types of
exponential stability following [6], [13], and [25].

Definition 2.2. A C0-quasi semigroupR(t, s) on a Banach spaceX is said to be:

(a) exponentially stable onX if there are constantα > 0 and increasing functionN : R+ →
[1,∞) such that

eαs‖R(t, s)x‖ ≤ N(t)‖x‖
for all t, s ≥ 0 andx ∈ X;

(b) uniformly exponentially stable onX if there are constantα > 0 andN ≥ 1 such that

eαs‖R(t, s)x‖ ≤ N‖x‖

for all t, s ≥ 0 andx ∈ X;
(c) exponentially stable in the Barreira-Valls sense if there are constantN ≥ 1, β ≥ α > 0

such that

eαs‖R(t, s)x‖ ≤ Ne(β−α)t‖x‖
for all t, s ≥ 0 andx ∈ X.

In the Definition 2.2 we see the importance of the function or constantN ≥ 1 to guarantee
the solutionx(t) = R(0, t)x converges to0 as t → ∞. The polynomially stable concept is
based on this condition.

Definition 2.3. A C0-quasi semigroupR(t, s) on a Banach spaceX is said to be polynomially
stable if there existα > 0, t0 > 0, and an increasing functionN : R+ → [1,∞) such that

(t + s)α‖R(t, s)x‖ ≤ N(t)‖x‖,

for all t, s ≥ 0, t ≥ t0, andx ∈ X .

Lemma 2.1. If C0-quasi semigroupR(t, s) is exponentially stable on a Banach spaceX, then
R(t, s) is polynomially stable onX.
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Proof. Definition 2.2 gives that there areα > 0, t0 > 0, an increasing functionN, g : R+ →
[1,∞) with g(t) := N(t)e−αt such that

eαs‖R(t, s)x‖ ≤ g(t)‖x‖,
for all t, s ≥ 0 with t ≥ t0 andx ∈ X. Hence

(t + s)α‖R(t, s)x‖ ≤ eαteαs‖R(t, s)x‖ ≤ N(t)‖x‖
for all t, s ≥ 0 with t ≥ t0 andx ∈ X. Thus, theC0-quasi semigroupR(t, s) is polynomially
stable onX.

The following example shows that the converse of Lemma 2.1 is not valid.

Example 2.1.A C0-quasi semigroup defined by

R(t, s)x :=
1 + t

1 + t + s
x,

for all t, s ≥ 0 andx ∈ R is polynomially stable onR but it is not exponentially stable.

Theorem 2.2.LetR(t, s) be aC0-quasi semigroup on a Banach spaceX. If there existγ > 0,
t0 ≥ 1, andH : R+ → [1,∞) such that

(2.1)
∫ ∞

t

(t + v)γ‖R(t, v)x‖dv ≤ H(t)‖x‖,

for all t ≥ t0 andx ∈ X, thenR(t, s) is polynomially stable onX.

Proof. Given anyx ∈ X. We use facts that the functionh, whereh(t) = et/t, is increasing on
interval(0,∞) and there is a functionM satisfying condition (d) of Definition 2.1. Fors ≥ 1
andt ≥ t0 we have

(t + s)γ‖R(t, s)x‖ =

∫ s

s−1

(t + s)γ‖R(t, s)x‖dv

≤
∫ s

s−1

M(s− v)eγ(s−v)(t + v)γ‖R(t, v)x‖dv

≤ M(1)eγ

∫ s

s−1

(t + v)γ‖R(t, v)x‖dv.

For s ≥ t + 1 we obtain

M(1)eγ

∫ s

s−1

(t + v)γ‖R(t, v)x‖dv ≤ M(1)eγ

∫ s

t

(t + v)γ‖R(t, v)x‖dv

≤ M(1)eγ

∫ ∞

t

(t + v)γ‖R(t, v)x‖dv

≤ M(1)eγH(t)‖x‖ = N1(t)‖x‖,
whereN1(t) = M(1)eγH(t).

