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ABSTRACT. In this paper, we prove that the unique continuous solution of the functional equa-
tion

f(x + y) = a−pn(0)+qn(x,y)f(x)f(y)
is

f(x) = apn(x),

wherepn(x) is a polynomial with degreen and

qn(x, y) =
n∑

j=2

(
p
(j)
n (0)
j!

j−1∑
i=1

(
j
i

)
xiyj−i

)
.

We also obtain the superstability and stability of the functional equation with the following
forms, respectively: ∣∣∣f(x + y)− a−pn(0)+qn(x,y)f(x)f(y)

∣∣∣ ≤ δ

and ∣∣∣∣ f(x + y)
a−pn(0)+qn(x,y)f(x)f(y)

− 1
∣∣∣∣ ≤ δ.
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1. I NTRODUCTION

In 1940, S.M. Ulam gave a wide ranging talk in the Mathematical Club of the University of
Wisconsin in which he discussed a number of important unsolved problems [8]. One of those
was the question concerning the stability of homomorphisms :

LetG1 be a group and letG2 be a metric group with a metricd(·, ·). Givenε > 0,
does there exist aδ > 0 such that if a mappingh : G1 → G2 satisfies the inequality
d(h(xy), h(x)h(y)) < δ for all x, y ∈ G1, then there exists a homomorphismH :
G1 → G2 with d(h(x), H(x)) < ε for all x ∈ G1?

In the next year, D.H. Hyers [5] answered Ulam’s question for the case of the additive map-
ping on Banach spacesG1, G2. Thereafter, the result of Hyers has been generalized by Th.
M. Rassias [7]. Since then, the stability problems of various functional equations have been
investigated by many authors (see [1], [3], [4], [6]).

In particular, J. Baker, J. Lawrence and F. Zorzitto [2] introduced the stability of the ex-
ponential functional equation in the following form: iff satisfies the inequality|f(x + y) −
f(x)f(y)| ≤ δ, then eitherf is bounded orf(x + y) = f(x)f(y). This type is frequently
referred assuperstability.

Throughout this paper, we leta ≥ 1 andpn(x) = t0 + t1x + · · ·+ tnx
n be a polynomial with

degreen (t0, t1, · · · , tn ∈ R), and for allx, y ∈ R, we let

qn(x, y) =
n∑

j=2

(
p

(j)
n (0)

j!

j−1∑
i=1

(
j
i

)
xiyj−i

)
.

In section 2, we solve the following generalized exponential functional equation:

f(x + y) = a−pn(0)+qn(x,y)f(x)f(y).(1)

We illustrate this equation further by using two examples.
(a) if p2(x) = x2, then−p2(0) = 0, p′′2(0) = 2, andg2(x, y) = 2xy. Thus, we obtain the

following functional equation:

f(x + y) = a2xyf(x)f(y),

andf(x) = ax2
is a solution of this equation.

(b) If p2(x) = t0 + t1x + t2x
2, then−p2(0) = −t0, p

′′
2(0) = 2t2, andg2(x, y) = 2t2xy. Thus,

we have a functional equation:

f(x + y) = a−t0+2t2xyf(x)f(y),

andf(x) = at0+t1x+t2x2
is a solution of this equation.

In section 3, we obtain the superstability of the functional equation (1). It means a gener-
alization of the superstability of the exponential functional equation given by J. Baker et al.
[2].

In section 4, we investigate an asymptotic stability of functional equation (1) in the sense of
R. Ger [4].

2. SOLUTION OF FUNCTIONAL EQUATION (1)

In this section, we investigate a solution of the functional equation (1).

Theorem 2.1. The continuous solution onR of the functional equation(1) is apn(x). In partic-
ular, if a condition with valuesapn(1) at 1 andapn(−1) at−1 is added, then it is unique.
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Proof. Let f(x) = apn(x) for all x ∈ R. Then, for allx, y ∈ R,

f(x + y) = apn(x+y)

= a
−pn(0)+

Pn
j=2

0
@tj
Pj−1

i=1

0
@j

i

1
Axiyj−i

1
A
f(x)f(y)

= a−pn(0)+qn(x,y)f(x)f(y).

