
The Australian Journal of Mathematical
Analysis and Applications

AJMAA

Volume 14, Issue 2, Article 8, pp. 1-6, 2017

A NOTE ON CALDER ÓN OPERATOR
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ABSTRACT. We have shown that the Calderón operator is bounded on Morrey Spaces onR+.
Also under certain conditions on the weight, the Hardy operator, the adjoint Hardy operator, and
therefore the Calderón operator are bounded on the weighted Morrey spaces.
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1. I NTRODUCTION AND PRELIMINARIES

If f is a measurable function defined onR+, the Caldeŕon operatorS is defined by

S(f)(x) =

∫ ∞

0

min

{
1

x
,
1

t

}
f(t)dt

=
1

x

∫ x

0

f(t)dt +

∫ ∞

x

f(t)

t
dt

= H(f)(x) + H∗(f)(x).

HereH is the classical Hardy operator andH∗ is its adjoint operator. In [9], We have proved
that the Hardy operatorH is bounded on Morrey spaces,Lp,λ(R+). In this paper, by simple
calculations, we have shown thatH∗ is also bounded on Morrey spaces,Lp,λ(R+). So the
Caldeŕon operator,S, as the sum ofH andH∗, is bounded on Morrey spaces,Lp,λ(R+) as well.

In addition, we have considered the Hardy operator on weighted Morrey spaces and we have
obtained that if the weight functionw is nondecreasing, then with the conditionMp (p > 1),
the operatorH is bounded onLp,λ(w) and the operatorH∗ is bounded onLp,λ(w), and hence
the Caldeŕon OperatorS is bounded onLp,λ(w).

Let R+ denote the set of all positive real numbers. Forp ∈ (0,∞) and0 < λ < 1, Morrey
space onR+, Lp,λ(R+) consists of all measurable functionsf ∈ Lp

loc(R
+) with

‖f‖Lp,λ(R+) =

(
sup

I⊂R+

1

|I|λ

∫
I

|f(x)|pdx

)1/p

< ∞

whereI = (a, b] ⊂ R+, 0 < a < b < +∞, is a bounded interval onR+ and|I| denotes the
length ofI.

Morrey space can be a part of a family that includeLp, BMO (the space of Bounded Mean
Oscillation), and Hölder function spaces. It is well known now that if1 ≤ p < ∞, then
Lp,0 = Lp andLp,1 = L∞. If λ < 0, Lp,λ = {0} and ifλ > 1, Lp,λ is the space of(λ−1)

p
-Hölder

continuous functions. Therefore here is this paper, the Morrey space is defined to beLp,λ with
0 < λ < 1.

Let w be a weight on(0, ∞), i.e. w is a measurable function,w > 0 a.e. with respect to the
Lebesgue measure. Then for0 < λ < 1 and0 < p < ∞, weighted Morrey space,Lp,λ(w),
contains all functionsf ∈ Lp

loc(w) such that

‖f‖Lp,λ(w) =

(
sup

I⊂R+

1

|I|λ

∫
I

|f(x)|pw(x)dx

)1/p

< ∞

whereI = (a, b] ⊂ R+, 0 < a < b < +∞, is a bounded interval onR+ and|I| denotes the
length ofI.

OnR+, the Muckenhoupt’s conditionMp (p > 1) is as follows.
There existsC > 0 such that for a.e.x > 0,(∫ ∞

x

w(t)

tp
dt

)1/p(∫ x

0

w(t)−p′/pdt

)1/p′

≤ C

where1
p

+ 1
p′

= 1.
From Theorem 2.2 in [9] we have the following which is used in the proof of Theorem 2.2 in

this paper.

Lemma 1.1. The Hardy operatorH is bounded onLp,λ(R+), that is,

‖H(f)‖Lp,λ(R+) ≤ Cp,λ‖f‖Lp,λ(R+)
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whereCp,λ = p
p+λ−1

.

Throughout the whole note,C denotes a positive constant depending onp andλ only andC
might be different at each occurance.