Next, for t ≤ s < t + 1 by the Mean Value Theorem for integral, we have

M(1)eγ

∫ s

s−1

(t + v)γ‖R(t, v)x‖dv ≤ M(1)eγ

∫ s

t−1

(t + v)γ‖R(t, v)x‖dv

≤ M(1)eγ

∫ t

t−1

(t + v)γM(v)‖x‖dv +

M(1)eγ

∫ ∞

t

(t + v)γ‖R(t, v)x‖dv

≤ M(1)eγ (2γtγM(ζ) + H(t)) ‖x‖ = N2(t)‖x‖,
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for someζ ∈ [t − 1, t] whereN2(t) = M(1)eγ (2γtγM(ζ) + H(t)). We can chooseN(t) =
max{N1(t), N2(t)} such that

(t + s)γ‖R(t, s)x‖ ≤ N(t)‖x‖

for all t, s ≥ 0, t ≥ t0, andx ∈ X. Thus,R(t, s) is polynomially stable onX.

The converse of Theorem 2.2 is valid whenα > 1 in Definition 2.3.

Theorem 2.3. If R(t, s) is a polynomially stableC0-quasi semigroup on a Banach spaceX
with α > 1, thenR(t, s) satisfies the inequality(2.1).

Proof. By hypothesis there existα > 1, t0 > 0, and an increasing functionN : R+ → [1,∞)
such that

(t + s)α‖R(t, s)x‖ ≤ N(t)‖x‖,
for all t, s ≥ 0, t ≥ t0, andx ∈ X. Chooseγ ∈ (0, α−1). Sinceγ can be stated asγ = α−1−δ
for someδ > 0, we have∫ ∞

t

(t + v)γ‖R(t, v)x‖dv =

∫ ∞

t

(t + v)α−(1+δ)‖R(t, v)x‖dv

≤ N(t)‖x‖
∫ ∞

t

(t + v)−(1+δ)dv

=
N(t)

δ(2t)δ
‖x‖ := H(t)‖x‖.

This proves the required assertion.

If α = 1 in Definition 2.3, thenR(t, s) may be polynomially stable although it does not
satisfy (2.1). Example 2.1 confirms this statement. Moreover, ifN in Definition 2.3 is a constant
function, then the stability is uniform stability.

Definition 2.4. A C0-quasi semigroupR(t, s) on a Banach spaceX is said to be uniformly
polynomially stable if there existα > 0, t0 > 0, andN ≥ 1 such that

(t + s)α‖R(t, s)x‖ ≤ Ntα‖x‖,

for all t, s ≥ 0, t ≥ t0, andx ∈ X .

Definition 2.4 states that ifR(t, s) is uniformly polynomially stable, thenR(t, s) is polyno-
mially stable.

Lemma 2.4. If a C0-quasi semigroupR(t, s) is uniformly exponentially stable on a Banach
spaceX, thenR(t, s) is uniformly polynomially stable onX.

Proof. By Definition 2.2, there existα > 0 andN ≥ 1 such that

eαs‖R(t, s)x‖ ≤ N‖x‖,

for all t, s ≥ 0 andx ∈ X. Hence, ift ≥ t0 for somet0 ≥ 1, then

(t + s)α‖R(t, s)x‖ ≤ tαeαs‖R(t, s)x‖ ≤ Ntα‖x‖

for all t, s ≥ 0 andx ∈ X. So,R(t, s) is uniformly polynomially stable onX.

The following example shows that there exists aC0-quasi semigroup which is uniformly
polynomially stable but it is not uniformly exponentially stable.
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Example 2.2.A C0-quasi semigroupR(t, s) is defined by

R(t, s)x =
1 + t2

1 + (t + s)2
x,

for all t, s ≥ 0 and x ∈ R, is uniformly polynomially stable. However it is not uniformly
exponentially stable.

TheR(t, s) is uniformly polynomially stable onR with α = 2. SupposeR(t, s) is uniformly
exponentially stable. There existN ≥ 1 andα > 0 such that

eαs(1 + t2) ≤ N(1 + (t + s)2),

for all t, s ≥ 0. If we chooset = 0, then

eαs ≤ (1 + s2)N,

which is a contradiction for sufficiently larges.
By inspecting the proof of Theorem 2.2 we can construct a sufficient condition for uniformly

polynomially stable ofC0-quasi semigroup.

Corollary 2.5. LetR(t, s) be aC0-quasi semigroup on a Banach spaceX. If there existγ > 0,
t0 ≥ 1, andH ≥ 1 such that∫ ∞

t

(t + v)γ‖R(t, v)x‖dv ≤ H‖x‖,

for all t ≥ t0 andx ∈ X, thenR(t, s) is uniformly polynomially stable onX.

