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ABSTRACT. A nonempty grapH" is calledgeneralized k-distance-balangedthenever every
edgead has the following property: the number of vertices closeu tihan tob, k-times of
vertices closer td than toa, or converselyk € N .In this paper we determine some families of
graphs that have this property, as well as to prove some other result regarding these graphs.
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2 AMIR HOSSEINI AND MEHDI ALAEIYAN

1. INTRODUCTION

Throughout of this paper ldt be a finite, undirected graph with diametérandV (I") and
E(T") denote the vertex set and the edge seff ofespectively. The distanc&a, b) between
verticesa, b € V(I') is the length of a shortest path betweeh € V(I'). For an edgeb of a
graphI’ let W, be the set of vertices closer &dhan tob, that is

Wap = {z € V(I')|d(z,a) < d(x,b)}.
In addition
Wy ={x e V(D)|d(z,a) = d(x,b)}.

We also note that the sei¥,, appear in the chemical graph theory as well: The well-
investigated Szeged index of a graphsS. (') = > ¢ gy [Was|-[Waal, cf. [2,[3].
To understand more aboktGDB graphs, we recall the following definition. We call a graph
I" distance-balancedf |W,,|=|W,,| hold for any edge:b of I". These graphs were, studied by
Handa[4] who considered DB. Also in/[6] were studied DB graphs in the framework of various
kinds of graph products.
A graphT is callednicely distance-balancedhenever there exists a positive integer such
that for two adjacent vertices b of T, |W,,| = |Wi| = ~p. These graphs were studied by
Kutnar and Miklavic in[[7].
A graphT is strongly distance-balanceififor every edgeub of I' and everyi > 0 the number
of vertices at distancefrom a and at distanceé+ 1 from b is equal to the number of vertices
at a distance + 1 from a and at distance from b. These graphs were studied in [1, 7]. By
definition, it is clear that every SDB graph is a DB graph. According to the above definition, a
graphI’ is k-GDB whenever for every edge of T', [W,,| = k|Wha| OF [Whe| = k| W
If £ =1, then the graph' is DB graph. Throughout of this paper, we assume that

W] = k| Wha.
In this paper we gives some examples and results regarding such graphs.

2. EXAMPLE AND BASIC PROPERTIES

We first begin with an example &GDB graphs.

Example 2.1. The complete bipartite graph’s,, ,, are a family ofk-GDB graphs.

Proof. Suppose thaly,, , has two independent parts A and B. Pick adjacent verticasd b
of K, kn, Such that: € A, b € B. According toK,, x, is bipartite and has diameter 2, vertex
contains(kn — 1) adjacent and vertexcontains(n — 1) adjacent. By definitioV/,, we have,
|Wap| = kn and|Wy,| = n. Thus|Wy,| = k|Wh,|. This show thaty,, x, is k-GDB. &

Let ab be an arbitrary edge df. For any two nonnegative integersg we assume that
Di(a,b) = {z € V(I')|d(x,a) =i and d(x,b) = j}.

We now suppose thatis k-GDB graph. sincéW,,| = k|W,|, we have
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[{a} VUL Diga(a,b)] = kI{b} WU D (a,0)].

Therefore,

>t [Dii(ab) = k) 1D (a,b)] + (k = 1), @
As well as,

S0 DI b)l = n— (IWas| + [Whal) = n — (k + 1)[Wial. e

It follows from (2) that in thek-GDB bipartite graphs we have,
n= V()| = (k+ 1),
wheret = |IW,,|, because in bipartite graphs:

Vi Di(a,b) = 0.

Proposition 2.1. LetI" be ak-GDB bipartite graph with diameter 2. Then for every edgef
', deda)=kdeg(b).

Proof. It follows from (1) that for ak-GDB bipartite graph with diameter 2,
[Di(a,b)| = kD3 (a, b)] + (k — 1),
for every edgeub of . If | D?(a,b)| = ¢, then
|Di(a,b)| = kt + (k —1).

Therefore def)=t + 1 and dega)=kt + k = k(t + 1). So always de@)=kdedb). 1
Lemma 2.2. LetI" be ak-GDB bipartite graph with diameter 2. Thehnis only K, ,.

