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ABSTRACT. A nonempty graphΓ is calledgeneralized k-distance-balanced, whenever every
edgeab has the following property: the number of vertices closer toa than tob, k,times of
vertices closer tob than toa, or conversely,k ∈ N .In this paper we determine some families of
graphs that have this property, as well as to prove some other result regarding these graphs.
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1. I NTRODUCTION

Throughout of this paper letΓ be a finite, undirected graph with diameterd, andV (Γ) and
E(Γ) denote the vertex set and the edge set ofΓ, respectively. The distanced(a, b) between
verticesa, b ∈ V (Γ) is the length of a shortest path betweena, b ∈ V (Γ). For an edgeab of a
graphΓ let Wab be the set of vertices closer toa than tob, that is

Wab = {x ∈ V (Γ)|d(x, a) < d(x, b)}.

In addition

aWb = {x ∈ V (Γ)|d(x, a) = d(x, b)}.

We also note that the setsWab appear in the chemical graph theory as well: The well-
investigated Szeged index of a graphΓ asSz(Γ) =

∑
ab∈E(Γ) |Wab|.|Wba|, cf. [2, 3].

To understand more aboutk-GDB graphs, we recall the following definition. We call a graph
Γ distance-balanced, if |Wab|=|Wba| hold for any edgeab of Γ. These graphs were, studied by
Handa [4] who considered DB. Also in [6] were studied DB graphs in the framework of various
kinds of graph products.
A graphΓ is callednicely distance-balancedwhenever there exists a positive integerγΓ, such
that for two adjacent verticesa, b of Γ, |Wab| = |Wba| = γΓ. These graphs were studied by
Kutnar and Miklavic in [7].
A graphΓ is strongly distance-balancedif for every edgeab of Γ and everyi ≥ 0 the number
of vertices at distancei from a and at distancei + 1 from b is equal to the number of vertices
at a distancei + 1 from a and at distancei from b. These graphs were studied in [1, 7]. By
definition, it is clear that every SDB graph is a DB graph. According to the above definition, a
graphΓ is k-GDB whenever for every edgeab of Γ, |Wab| = k|Wba| or |Wba| = k|Wab|.
If k = 1, then the graphΓ is DB graph. Throughout of this paper, we assume that

|Wab| = k|Wba|.

In this paper we gives some examples and results regarding such graphs.

2. EXAMPLE AND BASIC PROPERTIES

We first begin with an example ofk-GDB graphs.

Example 2.1.The complete bipartite graphsKn,kn are a family ofk-GDB graphs.

Proof. Suppose thatKn,kn has two independent parts A and B. Pick adjacent verticesa andb
of Kn,kn, such thata ∈ A, b ∈ B. According toKn,kn is bipartite and has diameter 2, vertexa
contains(kn− 1) adjacent and vertexb contains(n− 1) adjacent. By definitionWab we have,
|Wab| = kn and|Wba| = n. Thus|Wab| = k|Wba|. This show thatKn,kn is k-GDB.

Let ab be an arbitrary edge ofΓ. For any two nonnegative integersi, j we assume that

Di
j(a, b) = {x ∈ V (Γ)|d(x, a) = i and d(x, b) = j}.

We now suppose thatΓ is k-GDB graph. since|Wab| = k|Wba|, we have
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|{a} ∪
⋃d−1

i=1 Di
i+1(a, b)| = k|{b} ∪

⋃d−1
i Di+1

i (a, b)|.

Therefore,∑d−1
i=1 |Di

i+1(a, b)| = k
∑d−1

i=1 |D
i+1
i (a, b)|+ (k − 1). (1)

As well as,∑d−1
i=1 |Di

i(a, b)| = n− (|Wab|+ |Wba|) = n− (k + 1)|Wba|. (2)

It follows from (2) that in thek-GDB bipartite graphs we have,

n = |V (Γ)| = (k + 1)t,

wheret = |Wba|, because in bipartite graphs:

∀i Di
i(a, b) = 0.

Proposition 2.1. LetΓ be ak-GDB bipartite graph with diameter 2. Then for every edgeab of
Γ, deg(a)=kdeg(b).

Proof. It follows from (1) that for ak-GDB bipartite graph with diameter 2,

|D1
2(a, b)| = k|D2

1(a, b)|+ (k − 1),

for every edgeab of Γ. If |D2
1(a, b)| = t, then

|D1
2(a, b)| = kt + (k − 1).

Therefore deg(b)=t + 1 and deg(a)=kt + k = k(t + 1). So always deg(a)=kdeg(b).

Lemma 2.2. LetΓ be ak-GDB bipartite graph with diameter 2. ThenΓ is onlyKn,kn.

Proof. Let Γ be ak-GDB bipartite graph with diameter 2. We claim thatΓ is a complete bipar-
tite graph. Otherwise, it will not be diameter 2. It follows from Proposition 2.1 that ,

deg(a)=kdeg(b).