Thus,f(x) is a solution of the functional equation (1).
Suppose thatg is an another solution of the functional equation (1) and thatg(1) = apn(1)

andg(−1) = apn(−1). Let
S = {x ∈ R|g(x) = apn(x)}.

Then−1, 1 ∈ S andx + y ∈ S for all x, y ∈ S, because

g(x + y) = a−pn(0)+qn(x,y)g(x)g(y)

= a
t0+t1(x+y)+t2(x2+2xy+y2)+···+tn

Pn
i=0

0
@n

i

1
Axiyn−i

= apn(x+y).

Hence,n ∈ S for every integern. Since

g

(
1

2

)2

= g

(
1

2
+

1

2

)
apn(0)−qn( 1

2
, 1
2
)

= a
t0+t1+···+tn+t0−

0
@t2

0
@2
1

1
A( 1

2
)2+···+tn

Pn−1
i=1

0
@n

i

1
A( 1

2
)n

1
A

= a2t0+t1+t2(1− 1
2
)+···+tn(1−(( 1

2
+ 1

2)
n
− 1

2n−1 ))

= a2t0+t1+
t2
2

+···+ tn
2n−1 ,

we have

g

(
1

2

)
= at0+

t1
2

+
t2
22

+···+ tn
2n ,

hence1
2
∈ S. If 1

2m ∈ S for some nonnegative integerm, theng( 1
2m ) = ap( 1

2m ), and

g

(
1

2m+1

)2

= g

(
1

2m

)
apn(0)−qn( 1

2m+1 , 1
2m+1 )

= a
t0+t1( 1

2m )+···+tn( 1
2m )n+t0−

0
@t2

0
@2
1

1
A( 1

2m+1 )2+···+tn
Pn−1

i=1

0
@n

i

1
A( 1

2m+1 )n

1
A

= a2t0+t1( 1
2m )+t2(( 1

2m )2−2( 1
2m+1 )2)+···+tn(( 1

2m )n−(( 1
2m+1 + 1

2m+1 )
n
−2( 1

2m+1 )n))

= a2t0+2t1( 1
2m+1 )+2t2( 1

2m+1 )2+···+2tn( 1
2m+1 )n

.

Therefore,g( 1
2m+1 ) = ap( 1

2m+1 ). Hence 1
2m+1 ∈ S. By induction, we have1

2n ∈ S for every
nonnegative integern, and similarly,− 1

2n ∈ S. Note that for every nonnegative integerm,
m = a02

0 + a12
1 + · · ·+ ak2

k, whereai = 0 or 1 for eachi = 0, 1, · · · , k. Then we have

m

2n
=

{
a0

2n + a1

2n−1 + · · ·+ an + an+12
0 + · · ·+ ak2

k−n if n ≤ k,
a0

2n + a1

2n−1 + · · ·+ ak

2n−k if n > k.
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In any case, we havem
2n ∈ S, and similarly,−m

2n ∈ S for every nonnegative integersm andn.
Thus,S̄ = R. For everyr ∈ R and a given integer sequence{k}, there exists a sequence{sk}
in S such that

|sk − r| ≤ 1

k
.

Sinceg is continuous,

g(r) = lim
k→∞

g(sk) = lim
k→∞

apn(sk) = apn(r) = f(r)

for everyr ∈ R. Therefore,f is unique.

3. SUPERSTABILITY OF FUNCTIONAL EQUATION (1)

In this section, we letD = R or (0,∞). From the following theorem, we know that the
functional equation (1) has a superstability such as the result of J. Baker et al. [2].

Theorem 3.1. Let δ ≥ 0, and letqn(x, y) ≥ pn(0) for all x, y ∈ D. If f is an unbounded
functional onD (in particular, |f(m)| ≥ max{2, 2

√
δ} for some positive integerm in D) and

satisfies the inequality ∣∣f(x + y)− a−pn(0)+qn(x,y)f(x)f(y)
∣∣ ≤ δ(2)

for all x, y ∈ D, then

f(x + y) = a−pn(0)+qn(x,y)f(x)f(y)

for all x, y ∈ D.

