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ABSTRACT. In this paper, we prove that the unique continuous solution of the functional equa-
tion
T ty) = a O D f(a) f(y)
is
f(@) =,
wherep,, (z) is a polynomial with degree and

n @y izt /.
_ pr (0) I\ i, g—i
=3 (P05 (2) ).
Jj=2 i=1
We also obtain the superstability and stability of the functional equation with the following
forms, respectively:

Fa+y) —a O @) fy)| < 6
and
flz+y)
@ PO () ()

1 <8
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1. INTRODUCTION

In 1940, S.M. Ulam gave a wide ranging talk in the Mathematical Club of the University of
Wisconsin in which he discussed a number of important unsolved probléms [8]. One of those
was the question concerning the stability of homomorphisms :

LetG; be a group and letz; be a metric group with a metrié(-, -). Givene > 0,
does there exist & > 0 such that if a mapping : G; — G, satisfies the inequality
d(h(zy), h(x)h(y)) < o for all z, y € G4, then there exists a homomorphigin:
G1 — Gywithd(h(x), H(x)) < eforall x € G;?

In the next year, D.H. Hyers [5] answered Ulam’s question for the case of the additive map-
ping on Banach spaces;, G». Thereafter, the result of Hyers has been generalized by Th.
M. Rassiasl|7]. Since then, the stability problems of various functional equations have been
investigated by many authors (seé [1], [3], [4], [6]).

In particular, J. Baker, J. Lawrence and F. Zorziftd [2] introduced the stability of the ex-
ponential functional equation in the following form: ff satisfies the inequalityf (z + y) —
f(z)f(y)] < 94, then eitherf is bounded orf(x + y) = f(z)f(y). This type is frequently
referred asuperstability

Throughout this paper, we let> 1 andp, () = to + tix + - - - + t, 2" be a polynomial with

degreen (tg,t1,--- ,t, € R), and for allz,y € R, we let
n @ ey =L /s
_ pi’(0) I\ i i
@n(,y) = Z; ( 7 21: (Z wiyii |
j= i=

In sectior{ 2, we solve the following generalized exponential functional equation:

(1) fla+y) = a P OrmED () f(y).

We illustrate this equation further by using two examples.
(@) if pa(x) = 22, then—p,(0) = 0,p5(0) = 2, andgy(x,y) = 2xy. Thus, we obtain the
following functional equation:

flx+y)=a>f(z)f(y),

andf(z) = «*" is a solution of this equation.
(b) If po(z) = to + t1x + tax?, then—py(0) = —tg, pi(0) = 2t5, andgy(z,y) = 2tozy. Thus,
we have a functional equation:

fla+y) =a P2 f () f(y),

andf(z) = alott#+27* js a solution of this equation.

In section B, we obtain the superstability of the functional equafipn (1). It means a gener-
alization of the superstability of the exponential functional equation given by J. Baker et al.
[2].

In sectiorf 4, we investigate an asymptotic stability of functional equdtion (1) in the sense of
R. Ger [4].

2. SOLUTION OF FUNCTIONAL EQUATION ()

In this section, we investigate a solution of the functional equafipn (1).

Theorem 2.1. The continuous solution oR of the functional equatiof) is a?*(*). In partic-
ular, if a condition with values?~(") at 1 anda?~(~1 at —1 is added, then it is unique.
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Proof. Let f(z) = a?* for all z € R. Then, for allz,y € R,
f(CC + y) = apn($+y)

—pn(0)+327_, (tjzg_ll (Z) m@j—z’)

- F(@)f ()

= a RN (@) ] ()

Thus, f(z) is a solution of the functional equatidn (1).
Suppose thay is an another solution of the functional equatiph (1) and #iat = a?»(V)
andg(—1) = a*(1). Let
S = {z € R|g(z) = aP}.
Then—1,1 € Sandz +y € Sforall z,y € S, because

g(x + y) — a—pn(0)+qn(x7y)g(x)g(y)
to+t1 (z4y)+ta (T2 +2xy+y? )+ +tn X g (n) ziyn—i

= a t
— apn(m"‘y).