Proof. Let I" be ak-GDB bipartite graph with diameter 2. We claim thats a complete bipar-
tite graph. Otherwise, it will not be diameter 2. It follows from Proposifion 2.1 that ,

deqa)=kdedb).

Sincel is complete bipartite graplh, must bek,, k.. i

Proposition 2.3. A connected bipartite graph' is £-GDB if and only if S, (I') = e
(T = V() and ]| = [E(T)]).

Proof. Supposéd’ is k-GDB. Then for any edgeb, |W,,| = k|W,,| and sincd" is bipartite also
|Was| + |Wia| = |T'| holds. Therefore

k2|Wba‘2+ |Wba’2+2k|Wba’2 ’F|2

Hence|W,,|? = k‘i'l > and so,

r|.|T|?
S abe ey Wt Wil = & S ey [Wal? = RIELEL.
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Conversely, supposg. (I') = ’“ml')rf holds. Sincd’ is bipartite, we havéiV,,| + |[W,,| =

IT'|. Hence(k + 1)|W,,| = |T'|. As well as

F2
(W] [Wha| = ke,

and hencélW,,| = k|Wy,| = k% This show thatl'| is k-GDB. 1

3. k-GDB ON THE PRODUCT GRAPHS

In this section we study the conditions under which the standard graph products produce a
k-GDB graph. We first prove a Proposition that the cartesian product okt@®B graphs is
a K-GDB graph. We start with the definition of this products. All of the graph product con-
structed from two graphs G and H have vertex1sét:) x V' (H). In the cartesian product of
G and H, denoted bgJH, (g1, hq) and(gs, ho) are adjacent if and only i§; = g andhy, hy
are adjacent in H, oh; = h, andg, g are adjacent in G. Note that the cartesian product is
commutative and that

deor((91, h), (92, h2)) = da (g1, 92) + du(ha, ha). 3)

In the direct productz x H, (g1,h1) and (gq, ho) are adjacent, if they are adjacent both
coordinates. In the strong produGtX H, the edge set i¥(GOH) U E(G x H). In the
lexicographic produatz o H, (g1, h1) and(gs, h2) are adjacent if and only if; = g, andhy, hy
are adjacent in H, og, go are adjacent in G. Segl[6] for a more complete treatment of graph
product.

Proposition 3.1. Let G and H be connected graphs. Th&nH is k-GDB graph if and only if
both G and H are:-GDB graphs.

Proof. Set Y=GUJH. Assume Y isk-GDB ande is an edge of Y. Without loss of generality it
can be assumed= (z,u)(y,u) for zy € E(G). Then setdV,, x V(H), W,, x V(H) and
W, x V(H) form a partition ofV/(Y"). Assume thata, b) € W,, x V(H). Then

dy ((a,b), (z,u)) = dg(a,x) + dy(b,u) < dg(a,y) + dy(b,u) = dy((a,b), (y,u)).

Hence(a,b) € Wiz w)yu)- FOr(a,b) € Wy, x V(H) (resp.(a,b) € ,W, x V(H)) we simi-
larly get(a, b) € Wiy u)(z,u) (r€SP.(a,0) € (ouyWiyw ). Itfollows thatW, ) y.u) = WayxV (H)
and W(y’u)(nu) = Wyx X V(H) Since Y isk-GDB, we have]W(M)(y,uﬂ = /{’W(ym)(x,u)‘.
Therefore|W,,| = k|W,.|. Hence G isk-GDB. The same argument applies for edges
(x,u)(x,v), and so H isk-GDB.

Conversely, let G be A-GDB andzy € E(G). Then|W,, x V(H)| = k|W,, x V(H)| and
SO| Wiz w)yu)| = k|[Wiyu |- The same argument applies for edge (z,u)(z,v), we have
W)@ | = kW) @w| and henc&OH is k-GDB. g

The other three standard graph product, the direct, strong and lexicographic, do not preserve
the property of being-GDB. Let G and H are botlk’, ». Then the direct product of G and H
(Figure 1) will not be2-GDB.
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1 .2 .3
6
9
(Figurel)

W15 — {1}, W51 — {5, 7,8, 9}
Similarly, it can be shown that the strong product and lexicographic product of two graphs G
and H are no2-GDB.