Proof. If we replacex andy by m in (2) simultaneously, we obtain∣∣f(2m)− a−pn(0)+qn(m,m)f(m)2
∣∣ ≤ δ.

An induction argument implies that for allm ≥ 2,

∣∣∣f(km)−
k−1∏
i=1

a−pn(0)+qn(m,im)f(m)k
∣∣∣

≤ δ
(
1 + |f(m)|a−pn(0)+qn(m,(k−1)m)

+ |f(m)|2a−pn(0)+qn(m,(k−1)m) · a−pn(0)+qn(m,(k−2)m)

+ · · ·+ |f(m)|n−2

k−2∏
i=1

a−pn(0)+qn(m,(k−i)m)
)

= δ

(
1 +

k−2∑
i=1

(
|f(m)|i

i∏
j=1

a−pn(0)+qn(m,(k−i)m)
))

.(3)
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Indeed, if inequality (3) holds, we have∣∣∣f((k + 1)m)−
k∏

i=1

a−pn(0)+qn(m,im)f(m)k+1
∣∣∣

≤
∣∣∣f((k + 1)m)− a−pn(0)+qn(m,km)f(km)f(m)

∣∣∣
+
∣∣∣f(km)−

k−1∏
i=1

a−pn(0)+qn(m,im)f(m)k
∣∣∣∣∣∣f(m)

∣∣∣a−pn(0)+qn(m,km)

= δ

(
1 +

k−1∑
i=1

(
|f(m)|i

i∏
j=1

a−pn(0)+qn(m,(k+1−i)m)
))

.

for all n ≥ 2. By (3), we obtain∣∣∣∣∣ f(km)∏k−1
i=1 a−pn(0)+qn(m,im)f(m)k

− 1

∣∣∣∣∣
≤
( 1

|f(m)|k
+

1

|f(m)|k−1
+ · · ·+ 1

|f(m)|2
)
δ

≤ 1

|f(m)|2
(
1 +

1

2
+

1

22
+ · · ·

)
δ =

2δ

|f(m)|2
≤ 1

2

for all positive integerk. Since|f(m)|k →∞ as k →∞, and

k−1∏
i=1

a−pn(0)+qn(m,im) ≥ 1

for all i = 1, 2, · · · , k − 1, we obtain

f(km) →∞ as k →∞.

Note that for alln ≥ 2 and for allx, y, z ∈ D, we have

qn(y, z) + qn(x, y + z)− qn(z, x + y) = qn(x, y)(4)

because

qn(x, y) =
n∑

j=2

tj

( j−i∑
i=1

(
j

i

)
xiyj−i

)
=

n∑
j=2

tj

(
(x + y)j − xj − yj

)
.

By (2) and (4), we have∣∣∣f(km)
∣∣∣∣∣∣f(x + y)− a−pn(0)+qn(x,y)f(x)f(y)

∣∣∣
≤
∣∣∣a−pn(0)+qn(km,x+y)f(km)f(x + y)− f(km + x + y)

∣∣∣ 1

a−pn(0)+qn(km,x+y)

+
∣∣∣f(km + x + y)− a−pn(0)+qn(x,y+km)f(x)f(y + km)

∣∣∣ 1

a−pn(0)+qn(km,x+y)

+
∣∣∣f(y + km)− a−pn(0)+qn(y,km)f(y)f(km)

∣∣∣∣∣∣f(x)
∣∣∣ aqn(x,y)

aqn(y,km)
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for all x, y ∈ D. Therefore,∣∣∣f(x + y)− a−pn(0)+qn(x,y)f(x)f(y)
∣∣∣

≤ 2δ

f(km)a−pn(0)+qn(y,km)
+

δ|f(x)|a−pn(0)+qn(x,y)

|f(km)|a−pn(0)+qn(y,km)
→ 0

ask →∞. Thus, it follows that

f(x + y) = a−pn(0)+qn(x,y)f(x)f(y)

for anyx, y ∈ D.