Hence,n € S for every integern. Since
1\? 1 1 ;g
_ — _ _ pn(o)—‘h(*ﬁ)
1(5) o)
2 1\2 n—1 n 1
tot+t1+-+tntto—| t2 1 (5)%++tnd 20 ; ()"
=a

n 1

=a
_ 2t Rt
=aqa 2 on 17
we have
g (1) _ ot T
2 )

hencel € S. If ;L. € S for some nonnegative integer, theng () = a*(z7), and

LY L\ 5n(0—au(gmr i)
g 2m+1 — g 2_m apn an om+179m+T

to+t1 (5h5 )++Fbn (5o )" +to— <t2 G) ()2t D0 (7:) (2m1+1)">

=a

n

2t0+t1 () +t2 ()= 2(Gmrr) D+ +ta ((30)"— (G +371) —2(5m1)"))

=a
_ a2t0+2t1(72m1+1 )+2t2(72ml+1 )2+"'+2tn(‘2m1+1 )n .

Therefore,g(5:4+) = a”7). Hencesir € S. By induction, we havel € S for every
nonnegative integer, and similarly,—an € S. Note that for every nonnegative integer,
m = a2’ + a2 + - - - + a2, wherea; = 0 or 1 for eachi = 0,1, - -- , k. Then we have

m_ g b bt a2 a2 i <
2" e S if n > k.
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In any case, we havg € S, and similarly,—z: € S for every nonnegative integers andn.
Thus,S = R. For everyr € R and a given integer sequentk}, there exists a sequen¢e; }
in .S such that

S

sk — 7| <
Sincey is continuous,

g(r) = lim g(s;) = lim aP®%) = P (") = f£(7)

k—o0 k—oo

for everyr € R. Therefore,f is unique.n

3. SUPERSTABILITY OF FUNCTIONAL EQUATION (1)

In this section, we lefD = R or (0,00). From the following theorem, we know that the
functional equatior (1) has a superstability such as the result of J. Baker et al. [2].

Theorem 3.1.Let§ > 0, and letg,(z,y) > p,(0) for all x,y € D. If fis an unbounded
functional onD (in particular, | f(m)| > maz{2,2v/5} for some positive integer. in D) and
satisfies the inequality

(2) |f(z+y) —a O ED (@) fy)| <o
forall z,y € D, then

fla+y) = a O elw f() f(y)

forall z,y € D.

Proof. If we replacer andy by m in (2) simultaneously, we obtain
[£(2m) — a7 @OFonlmam) f (2| < g,

An induction argument implies that for alt > 2,

k-1

7 (km) = [T a0 fam

i=1
< 6(1 + \f(m)‘Q*Pn(0)+qn(m,(k71)m)

+ |f(m)|2a—Pn(0)+Qn(mv(k_1)m) . a—pn(O)—l—qn(m,(/ﬂ—Q)m)

k—2
+ o | f(m) "2 H a*pn(0)+qn(m,(k7i)m))
i=1

k—2 i
3) =4 (1 + Z <|f(m)|i H a—pn(O)-l-qn(m,(k—i)m))) .

=1
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Indeed, if inequality[(B) holds, we have

k

’f((k +1)m) — H @ Pr(OFan(msim) ()t

i=1

< |F((k + 1)m) — a7 @ banondn f(km)f(m)\
k—1

+ ‘f(k:m) — H a_Pn(O)-i-qn(m,zm Hf

=1

k-1
_5(1+Z(|f( )i Ha P (0)+qn (m, (k+1— 'L)m)>)'
i=1

for all n > 2. By (3), we obtain

P (0)+an (m k)

f(km)
Hfz—ll a=Pn(0)+an(mim) f (1)k

1 1 1
< (T * T T70R)?

-1

1 <1+1+ L. )6 = 25 _1
If( )7 2 2 |fm)]? — 2

for all positive integek. Since|f(m)|* — o as k — oo, and

k—1

Ha_pn(o)‘i‘Qn(m:im) Z 1

=1
foralli=1,2,---  k — 1, we obtain

f(km) — 00 as k — oc.

Note that for alln > 2 and for allz, y, z € D, we have
(4) 0 (Y, 2) + an(z,y + 2) — @u(2, 7 + y) = gu(z, Y)

because

Gn(, y tg(] 1 ( )fcy” ) y tj((Hy)j—xj—yj).