2. M AIN RESULTS

With the introduction and preliminaries, in this section we present all main results and their
proofs and also give some useful remarks.

Theorem 2.1. For 1 ≤ p < ∞, the adjoint Hardy operatorH∗ is bounded onLp,λ(R+), that
is,

‖H∗(f)‖Lp,λ(R+) ≤ Cp,λ‖f‖Lp,λ(R+)

whereCp,λ = p
1−λ

.

Proof. Forx ∈ R+, let t = x
s
, we rewrite the Hardy adjoint operator

H∗(f)(x) =

∫ ∞

x

f(t)

t
dt =

∫ 1

0

f
(x

s

) ds

s
.

Here
∫ 1

0
can be understood aslimδ→0

∫ 1

δ
.

For any0 < λ < 1, I = (a, b] ⊂ R+ (0 < a < b < ∞), andf ∈ Lp,λ(R+), by Minkowski’s
inequality for integral and changing of variables, we have(

1

|I|λ

∫
I

|H∗(f)(x)|pdx

)1/p

=

(
1

(b− a)λ

∫ b

a

∣∣∣∣∫ 1

0

f
(x

s

) ds

s

∣∣∣∣p dx

)1/p

≤
(

1

(b− a)λ

)1/p(∫ b

a

∣∣∣∣∫ 1

0

f
(x

s

) ds

s

∣∣∣∣p dx

)1/p

≤
(

1

(b− a)λ

)1/p
(∫ 1

0

(∫ b

a

∣∣∣f (x

s

)∣∣∣p dx

)1/p
ds

s

)

=

∫ 1

0

(
1(

b
s
− a

s

)λ ∫ b/s

a/s

|f(x)pdx

)1/p
ds

s1− 1−λ
p

≤ ‖f‖Lp,λ(R+)

∫ 1

0

ds

s1− 1−λ
p

=
p

1− λ
‖f‖Lp,λ(R+) = Cp,λ‖f‖Lp,λ(R+).

whereCp,λ = p
1−λ

. Therefore the desired result follows immediately by the definition of
Lp,λ(R+).

The result that follows is a combination of Theorem 2.1 and Lemma 1.1.

Theorem 2.2.Let1 ≤ p < ∞. Then for the Caldeŕon OperatorS we have

‖S(f)‖Lp,λ(R+) ≤ Cp,λ‖f‖Lp,λ(R+)

for anyf ∈ Lp,λ(R+), whereCp,λ = p2

(1−λ)(p+λ−1)
, i.e. S is bounded onLp,λ(R+).

Now we are going to work with Hardy operatorH and its adjointH∗ on the weighted Morrey
spaceLp,λ(w).
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Theorem 2.3.For 1 < p < ∞ and 1
p
+ 1

p′
= 1, if w is nondecreasing and satisfiesMp condition,

then the Hardy operatorH is bounded onLp,λ(w).

Proof. For anyf ∈ Lp,λ(w), by Hölder inequality, we get

|H(f)(x)| =

∣∣∣∣1x
∫ x

0

f(t)dt

∣∣∣∣
≤ 1

x

∫ x

0

|f(t)|w(t)1/pw(t)−1/pdt

≤ 1

x

(∫ x

0

|f(t)|pw(t)dt

)1/p(∫ x

0

w(t)−p′/pdt

)1/p′

= x
λ
p
−1

(
1

xλ

∫ x

0

|f(t)|pw(t)dt

)1/p(∫ x

0

w(t)−p′/pdt

)1/p′

≤ Cx
λ
p
−1‖f‖Lp,λ(w)

(∫ x

0

w(t)−p′/pdt

)1/p′

.

With the assumption we made in this theorem aboutw, we claim that

C−1w(x)

xp−1
≤
(∫ x

0

w(t)−p′/pdt

)−p/p′

≤ C
w(x)

xp−1
.