Corollary 3.2. Let δ ≥ 0, a ≥ 1 and letpn(x) = t0 + t1x + · · · + tnx
n be a polynomial with

degreen with ti ≥ 0 for eachi = 1, 2, · · · , n and t0 ≤ 0. If f is an unbounded functional
on (0,∞) (in particular, |f(m)| ≥ max{2, 2

√
δ} for some positive integerm) and satisfies the

inequality ∣∣f(x + y)− a−pn(0)+qn(x,y)f(x)f(y)
∣∣ ≤ δ

for all x, y ∈ (0,∞), then

f(x + y) = a−pn(0)+qn(x,y)f(x)f(y)

for all x, y ∈ (0,∞).

Proof. Sincepn(0) = t0 ≤ 0 andti ≥ 0(i = 1, 2, · · · , n),

qn(x, y) ≥ 0 ≥ pn(0)

for all x, y ∈ (0,∞). From Theorem 3.1 withD = (0,∞), the required result is established.

Example 3.1. Let δ ≥ 0 anda ≥ 1. If f is an unbounded functional on(0,∞) (in particular,
|f(m)| ≥ max{2, 2

√
δ} for some positive integerm) and satisfies the inequality

|f(x + y)− axyf(x)f(y)| ≤ δ

for all x, y ∈ (0,∞), then
f(x + y) = axyf(x)f(y)

for all x, y ∈ (0,∞), becausep2(x) = x2

2
, p2(0) = 0, andq2(x, y) = xy ≥ 0.

Example 3.2. Let δ ≥ 0 anda ≥ 1. If f is an unbounded functional on(0,∞) (in particular,
|f(m)| ≥ max{2, 2

√
δ} for some positive integerm) and satisfies the inequality∣∣f(x + y)− a1+6xyf(x)f(y)

∣∣ ≤ δ

for all x, y ∈ (0,∞), then
f(x + y) = a1+6xyf(x)f(y)

for all x, y ∈ (0,∞), becausep2(x) = −1+2x+3x2, p2(0) = −1, andq2(x, y) = 6xy ≥ p2(0).

4. STABILITY OF FUNCTIONAL EQUATION (1)

R. Ger [4] introduced a stability for the exponential equation in the asymptotic type :∣∣∣∣ f(x + y)

f(x)f(y)
− 1

∣∣∣∣ ≤ δ.

Now we prove an asymptotic stability of the functional equation (1) in the sense of Ger.
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http://ajmaa.org
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Theorem 4.1. Let 0 < δ < 1 anda ≥ 1 be given. If a functionf : R → (0,∞) satisfies the
inequality ∣∣∣∣ f(x + y)

a−pn(0)+qn(x,y)f(x)f(y)
− 1

∣∣∣∣ ≤ δ(5)

for all x, y ∈ R, then there exists an unique functionF : R → (0,∞) such that

F (x + y) = a−pn(0)+qn(x,y)F (x)F (y)

for all x, y ∈ R and ∣∣∣∣F (x)

f(x)
− 1

∣∣∣∣ ≤ δ

for all x ∈ R.

Proof. If we define a functionG : R → R by

G(x) = ln f(x)

for all x ∈ R, then the equality (5) may be transformed into

|G(x + y)− ln a−pn(0)+qn(x,y) −G(x)−G(y)| ≤ ln(1− δ) := θ

for all x, y ∈ R. Replacingy by x and dividing by 2, we get∣∣∣∣G(2x)

2
− ln

(
a−pn(0)+qn(x,x)

) 1
2 −G(x)

∣∣∣∣ ≤ θ

2
(6)

for all x ∈ R. We apply induction onk to prove that∣∣∣∣∣G(2kx)

2k
− ln

k−1∏
i=0

(
a−pn(0)+qn(2ix,2ix)

) 1

2i+1 −G(x)