Jj=2 1= Jj=2

By (2) and [(4), we have
[FOm)|| £+ y) = a7 @0 () ()

1
< [am @G f () (4 ) = flkm -+ @+ y)|

a—Pn(0)+qn (km,z+y)
1

a—Pn (0)+qn (km,z+y)

adr (z,y)

+ ‘f(km + 1+ y) — a P OFe@vthm) ) £y 4 km)

| Fy + o) = a7 Ok ) £ ()|

qdn (y,km)
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forall x,y € D. Therefore,

fla+y) — a PO £ () f(y)

25 5‘ (7)|a™ Pn(0)+an(z,y)

- f(km)afpn(o)‘i’(hz Y, km ‘f( )‘a pn(0)+Qn(y km) - O

ask — oo. Thus, it follows that

fla+y) = a PO D £(2) f(y)
foranyz,y € D. »

Corollary 3.2. Letd > 0,a > 1 and letp, () = to + tyz + - - - + t,2"™ be a polynomial with
degreen with t; > 0 for eachi = 1,2,--- ,n andt¢, < 0. If f is an unbounded functional
on (0, oo) (in particular, | f(m)| > maxz{2, 2V} for some positive integen) and satisfies the
inequality

|[f(x +y) — a P OFnED f2) fy)] < 6
forall z,y € (0, 00), then
Fla+y) = a O f(@) f(y)
forall z,y € (0, 00).
Proof. Sincep,,(0) =ty < 0andt; > 0(i = 1,2,--- ,n),
n(7,y) 2 0= pa(0)
forall 2,y € (0, 00). From Theorerh 3|1 witlh = (0, c0), the required result is establishag.

Example 3.1.Leté > 0 anda > 1. If f is an unbounded functional i, co) (in particular,
|£(m)| > max{2,2+/5} for some positive integer) and satisfies the inequality

[f(x+y) —a™f(x)fly)l <0
forall z,y € (0, 00), then
fx+y) = a™f(x)f(y)
forall z,y € (0,00), becauses(z) = %,pg(O) =0, andg(x,y) = 2y > 0.

Example 3.2.Letd > 0 anda > 1. If f is an unbounded functional g, co) (in particular,
|£(m)| > maz{2,2V/§} for some positive integer) and satisfies the inequality

|[f(x +y) = a7 f(2) f(y)] <6
forall z,y € (0, 00), then

flz+y) =a " f(2) f(y)
forall z,y € (0,00), because,(z) = —1+2x+32% p2(0) = —1, andgs(z, y) = 6zy > p2(0).

4. STABILITY OF FUNCTIONAL EQUATION ()
R. Ger [4] introduced a stability for the exponential equation in the asymptotic type :

:E-i—y <5

—1

T

Now we prove an asymptotic stability of the functional equatian (1) in the sense of Ger.
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Theorem 4.1.Let0 < 6 < 1 anda > 1 be given. If a functiorf : R — (0, o) satisfies the
inequality

(5)

flz+y) _ ‘ <
a~ POt an@y) £ () f(y) B

forall x,y € R, then there exists an unique functibh: R — (0, co) such that
F(z+y) =a O @O P () F(y)

forall z,y € R and

forall x € R.

Proof. If we define a functiorG : R — R by
G(z) =In f(x)
for all z € R, then the equality] {(5) may be transformed into
IG(z +y) —InaPOFnE@Y) _G(z) — G(y)| < In(l —6) =0
for all x,y € R. Replacingy by = and dividing by 2, we get

[

1
5 In (a_p”(o)ﬂn(x’x)) f G(z)

0
©) <3

for all z € R. We apply induction ot to prove that

™ =

k k-1 1
G(2 x) — In H <a_pn(0)+Qn(2ix72ix)> Qi}H _
1=0

Pl
_925

for all x € R. Based on[(6), the inequality holds for= 1. Suppose that inequality|(7) holds
true for some: > 1. Then, both[(6) and {7) imply

k41 k N
G o) m]] (afpn(oqu(w,wx)) - G()

ok+1
i=0
~1
G( 2k2x _ H < —pn(0)+qn (222, 2’2$)> e — G(22)

= | 9k+l 2

i=0
+F%Q—mw““ﬂmwﬁ—Gw

k k+1

1
SE(QZ —GZQZ

which ends the proof of {7). For anye R and for every positive integdr, we define

( —pn(0)+gn( 21@' 2ix )) 21+1
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Let k£, m > 0 be integers wittk > m. Then it follows from () that
|Th(2) — T ()]

k—m(om k-1 .
G(2 (2 $)) — ln H ( _pn(0)+Qn(2i$72iz)> rkimm - G(2m )