SinceΓ is complete bipartite graph,Γ must beKn,kn.

Proposition 2.3. A connected bipartite graphΓ is k-GDB if and only ifSz(Γ) = k‖Γ‖.|Γ|2
(k+1)2

.
(|Γ| = |V (Γ)| and‖Γ‖ = |E(Γ)|).
Proof. SupposeΓ is k-GDB. Then for any edgeab, |Wab| = k|Wba| and sinceΓ is bipartite also
|Wab|+ |Wba| = |Γ| holds. Therefore

k2|Wba|2 + |Wba|2 + 2k|Wba|2 = |Γ|2.

Hence|Wba|2 = |Γ|2
(k+1)2

and so,∑
ab∈E(Γ) |Wab|.|Wba| = k

∑
ab∈E(Γ) |Wba|2 = k ‖Γ‖.|Γ|2

(k+1)2
.
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Conversely, supposeSz(Γ) = k‖Γ‖.|Γ|2
(k+1)2

holds. SinceΓ is bipartite, we have|Wab| + |Wba| =

|Γ|. Hence(k + 1)|Wba| = |Γ|. As well as

|Wab|.|Wba| = k |Γ|2
(k+1)2

,

and hence|Wab| = k|Wba| = k |Γ|
(k+1)

. This show that|Γ| is k-GDB.

3. k-GDB ON THE PRODUCT GRAPHS

In this section we study the conditions under which the standard graph products produce a
k-GDB graph. We first prove a Proposition that the cartesian product of twok-GDB graphs is
a K-GDB graph. We start with the definition of this products. All of the graph product con-
structed from two graphs G and H have vertex setV (G) × V (H). In the cartesian product of
G and H, denoted byG�H, (g1, h1) and(g2, h2) are adjacent if and only ifg1 = g2 andh1, h2

are adjacent in H, orh1 = h2 andg1, g2 are adjacent in G. Note that the cartesian product is
commutative and that

dG�H((g1, h1), (g2, h2)) = dG(g1, g2) + dH(h1, h2). (3)

In the direct productG × H, (g1, h1) and (g2, h2) are adjacent, if they are adjacent both
coordinates. In the strong productG � H, the edge set isE(G�H) ∪ E(G × H). In the
lexicographic productG ◦H, (g1, h1) and(g2, h2) are adjacent if and only ifg1 = g2 andh1, h2

are adjacent in H, org1, g2 are adjacent in G. See [6] for a more complete treatment of graph
product.

Proposition 3.1. Let G and H be connected graphs. ThenG�H is k-GDB graph if and only if
both G and H arek-GDB graphs.

Proof. Set Y=G�H. Assume Y isk-GDB ande is an edge of Y. Without loss of generality it
can be assumede = (x, u)(y, u) for xy ∈ E(G). Then setsWxy × V (H), Wyx × V (H) and
xWy × V (H) form a partition ofV (Y ). Assume that(a, b) ∈ Wxy × V (H). Then

dY ((a, b), (x, u)) = dG(a, x) + dH(b, u) < dG(a, y) + dH(b, u) = dY ((a, b), (y, u)).

Hence(a, b) ∈ W(x,u)(y,u). For (a, b) ∈ Wyx × V (H) (resp.(a, b) ∈ xWy × V (H)) we simi-
larly get(a, b) ∈ W(y,u)(x,u) (resp.(a, b) ∈ (x,u)W(y,u)). It follows thatW(x,u)(y,u) = Wxy×V (H)
andW(y,u)(x,u) = Wyx × V (H). Since Y isk-GDB, we have|W(x,u)(y,u)| = k|W(y,u)(x,u)|.
Therefore|Wxy| = k|Wyx|. Hence G isk-GDB. The same argument applies for edgese =
(x, u)(x, v), and so H isk-GDB.

Conversely, let G be ak-GDB andxy ∈ E(G). Then|Wxy × V (H)| = k|Wyx × V (H)| and
so |W(x,u)(y,u)| = k|W(y,u)(x,u)|. The same argument applies for edgee = (x, u)(x, v), we have
|W(x,u)(x,v)| = k|W(x,v)(x,u)| and henceG�H is k-GDB.

The other three standard graph product, the direct, strong and lexicographic, do not preserve
the property of beingk-GDB. Let G and H are bothK1,2. Then the direct product of G and H
(Figure 1) will not be2-GDB.
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(Figure1)

W15 = {1}, W51 = {5, 7, 8, 9}.
Similarly, it can be shown that the strong product and lexicographic product of two graphs G
and H are not2-GDB.

4. GENERALIZED NDB AND SDB GRAPHS

In a k-GDB graphs, for eachab of Γ, we have|Wab| = k|Wba|. If always for each arbitrary
edgeab of Γ |Wba| is constantγΓ, thenΓ is called Generalizedk-nicely distance-balanced (k-
GNDB).
Everyk-GNDB graph isk-GDB , and every bipartitek-GDB graph isk-GNDB. We first begin
with the obvious observation which follows from (2).