∣∣∣∣∣ ≤ θ
k∑

i=1

1

2i
(7)

for all x ∈ R. Based on (6), the inequality holds fork = 1. Suppose that inequality (7) holds
true for somek > 1. Then, both (6) and (7) imply∣∣∣∣∣G(2k+1x)

2k+1
− ln

k∏
i=0

(
a−pn(0)+qn(2ix,2ix)

) 1

2i+1 −G(x)

∣∣∣∣∣
≤

∣∣∣∣∣G(2k2x)

2k+1
− 1

2
ln

k−1∏
i=0

(
a−pn(0)+qn(2i2x,2i2x)

) 1

2i+1 − G(2x)

2

∣∣∣∣∣
+

∣∣∣∣G(2x)

2
− ln(a−pn(0)+qn(x,x))

1
2 −G(x)

∣∣∣∣
≤ 1

2
(θ

k∑
i=1

1

2i
) +

θ

2
= θ

k+1∑
i=1

1

2i
,

which ends the proof of (7). For anyx ∈ R and for every positive integerk, we define

Tk(x) =
G(2kx)

2k
− ln

k−1∏
i=0

(
a−pn(0)+qn(2ix,2ix)

) 1

2i+1

.
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Let k,m > 0 be integers withk > m. Then it follows from (7) that

|Tk(x)− Tm(x)|

=
1

2m

∣∣∣∣∣G(2k−m(2mx))

2k−m
− ln

k−1∏
i=m

(
a−pn(0)+qn(2ix,2ix)

) 1

2i+1−m −G(2mx)

∣∣∣∣∣
=

1

2m

∣∣∣∣∣G(2k−m(2mx))

2k−m
− ln

k−m−1∏
i=0

(
a−pn(0)+qn(2i2mx,2i2mx)

) 1

2i+1 −G(2mx)

∣∣∣∣∣
≤ θ

2m

k−m∑
i=1

1

2i
= θ

k∑
i=m+1

1

2i
→ 0

asm → ∞. Therefore, the sequence{Tk(x)} is a Cauchy sequence, and we may define a
functionL : R → R by

L(x) := lim
n→∞

Tk(x)

and

F (x) := eL(x) = lim
k→∞

f(2kx)
1

2k∏k−1
i=0

(
a−pn(0)+qn(2ix,2ix)

) 1

2i+1

for all x ∈ R. Note that for alln ≥ 2 andx, y ∈ R,

qn(x, x) + qn(y, y)− qn(x + y, x + y)

=
n∑

j=2

tj

(
2jxi − 2xj + 2jyi − 2yj − (2x + 2y)j + 2(x + y)j

)
=

n∑
j=2

tj

(
(2(x + y)j − 2xj − 2yj)− ((2x + 2y)j − 2jxj − 2jyj)

)
= 2qn(x, y)− qn(2x, 2y).

Thus, for allx, y ∈ R, we have

F (x + y)

a−pn(0)+qn(x,y)F (x)F (y)

= lim
k→∞

f(2kx + 2ky)
1

2k
∏k−1

i=0

(
a−pn(0)+qn(2ix,2ix)+qn(2iy,2iy)

) 1

2i+1

a−pn(0)+qn(x,y)(f(2kx)f(2ky))
1

2k
∏k−1

i=0

(
aqn(2i(x+y),2i(x+y))

) 1

2i+1

= lim
k→∞

f(2kx + 2ky)
1

2k
∏k−1

i=0

(
a−pn(0)+2qn(2ix,2iy)−qn(2i+1x,2i+1y)

) 1

2i+1

a−pn(0)+qn(x,y)(f(2kx)f(2ky))
1

2k

= lim
k→∞

(
f(2kx + 2ky)

f(2kx)f(2ky)

) 1

2k

· a−pn(0)+ 1

2k pn(0)+qn(x,y)− 1

2k qn(2kx,2ky)

a−pn(0)+qn(x,y)

= lim
k→∞

(
f(2kx + 2ky)

a−pn(0)+qn(2kx,2ky)f(2kx)f(2ky)