Proof. Proof follows the proof of Theorem 2.2 with facts that fort ≥ t0 we have

M(1)eγH‖x‖ ≤ M(1)eγHtγ‖x‖

and

M(1)eγ (2γtγM(ζ) + H) ‖x‖ ≤ M(1)eγ (2γM(ζ) + H) tγ‖x‖.

In Definition 2.4, if α > 1, then the converse of Corollary 2.5 is still true. The following
example confirms Corollary 2.5.

Example 2.3.A C0-quasi semigroupR(t, s) defined by

R(t, s)x = e−s t

t + s
x,

for all t, s ≥ 0 andx ∈ R, is uniformly polynomially stable onR.

We verify that there ist1 > 1 such that the functionu(t) = e−t(2t2 + t), t > 0, attains its
maximum att1. Hence, we have∫ ∞

t

(t + v)2|R(t, v)x|dv ≤
∫ ∞

t

(t + v)te−v|x|dv

= e−t(2t2 + t)|x| ≤ u(t1)|x| := H|x|.

Corollary 2.5 implies thatR(t, s) is uniformly polynomially stable onR.
By implementing the dual principle we have an alternative sufficiency for the uniform poly-

nomial stability ofR(t, s).
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Theorem 2.6.LetR(t, s) be aC0-quasi semigroup on a Banach spaceX. If there existγ ≥ 1,
t0 ≥ 1, andH ≥ 1 such that∫ s

t

(
t + s

v

)γ

‖R′(t, v)x′‖dv ≤ H‖x′‖,

for all s ≥ 0, t ≥ t0, andx′ ∈ X ′, thenR(t, s) is uniformly polynomially stable onX.

Proof. Given anyx ∈ X andx′ ∈ X ′. If s ≥ t + 1 andt ≥ t0 ≥ 1, then(
t + s

t

)γ

|x′(R(t, s)x)| =
∫ s

s−1

(
t + s

v

)γ (v

t

)γ

|R′(t, v)x′(R(t + v, s− v)x)|dv

≤ 2γM(1)‖x‖
∫ s

t

(
t + s

v

)γ

‖R′(t, v)x′‖dv

≤ 2γM(1)H‖x‖‖x′‖ := N‖x‖‖x′‖.

Hence we have (
t + s

t

)γ

‖R(t, s)x‖ ≤ N‖x‖.

Next, if t ≤ s < t + 1 with t ≥ t0, then(
t + s

t

)γ

‖R(t, s)x‖ ≤ 3γM(s)‖x‖ ≤ 3γM(2)‖x‖ := N‖x‖.

Therefore, for allt, s ≥ 0 with t ≥ t0 andx ∈ X we conclude that

(t + s)γ ‖R(t, s)x‖ ≤ Ntγ‖x‖.

Hence,R(t, s) is uniformly polynomially stable onX.

As in the exponential stability, we can generalize the polynomially stable concept ofC0-quasi
semigroups into the Barreira-Valls sense.

Definition 2.5. A C0-quasi semigroupR(t, s) is said to be polynomially stable in the Barreira-
Valls sense on a Banach spaceX if there existN ≥ 1, α > 0, β ≥ α, and t0 > 0 such
that

(t + s)α‖R(t, s)x‖ ≤ Ntβ‖x‖,
for all s ≥ 0 andt ≥ t0

From Definition 2.5 we conclude that ifR(t, s) is polynomially stable in the Barreira-Valls
sense, thenR(t, s) is polynomially stable. Moreover, ifR(t, s) is uniformly polynomially sta-
ble, thenR(t, s) is polynomially stable in the Berreira-Valls sense. The following two examples
show that the converse of both implications is not valid. These examples are modified from [5].

Example 2.4.Defined aC0-quasi semigroupR(t, s) onR by

R(t, s)x =
t2u(t)

(t + s)2u(t + s)
x,

for all t, s ≥ 0 andx ∈ R, with u(n) = en andu
(
n + 1

n

)
= e2 for all non-negative integersn.

