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1. INTRODUCTION

In this paper, we provide aexactTaylor's expansiorn [5] witltonstantcoefficients and with-
out the remainder. In doing so, we provide an explicit (closed) form of the remainder. Needless
to say, this pioneering contribution is extremely useful in many applications, such as the areas
of optimization, integration, and partial differential equations PDEs, since it transforms any ar-
bitrary function to an exact explicit quasi-linear form. Consequently, this method will simplify
the solutions to cumbersome integrals, PDEs and optimization problems (see [1] for poten-
tial applications). Consequently, this contribution can be applied to many areas in operations
research, such as optimization, stochastic models, and statistics.

We apply our approach to the heat equation and the reaction-convection-diffusion equation.
In doing so, we use it to transform a (non-linear) PDE to a non-differential equation or an
ordinary differential equation ODE. We also apply our method to the dynamic portfolio model
in finance. In so doing, unlike previous literature, we derive an explicit solution to the investor’s
optimal portfolio when the utility function is unknown.

2. THE NEW EXPANSIONS
Theorem 2.1. A sufficiently differentiable function with a compact suppb6tt) is given by
(i) f(x) =a1 +ax +az (v — o) In(x — ¢9)
(1) f (z,y) = as+é+ex+a{ar + agy + az (y — ¢)In (y — ) }+agy+az (y — ¢) In (y — &)+
cs[(z —e3)In(x —c3) — ],
wherec anda are constants.

Proof. (i) Consider these Taylor’s expansions

(2.1) f(x)=f(e)+ f(a)(@—c)+ Ri(z),c0 #0,
(2.2) f(z)=f(ca) + Ra(z),

whereR is the remainder andis a constant. Taking the derivatives of the remainders w.r.t.
yields

Ry () = f'(z) = f' (1),

Ry (x) = f'(z).
Thus,
(2.3) Ry () — Ry (x) = [ (c1) -
Dividing both sides of{2.3)) by 2 — ¢, and using the mean value theorem, we obtain

Ry (x) = Ry (x) _ f'(c1)

T — Cy T —cCy
Using the mean value theorem and the fact fRiatz) is a liner function ofR] (x) , we obtain
_ Ry (w) = Ry(c2) _ f'(er)

Ry (u) = oo <u<z,x—co>0.
U — Co U — Co
Integrating yields
R(x) = / Mdualu =
U — Cy
(2.4) ¢+er+ f(e)[(x — ) In(z — o) — 2.
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Substituting(2.4)) into (2.2 , we obtain

f(x)=f(e)+é+cx+ f(a)[(x—c)In(x — o) — 2]
We can rewrite the above equation as
(2.5) f@)=a+ax+az(r—c)n(z—c),

wherea is a constant.

Multiple-variable functions:

As an example, we use a two-variable function, however the extension to a multiple-variable
function is straightforward. As before we consider these Taylor's expansions

(2.6) f(z,y) = fler,c2) + faler,e2) (. — 1) + fy (1, 02) (Y — c2) + R (2,9)

(27) f(xay) :f(03,04)+R2 (ZE,y)
Taking the partial derivatives of the remainders wat.yields

Ry (I’,y) = fl‘ (l’,y) - fﬂc (61702)7

Roy (7,y) = fo (z,y) .
Therefore

Roe (2,y) — Rip (2,y) = fu(c1,¢2) .
Using the procedure in the previous section, we obtain

szx () _ fx (Cla C2> ‘
U — C3
Integrating yields
Ry () = / Mdudu =
U — Cz
(2.8) c+cex+gy)x+h(y) +csl(x—c3)In(z—c3) — 2],

wherecs = f, (¢1,¢2) . Using (2.5)) , we obtain

(2.9) gy) = +ay+as(y—c)ln(y—é),

(2.10) h(y) =iy +doy + 3 (y — &) In(y — ¢).

Substituting(2.9) — (2.10]) into (2.8)) , we obtain

(2.11) Ry(z,y) = ¢+ex+a{a+ay+az(y—¢)ln(y—¢)}+
oy + Gz (y — ) In (y — &) +
cs[(z —e3)In(x —c3) — 2.
Substituting(2.11)) into yields
flr,y) = flez,cp)+c+ex+a{ay+ay+as(y—c)ln(y—ae)}p+
(2.12) oy +as(y—¢é)In(y —¢é) +cs[(x —c3)In(z — ¢3) — x].
|
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3. THE PORTFOLIO MODEL AND THE HJB PDE

We first provide a brief description of the portfolio model (see [2, 3] and [4]), among others).

rsds i .
The risk-free asset price process is giverthy= etf ,Wherer, € C? (R) is the risk-free rate
of return. The dynamics of the risky asset price are given by

(3.1) dSs = Ss (nyds + osdWy) |

whereu, € C? (R) ando, € C? (R) are the rate of return and the volatility, respectivély;is a
Brownian motion on the probability spate, F, F;, P) , where{ F;},.. ., is the augmentation
of filtration. o

The wealth process is given by

T T
(3.2) Xr=z+ / {rXT + (ug —rs) ms}ds + /ﬂsadeS,

t t

T
wherez is the initial wealth{r,, 7}, is the portfolio process, witll [ 72ds < co. The
T t
trading strategyrs € A (x,y) is admissible

The investor’s objective is to maximize the expected utility of the terminal wealth

Vitz)= Sng (U (X7) | F],

whereV (.) is the value function{/ (.) is a continuous, bounded and strictly concave utility
function. Under well-known assumptions, the value function satisfies the Hamilton-Jacobi-
Bellman PDE

Vi +raVy +mf (y — 1) Vot

1
§7TIQJfV§m =0;V(T,2)=U (z).
The optimal portfolio is given by

* (e =) Va
(3.3) T, = —W.
Using (2.12) yields
Viz,t) = é+éar+cst+ax{a+at+as(t—¢)ln(t—ae)}+
(3.4) az (t —¢)In(t — &) + s [(x — cg) In (. — ¢g)] -

Taking the partial derivatives yields
(3.5) Vi(z,t) =G +{ad1+ast +as(t —¢)In(t — &)} + e [In(z — ) + 1],

Cs

(3.6) Viw (2,1) =

T —cg

Substituting this intd(3.3)) yields (and without loss of generality letting= 0)

(. —co) (1, —1¢) (a5 + cs5 [In (z — 06)])'

2
0%

(3.7) T, = —
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Another significant contribution of this paper is that the optimal portfolio explicitly depends
on the wealthr, regardless of the functional form of the utility (even for an exponential utility).
It is well known that a major criticism of the exponential utility is that the optimal portfolio
does not depend on the wealth.
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