4. GENERALIZED NDB AND SDB GRAPHS

In a k-GDB graphs, for eachb of I', we have|llV,,| = k|W,,|. If always for each arbitrary
edgead of I |IW,,| is constanty,, thenI is called Generalizedl-nicely distance-balanced{
GNDB).

Everyk-GNDB graph isk-GDB , and every bipartité-GDB graph isk-GNDB. We first begin
with the obvious observation which follows fror8)(

Lemma 4.1. Let " be a connecte@&-GNDB graph withn vertices and diametef. Then for
every edgexb € E(I'), there are exactly: — (k + 1)y vertices ofl', which are at the same
distance fromr andy. In other words,

iy [Di(ab)] = n — (k+ 1.

Lemma 4.2. LetI" be a connected-GNDB graph with diameted. Thend < k~r.

Proof. Pick verticesr, andz, of I" such thati(x¢, ;) = d and a shortest path
Loy, L1, T2,y Lq

betweenr, andz,. We may assume without loss of generality th&t, .| = k|W,,., |- Then
{1, 29, ..., 24} € W,,4,- Hence

|{5L‘17$2;---»$d}| < |Wx1xo| = k‘W:vo:c1|'

This show that! < k.

Lemma 4.3. Let G and H denote graphs. Thén= GUH is k-GNDB if and only if both G
and H arek-GNDB with|V (H)|vs = [V(G)|vy-

Proof. Pick adjacent verticegy,, hi) and(gs, he) of I'. Then eitherh; andh, are adjacent in H
andg; = g» Or g; andg, are adjacentin G and, = h,. Assume first thak, andh, are adjacent
in Handg, = ¢». It follows from (3) that for eachy’ € V(G), the vertices of” of the form
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(¢', ) which are closer tdg,, h1) than to(g;, hs) (resp. closer tdg,, hy) than tO(gl, hy)) are
exactly the vertices for eache W/, (resp.x € W/, ). Therefore, the sdiV (1.h1)(g1.h2) NS

V(G)||W}H,,| elements, whlleWg1 ho) (g NASIV(G )W, | elements. Suppose now that
g1 andg, are adjacent in G anld, = h,. Similarly as above we obtain that the k@g ) (g.h)
has|V (H)|[W,,| elements, while the s&v_, )., , has|V(H)[|[W7 | elements.

Assume now thal' is k-GNDB. By the above remark, for everyg, € E(G) and forh,hy €
E(H), we have

V(H)|[WS | =KV W, | = IV(G|Wi,,| =kV(GIWE, | =k, 4
where in
o = VI [We, | = IV(G)Wi,, |-

It follow from (4) that both G and H ark-GNDB and thatV (H)|v. = |V (G)|yy holds.
Conversely, if both G and H are GNDB with |V (H)|y, = |V(G)|y4, by the above remark,
['is k-GNDB. &

A graphI” with diameterd is calledk-GSDB whenever for every edge € E(I") and every
1<i<d—1,

D1 (a,0)] = K| D7 (a, b)] + (k — 1).
Fork = 1 this graph is also a SDB graph.

Example 4.1. All complete bipartite graph%(,, ., are a family ofk-GSDB graphs.

Proof. Pick adjacent verticesandb of K, x,,. According tok,, i, is bipartite and has diameter
2, we haveD}(a,b) = (kn — 1) andD?(a,b) = (n — 1). ThereforeDi(a,b) = kD?(a,b) +
(k — 1). This show that<,, , is k-GSDB. §

Lemma 4.4. LetI" denote a-GSDB graph with diameter 2. Théhis k-GDB graph & > 2).

Proof. By (1), the graphl’ is k-GDB if and only if, for every edge:b € E(I') and every
1<i<d—1,

>t Dl (a,0)] = k320 D a,b)] + (k= 1),

Assume now thal is k-GSDB. Then for every edgeh € E(T") and everyl < i < d — 1,
we have

|Di1(a,b)] = K| D7 (a, b)] + (k = 1).

Hence

Sy [Diaa,0)] = k52 D (a,b)] + (k= 1)(d = 1),
If d = 2, then the last equality is:

| D3(a,b)| = k|Di(a, b)] + (k — 1).
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This show thal" is k-GDB. 1
Note that, fork = 1, every SDB graph is DB.
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