Lemma 4.1. Let Γ be a connectedk-GNDB graph withn vertices and diameterd. Then for
every edgeab ∈ E(Γ), there are exactlyn − (k + 1)γΓ vertices ofΓ, which are at the same
distance fromx andy. In other words,∑d

i=1 |Di
i(a, b)| = n− (k + 1)γΓ.

Lemma 4.2. LetΓ be a connectedk-GNDB graph with diameterd. Thend ≤ kγΓ.

Proof. Pick verticesx0 andxd of Γ such thatd(x0, xd) = d and a shortest path

x0, x1, x2, ..., xd

betweenx0 andxd. We may assume without loss of generality that|Wx1x0| = k|Wx0x1|. Then
{x1, x2, ..., xd} ⊆ Wx1x0 . Hence

|{x1, x2, ..., xd}| ≤ |Wx1x0| = k|Wx0x1 |.

This show thatd ≤ kγΓ.

Lemma 4.3. Let G and H denote graphs. ThenΓ = G�H is k-GNDB if and only if both G
and H arek-GNDB with|V (H)|γG = |V (G)|γH .

Proof. Pick adjacent vertices(g1, h1) and(g2, h2) of Γ. Then eitherh1 andh2 are adjacent in H
andg1 = g2 or g1 andg2 are adjacent in G andh1 = h2. Assume first thath1 andh2 are adjacent
in H andg1 = g2. It follows from (3) that for eachg′ ∈ V (G), the vertices ofΓ of the form
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(g′, x) which are closer to(g1, h1) than to(g1, h2) (resp. closer to(g1, h2) than to(g1, h1)) are
exactly the vertices for eachx ∈ WH

h1h2
(resp.x ∈ WH

h2h1
). Therefore, the setW Γ

(g1,h1)(g1,h2) has
|V (G)||WH

h1h2
| elements, whileW Γ

(g1,h2)(g1,h1) has|V (G)||WH
h2h1

| elements. Suppose now that
g1 andg2 are adjacent in G andh1 = h2. Similarly as above we obtain that the setW Γ

(g1,h1)(g2,h1)

has|V (H)||WG
g1g2

| elements, while the setW Γ
(g2,h1)(g1,h1) has|V (H)||WG

g2g1
| elements.

Assume now thatΓ is k-GNDB. By the above remark, for everyg1g2 ∈ E(G) and forh1h2 ∈
E(H), we have

|V (H)||WG
g1g2

| = k|V (H)||WG
g2g1

| = |V (G)||WH
h1h2

| = k|V (G)||WH
h2h1

| = kγΓ, (4)

where in

γΓ = |V (H)||WG
g2g1

| = |V (G)||WH
h2h1

|.

It follow from (4) that both G and H arek-GNDB and that|V (H)|γG = |V (G)|γH holds.
Conversely, if both G and H arek-GNDB with |V (H)|γG = |V (G)|γH , by the above remark,
Γ is k-GNDB.

A graphΓ with diameterd is calledk-GSDB whenever for every edgeab ∈ E(Γ) and every
1 ≤ i ≤ d− 1,

|Di
i+1(a, b)| = k|Di+1

i (a, b)|+ (k − 1).

Fork = 1 this graph is also a SDB graph.

Example 4.1.All complete bipartite graphsKn,kn are a family ofk-GSDB graphs.

Proof. Pick adjacent verticesa andb of Kn,kn. According toKn,kn is bipartite and has diameter
2, we haveD1

2(a, b) = (kn − 1) andD2
1(a, b) = (n − 1). ThereforeD1

2(a, b) = kD2
1(a, b) +

(k − 1). This show thatKn,kn is k-GSDB.

Lemma 4.4. LetΓ denote ak-GSDB graph with diameter 2. ThenΓ is k-GDB graph (k ≥ 2).

Proof. By (1), the graphΓ is k-GDB if and only if, for every edgeab ∈ E(Γ) and every
1 ≤ i ≤ d− 1,∑d−1

i=1 |Di
i+1(a, b)| = k

∑d−1
i=1 |D

i+1
i (a, b)|+ (k − 1).

Assume now thatΓ is k-GSDB. Then for every edgeab ∈ E(Γ) and every1 ≤ i ≤ d − 1,
we have

|Di
i+1(a, b)| = k|Di+1

i (a, b)|+ (k − 1).

Hence∑d−1
i=1 |Di

i+1(a, b)| = k
∑d−1

i=1 |D
i+1
i (a, b)|+ (k − 1)(d− 1).

If d = 2, then the last equality is:

|D1
2(a, b)| = k|D2

1(a, b)|+ (k − 1).
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This show thatΓ is k-GDB.

Note that, fork = 1, every SDB graph is DB.
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