1
am 2k—m

1 |G(2t—m(2m iy RN
2_m G( 2k_<m :r)) | (a P (0)+gn (2°2M 2,272 ))2+1 G(2m )

0 = 1
SﬁZ@ZQ.Z 70

asm — oo. Therefore, the sequendd}.(z)} is a Cauchy sequence, and we may define a
functionL : R — R by

L(z) := lim Ty(z)

and
k 1
F(._'L') = eL(w) = lim f<2 $)2k |
o Hfz_ol <a*Pn(0)+qn(2ix,gim)> Preas

for all z € R. Note that for alln > 2 andz,y € R,

(2, 2) + @u(y,y) — gz +y, v+ y)

- th (2%@‘ — 207 + 20y — 297 — (22 4 2y)T + 2(x + y)j>

—Zt< (z +y) —21:j—2yj)—((2x+2y)j—2jxj—2jyj))

= 2qn(:n, Y) — qn(27,2y).
Thus, for allz,y € R, we have

F(x+y)
a=PrO+an() F(2)F(y)

_1
F(2Fa + 24y 3 [T (a—pn(0>+qn<2ix721'x>+qn<2iy721'y)) 2

= lim
k—o0

_1
O kan(@y) ( f(2k2) f(2ky)) 3 [ (aqn<2i<x+y>,2i<x+y>>) 2T

1
f(2Fx + 2ky)2ik Hf:ol (a—pn(0)+2qn(2ix,2iy)—qn(2”1%2”1y)) 2

= lim

koo a—Pr(O)+an(@a) (f(2kz) f(2ky))2F
F(2Fz + 2ky) PO+ 5Epn(0)Fan (@)~ gran(22.2%y)
== (f@kx)f(zky)) | a POy

I f(2Fa + 2%y) 2
e a~Pn(0)+an(2%2.2%y) £ (k) £(2ky)) ’
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and by [5) we obtain

S f(2Fz + 2%y) * e
(1 — 5) 2k S (a_p"(o)"'q"@km’Qky)f(ZkZL')f(Qky)) S (1 + 5) ok

forall x,y € R and for every positive integér. Therefore, lettinge — oo, we have
F(z+y) = a POt @D P () F(y)
forall z,y € R. It can be easily seen fror|(5) that

f(2ba)* 4

(1-8)% < < (1+0)%

a—#pn(0)+2ikqn(2’“*1%2k*1$)f(Qk_1m)2;%1
for all z € R and for all positive integek. Also we have
f(2ba)
= (afpn(oqu(m,ziy)) T

f(2Fx)e

o 3k Pr O+ gran (261,26 22) f(gk_lx)zk%l

f(2H )
e

f(22)3

. a_%pn(())+%qn($,x)f(x) .

for all z € R and for all positive integekt. Thus, we have
1
+2%+-.~+2ik < f(zk.ilj) oF
- 1
Hf;()l <a7p"(0)+Qn(2ia:72iy)> 2i+1 f($>

< (14 6)7 et tar

[

(1-9)

for all x € R and for all positive integek, and so

/()

for all z € R. To show thatF' is unique, lei? : R — (0, c0) be an another such function with

1-0< <149

W(z +y) = a PO EDW ()W (y)
forall z,y € Rand
f(z)

for all x € R. Note that for allz: € R and for all positive integet,

1-6< <1+9

F(2z) _ F@@)?  F(@2) :F(x)Z’“
W(2z)  W(z)2  CW(2kz)  W(x)?
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Thus, we have

Letting k — oo, we haveF'(x) = W(x) forallz € R. 1
By Theorem 3, we know that the following examples hold:

Example 4.1.Let0 < § < 1 anda > 1 be given. If a functiorf : R — (0, co) satisfies the
inequality

flz+vy)
a~tot2eyta+(Bay+3ay?)ts f (1) f (1)

_1’9

for all z,y € R, then there exists an unique functibh: R — (0, co) such that
F(.T + y) _ a—to+2xyt2+(3:c2y+3:cy2)t3F(.I,)F(y)
forall x,y € R and

_1]9
forall x € R.

Example 4.2.Let0 < § < 1 anda > 1 be given. If a functiory : R — (0, co) satisfies the
inequality

f(z+y)
at* oy f () f(y)

forall x,y € R, then there exists an unique functibh: R — (0, co) such that
F(z+y) =a " F(z)F(y)

_1‘<5

forall z,y € R and

‘F(x) B 1‘ <5
f(z)
forall z € R.
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