It is obvious thatR(t, s) is polynomially stable onR with α = 1. SupposeR(t, s) is polyno-
mially stable in the Barreira-Valls sense. There existN ≥ 1, α > 0, β ≥ α, andt0 > 0 such
that

(t + s)α−2u(t) ≤ Nu(t + s)tβ−2,
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for all s ≥ 0 andt ≥ t0. However, fort = n ands = 1
n

we have

nα−βen

(
1 +

1

n2

)α−2

≤ Ne2,

which yields a contradiction for sufficiently largen.
Example 2.4 also shows that ifR(t, s) is polynomial stable then it does not need uniformly

polynomially stable.

Example 2.5.DefinedC0-quasi semigroupR(t, s) onR by

R(t, s)x =
(t + 1)2(t + s + 1)cos ln(t+s+1)

(t + s + 1)2(t + 1)cos ln(t+1)
x

for all t, s ≥ 0 andx ∈ R.

It is easy to show thatR(t, s) is polynomially stable in the Barreira-Valls sense onR with
α = 1 andβ = 3. SupposeR(t, s) is uniformly polynomially stable onR. There existN ≥ 1,
α > 0, andt0 > 0 such that

(t + s)α−2(t + 1)2(t + s + 1)cos ln(t+s+1) ≤ Ntα(t + s + 1)2(t + 1)cos ln(t+1),

for all t, s ≥ 0 with t ≥ t0. For t = −1 + e
4n−1

2
π andt + s = −1 + e2nπ, we have(

−1 + e2nπ

−1 + e
4n−1

2
π

)α

e3nπ ≤ N.

This yields a contradiction for sufficiently largen.
As a special case of Theorem 2.2, we have a sufficient condition for the polynomial stability

in the Barreira-Valls sense.

Corollary 2.7. LetR(t, s) be aC0-quasi semigroup on a Banach spaceX. If there existH ≥ 1,
δ ≥ γ > 0, andt0 ≥ 1 such that∫ ∞

t

(t + v)γ‖R(t, v)x‖dv ≤ Htδ‖x‖,

for all t ≥ t0 andx ∈ X, thenR(t, s) is polynomially stable in the Barreira-Valls sense onX.

Proof. Proof follows the proof of Theorem 2.2 forH(t) = tδ.

As in the polynomially stable case, if Definition 2.5 holds forα > 1, then the converse of
Corollary 2.7 is still valid.

Example 2.6. TheC0-quasi semigroupR(t, s) in Example 2.2 is polynomially stable in the
Barreira-Valls sense but it is not exponentially stable in the Barreira-Valls sense.

From Example 2.2 we have

(t + s)|R(t, s)x| ≤ 2t2|x|,

for all t, s ≥ 0 with t ≥ t0 = 1 andx ∈ X. This states thatR(t, s) is polynomially stable in
the Barreira-Valls sense withα = 1 andβ = 2. SupposeR(t, s) is exponentially stable in the
Barreira-Valls sense. There existα > 0 and a functionN : R+ → [1,∞) such that

eαs(1 + t2) ≤
(
1 + (t + s)2

)
N(t),

for all t, s ≥ 0. However, ift is fixed, then it yields a contradiction for sufficiently larges.
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Theorem 2.8. Let R(t, s) be aC0-quasi semigroup on a Banach spaceX. If there existδ ≥
γ > 0, t0 ≥ 1, andH ≥ 1 such that∫ s

t

(
t + s

v

)γ

‖R′(t, v)x′‖dv ≤ Htδ‖x′‖,

for all t, s ≥ 0 with t ≥ t0 andx′ ∈ X ′, thenR(t, s) is polynomially stable in the Barreira-Valls
sense onX.

Proof. Proof follows the proof of Theorem 2.6. Let it be given anyx ∈ X andx′ ∈ X ′. If
s ≥ t + 1 andt ≥ t0 ≥ 1, then(

t + s

t

)γ

|x′(R(t, s)x)| =
∫ s

s−1

(
t + s

v

)γ (v

t

)γ

|R′(t, v)x′(R(t + v, s− v)x)|dv

≤ 2γM(1)‖x‖
∫ s

t

(
t + s

v

)γ

‖R′(t, v)x′‖dv

≤ 2γM(1)Htδ‖x‖‖x′‖ := Ntδ‖x‖‖x′‖.
Hence we have

(t + s)γ‖R(t, s)x‖ ≤ Ntδ+γ‖x‖.
Next, if t ≤ s < t + 1 with t ≥ t0, then

(t + s)γ‖R(t, s)x‖ ≤
(

t + s

t

)γ

M(2)tγ‖x‖

≤ 3γM(2)tγ‖x‖ ≤ 3γM(2)tδ+γ‖x‖ := Ntδ+γ‖x‖.
Therefore we conclude that

(t + s)γ ‖R(t, s)x‖ ≤ Ntδ+γ‖x‖,
for all t, s ≥ 0 with t ≥ t0 andx ∈ X. So,R(t, s) is polynomially stable in the Barreira-Valls
sense onX.