) 1

2k

,
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and by (5) we obtain

(1− δ)
1

2k ≤
( f(2kx + 2ky)

a−pn(0)+qn(2kx,2ky)f(2kx)f(2ky)

) 1

2k ≤ (1 + δ)
1

2k

for all x, y ∈ R and for every positive integerk. Therefore, lettingk →∞, we have

F (x + y) = a−pn(0)+qn(x,y)F (x)F (y)

for all x, y ∈ R. It can be easily seen from (5) that

(1− δ)
1

2k ≤ f(2kx)
1

2k

a−
1

2k pn(0)+ 1

2k qn(2k−1x,2k−1x)f(2k−1x)
1

2k−1

≤ (1 + δ)
1

2k

for all x ∈ R and for all positive integerk. Also we have

f(2kx)
1

2k∏k−1
i=0

(
a−pn(0)+qn(2ix,2iy)

) 1

2i+1

=
f(2kx)

1

2k

a−
1

2k pn(0)+ 1

2k qn(2k−1x,2k−2x)f(2k−1x)
1

2k−1

· f(2k−1x)
1

2k−1

a−
1

2k−1 pn(0)+ 1

2k−1 qn(2k−2x,2k−2x)f(2k−1x)
1

2k−1

· · · · · f(2x)
1
2

a−
1
2
pn(0)+ 1

2
qn(x,x)f(x)

.

for all x ∈ R and for all positive integerk. Thus, we have

(1− δ)
1
2
+ 1

22
+···+ 1

2k ≤ f(2kx)
1

2k∏k−1
i=0

(
a−pn(0)+qn(2ix,2iy)

) 1

2i+1

f(x)

≤ (1 + δ)
1
2
+ 1

22
+···+ 1

2k

for all x ∈ R and for all positive integerk, and so

1− δ ≤ F (x)

f(x)
≤ 1 + δ

for all x ∈ R. To show thatF is unique, letW : R → (0,∞) be an another such function with

W (x + y) = a−pn(0)+qn(x,y)W (x)W (y)

for all x, y ∈ R and

1− δ ≤ W (x)

f(x)
≤ 1 + δ

for all x ∈ R. Note that for allx ∈ R and for all positive integerk,

F (2x)

W (2x)
=

F (x)2

W (x)2
, · · · ,

F (2kx)

W (2kx)
=

F (x)2k

W (x)2k .
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Thus, we have

(1− δ)
1

2k (
1

1 + δ
)

1

2k ≤ F (x)

W (x)
≤
(F (2kx)

f(2kx)

) 1

2k ·
( f(2kx)

W (2kx)

) 1

2k

≤ (1 + δ)
1

2k (
1

1− δ
)

1

2k .

Lettingk →∞, we haveF (x) = W (x) for all x ∈ R.

By Theorem 3, we know that the following examples hold:

Example 4.1. Let 0 < δ < 1 anda ≥ 1 be given. If a functionf : R → (0,∞) satisfies the
inequality ∣∣∣∣ f(x + y)

a−t0+2xyt2+(3x2y+3xy2)t3f(x)f(y)
− 1

∣∣∣∣ ≤ δ

for all x, y ∈ R, then there exists an unique functionF : R → (0,∞) such that

F (x + y) = a−t0+2xyt2+(3x2y+3xy2)t3F (x)F (y)

for all x, y ∈ R and ∣∣∣∣F (x)

f(x)
− 1

∣∣∣∣ ≤ δ

for all x ∈ R.

Example 4.2. Let 0 < δ < 1 anda ≥ 1 be given. If a functionf : R → (0,∞) satisfies the
inequality ∣∣∣∣ f(x + y)

a1+6xyf(x)f(y)
− 1

∣∣∣∣ ≤ δ

for all x, y ∈ R, then there exists an unique functionF : R → (0,∞) such that

F (x + y) = a1+6xyF (x)F (y)

for all x, y ∈ R and ∣∣∣∣F (x)

f(x)
− 1

∣∣∣∣ ≤ δ

for all x ∈ R.
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