In fact, sincew is nondecreasing and satisfies the conditionMp,

1

p− 1

w(x)

xp−1
≤

∫ ∞

x

w(t)

tp
dt

≤ C

(∫ x

0

w(t)−p′/pdt

)−p/p′

≤ C
1

xp−1

(
1

x

∫ x

0

w(t)−p′/pdt

)−p/p′

(Note
p

p′
= p− 1)

≤ C

xp−1

(
1

x

∫ x

0

w(t)dt

)
Jensen’s inequality

≤ C
w(x)

xp−1
.

It is sufficient to show that for any bounded intervalI = (a, b], 0 < a < b < ∞,

(
1

|I|λ

∫
I

|H(f)(x)|pw(x)dx

)1/p

≤ C‖f‖Lp,λ(w)
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Let’s start with the following.

1

|I|λ

∫
I

|H(f)(x)|pw(x)dx

≤ C

|I|λ
‖f‖p

Lp,λ(w)

∫
I

xλ−p

(∫ x

0

w(t)−p′/pdt

)−p/p′

w(x)dx

≤ C

|I|λ
‖f‖p

Lp,λ(w)

∫
I

xλ−p

(
w(x)

xp−1

)−1

w(x)dx

≤ C

|I|λ
‖f‖p

Lp,λ(w)

∫
I

xλ−1dx

= C‖f‖p
Lp,λ(w)

1

(b− a)λ

∫ b

a

xλ−1dx

=
C

λ
‖f‖p

Lp,λ(w)

bλ − aλ

(b− a)λ
≤ C‖f‖p

Lp,λ(w)
.

Here we recall that fora > 0, b > 0, and0 < λ < 1, we havebλ − aλ ≤ (b − a)λ, that is,
bλ−aλ

(b−a)λ ≤ 1.
Therefore

‖H(f)‖Lp,λ(w) ≤ C‖f‖Lp,λ(w).

In the discussion that follows we’ll have the next theorem which is about the adjoint Hardy
operatorH∗ on the weighted Morrey spaces.

Theorem 2.4. For 1 < p < ∞, if w is nondecreasing, then the Hardy operatorH∗ is bounded
onLp,λ(w), that is, for anyf ∈ Lp,λ(w)

‖H∗(f)‖Lp,λ(w) ≤ C‖f‖Lp,λ(w).

Proof. For any bounded intervalI = (a, b], 0 < a < b < ∞, consider[
1

|I|λ

∫
I

|H∗(f)(x)|pw(x)dx

]1/p

=

[
1

|I|λ

∫
I

∣∣∣∣∫ 1

0

f
(x

s

) ds

s

∣∣∣∣p w(x)dx

]1/p

≤ 1

|I|λ/p

∫ 1

0

[∫
I

∣∣∣f (x

s

)∣∣∣p w(x)dx

]1/p
ds

s

=
1

|I|λ/p

∫ 1

0

[∫
1
s
I

|f (t)|p w(st)dt

]1/p
ds

s

(x

s
= t
)

≤
∫ 1

0

[
1

|I|λ/p

∫
1
s
I

|f(t)|pw(t)dt

]1/p
ds

s1− 1
p

(w(st) ≤ w(t))
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=

∫ 1

0

[
1∣∣1

s
I
∣∣λ
∫

1
s
I

|f(t)|pw(t)dt

]1/p
ds

s1− 1
p
+λ

p

≤ ‖f‖Lp,λ(w)

∫ 1

0

ds

s1− 1−λ
p

=
p

1− λ
‖f‖Lp,λ(w) = C‖f‖Lp,λ(w),

whereC = p
1−λ

. By the definition of Morrey spaces, we have completed the proof.

With Theorem 2.3 and 2.4 we know thatS is bounded on the weighted Morrey space.

Theorem 2.5. For 1 < p < ∞, if w is nondecreasing, then the Hardy operatorS is bounded
onLp,λ(w), that is, for anyf ∈ Lp,λ(w)

‖S(f)‖Lp,λ(w) ≤ C‖f‖Lp,λ(w),

whereC is dependent onp andλ only.
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