3. POLYNOMIAL DICHOTOMY

In this section we characterize the polynomial dichotomy ofC0-quasi semigroups on a Ba-
nach space. The concept is a blend of the polynomial terminology and the exponential di-
chotomy of semigroups and evolution operators.

Definition 3.1. A C0-quasi semigroupR(t, s) is said to be polynomially dichotomic on a Ba-
nach spaceX if there existα > 0, t0 > 0, a functionH : R+ → [1,∞), and a strongly
continuous projection-valued functionP : R+ → L(X) such that

(a) R(t, s)P (t) = P (t + s)R(t, s);
(b) (t + s)α‖R(t, s)x‖ ≤ H(t)‖x‖;
(c) H(t + s)‖R(t, s)y‖ ≥ (t + s)α‖y‖;

for all t, s ≥ 0 with t ≥ t0, x ∈ ranP (t), andy ∈ kerP (t), where ranQ and kerQ denote the
range and kernel ofQ, respectively.

We see if the functionP in Definition 3.1 exists, then ranP (t) and kerP (t) are not empty.
Moreover, conditions (b) and (c) of Definition 3.1 are equivalent with

(b)′ (t + r + s)α‖R(t, r + s)x‖ ≤ H(t + r)‖R(t, r)x‖,
(c)′ (t + r + s)α‖R(t, r)y‖ ≤ H(t + r + s)‖R(t, r + s)y‖,

respectively. The last conditions are useful in applications.
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Example 3.1.LetX be a Banach space ofR2 with norm‖(x1, x2)‖ = |x1|+ |x2|. We define a
C0-quasi semigroupR(t, s) onX by

R(t, s)x = (ea(t+s)−a(t)x1, e
b(t+s)−b(t)x2),

wherex = (x1, x2), a(t) = −2t + t sin t and b(t) = t − 4t sin t. If we define the projection
P1 : X → X withP1(x1, x2) = (x1, 0) andP (t) = P1 for all t ≥ 0, thenR(t, s) is polynomially
dichotomic onX.

In this context we have ranP (t) = {(x1, 0) : x1 ∈ R} and kerP (t) = {(0, x2) : x2 ∈ R}.
We observe that

R(t, s)P (t)z = P (t + s)R(t, s)z = (ea(t+s)−a(t)z1, 0),

(t + s)‖R(t, s)x‖ ≤ (t + s)e−se8t‖x‖ ≤ te8t‖x‖,
(t + s)e8(t+s)‖R(t, s)y‖ ≥ (t + s)‖y‖,

for all z ∈ X, x ∈ ranP (t), y ∈ kerP (t), andt, s ≥ 0 with t ≥ t0 for anyt0 > 0. This shows
thatR(t, s) is polynomially dichotomic onX with α = 1 andH(t) = te8t.

Definition 3.2. A C0-quasi semigroupR(t, s) is said to be uniformly polynomially dichotomic
on a Banach spaceX if there existα > 0, t0 > 0, H ≥ 1, and a strongly continuous projection-
valued functionP : R+ → L(X) such that

(a) R(t, s)P (t) = P (t + s)R(t, s);
(b) (t + s)α‖R(t, s)x‖ ≤ Htα‖x‖;
(c) Htα‖R(t, s)y‖ ≥ (t + s)α‖y‖;

for all t, s ≥ 0 with t ≥ t0, x ∈ ranP (t), andy ∈ kerP (t).

It is obvious that ifR(t, s) is uniformly polynomially dichotomic, then it is polynomially
dichotomic. Example 3.1 shows that the converse is not valid.

As before, conditions (b) and (c) of Definition 3.2 can be replaced by

(b)′′ (t + r + s)α‖R(t, r + s)x‖ ≤ H(t + r)α‖R(t, r)x‖,
(c)′′ (t + r + s)α‖R(t, s)y‖ ≤ H(t + s)α‖R(t, r + s)y‖,

respectively.

Example 3.2. Let X be a Banach space ofR2 with norm‖(x1, x2)‖ = |x1| + |x2|. We define
C0-quasi semigroupR(t, s) onX by

R(t, s)x =

(
e−s t

t + s
x1, e

s t + s

t
x2

)
,

wherex = (x1, x2). If P (t) = P1 is the projection as in Example 3.1, thenR(t, s) is uniformly
polynomially dichotomic onX.

We observe that

(t + s)2‖R(t, s)x‖ ≤ (t + s)te−s‖x‖ ≤ t2‖x‖,
t2‖R(t, s)y‖ ≥ (t + s)2‖y‖,

for all x ∈ ranP (t), y ∈ kerP (t), andt, s ≥ 0 with t ≥ t0 for any t0 > 0. SoR(t, s) is
uniformly polynomially dichotomic onX with α = 2 andH = 1.

Now we give the sufficient condition for the uniform polynomial dichotomy ofC0-quasi
semigroups on a Banach space. The sufficiency follows Corollary 2.5 for the uniform polyno-
mial stability.
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Theorem 3.1.LetR(t, s) be aC0-quasi semigroup on a Banach spaceX. If there existγ > 0,
t0 ≥ 1, H ≥ 1, a functionG : R+ → (0,∞), and a strongly continuous projection-valued
functionP : R+ → L(X) such that

(3.1) R(t, s)P (t) = P (t + s)R(t, s),

(3.2)
∫ ∞

t

(t + v)γ‖R(t, v)x‖dv ≤ H‖x‖,

(3.3)
∫ s

0

(t− r + v)γ‖R(t, v)y‖dv ≤ HG(r)(t− r + s)γ‖R(t, s)y‖,

(3.4) (t + r + s)γ‖R(t, s)y‖ ≤ HG(r)(t + s)γ‖R(t, s + 1)y‖,

for all x ∈ ranP (t), y ∈ kerP (t), andt, s ≥ 0 with t ≥ t0, thenR(t, s) is uniformly polynomi-
ally dichotomic onX.

Proof. If condition (3.2) is satisfied, then by Corollary 2.5R(t, s) is uniformly polynomially
dichotomic on ranP (t).

If s ≥ 1, t ≥ t0, andr ≥ 0 such thatt + v > r with s− 1 ≤ v ≤ s for somev ≥ 0, then by
(3.3) we obtain

(t + r + s)γ‖R(t, s)y‖ =

∫ s

s−1

(t + r + s)γ(t− r + v)−γ(t− r + v)γ‖R(t, s)y‖dv

≤
∫ s

s−1

M(s− v)eγ(2t+s+v)(t− r + v)γ‖R(t, v)y‖dv

≤ M(1)eγ(2r+1)

∫ r+s

0

(t− r + v)γ‖R(t, v)y‖dv

≤ (t + s)γH‖R(t, r + s)y‖,

for all y ∈ kerP (t) whereG(r) = e−γ(2r+1)/M(1). Hence,R(t, s) fulfils (b)′′.
Next, we consider0 ≤ s < 1. For0 ≤ r ≤ 1 andy ∈ kerP (t) by (3.4) we have

(t + r + s)α‖R(t, s)y‖ ≤ HM(1)eγr(t + s)α‖R(t, r + s)y‖.

While for r ≥ 1 by (3.4) and Lemma 2.4 of [6] we obtain

(t + r + s)α‖R(t, s)y‖ ≤ mHeγr(t + s)α‖R(t, r + s)y‖.

For each case we can choose a suitable functionG. These show thatR(t, s) fulfils (b)′′. We
conclude thatR(t, s) is uniformly polynomially dichotomic onX.

Remark 3.1. Corollary 2.5 is a special case of Theorem 3.1 when kerP (t) = {0} for all t ≥ 0.
If R(t, s) is uniformly exponentially dichotomic, then Theorem 3.1 gives a characterization
of uniform exponential dichotomy ofC0-quasi semigroups. This characterization is a result
obtained by Cuc [6]. Moreover, ifR(t, s) is a C0-semigroup, the characterization had been
done by Preda and Megan [23]. There is an open problem of investigation of the polynomial
stability and polynomial dichotomy ofC0-quasi semigroups using the infinitesimal generator
A(t) similar toC0-semigroups case.
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