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ABSTRACT. We have shown that the Calderoperator is bounded on Morrey Spacesioh
Also under certain conditions on the weight, the Hardy operator, the adjoint Hardy operator, and
therefore the Caldén operator are bounded on the weighted Morrey spaces.
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2 CHUNPING XIE

1. INTRODUCTION AND PRELIMINARIES

If fis a measurable function defined &ri, the Caldedn operatorS is defined by

S()) = /mmm{ii}fmw
_ /fdt+/f

= x)+ H*(f

Here H is the classical Hardy operator arﬁif is its adjomt operator. In_[9], We have proved
that the Hardy operatalf is bounded on Morrey spaceg?*(R™). In this paper, by simple
calculations, we have shown that* is also bounded on Morrey spacds;*(R*). So the
Caldeon operatorS, as the sum off andH*, is bounded on Morrey spacds;*(R*) as well.

In addition, we have considered the Hardy operator on weighted Morrey spaces and we have
obtained that if the weight functiom is nondecreasing, then with the conditiof), (p > 1),
the operator{ is bounded on.»*(w) and the operatof* is bounded or.**(w), and hence
the Caldedn OperatoiS is bounded or.»* (w).

Let R denote the set of all positive real numbers. Fat (0,00) and0 < A < 1, Morrey
space o+, LP*(R™) consists of all measurable functiofiss L7 (R™) with

1
1l zorcrry = (SUP —A/|f(x)!”dx) < 00
ICR* |]| I

wherel = (a,b] C Rt, 0 < a < b < +00, is a bounded interval oR"™ and|/| denotes the
length of I.

Morrey space can be a part of a family that include BMO (the space of Bounded Mean
Oscillation), and Hoélder function spaces. It is well known now that iK p < oo, then
[P0 = [PandLP! = L. If A <0, LP* = {0} and if A > 1, L is the space 01‘i Holder

continuous functions. Therefore here is this paper, the Morrey space is deflnedftf) tndth
0< A<,

Let w be a weight or{0, ~), i.e. w is a measurable functiom; > 0 a.e. with respect to the
Lebesgue measure. Then for< A < 1 and0 < p < oo, weighted Morrey spacd,”*(w),
contains all functiong’ € L (w) such that

1 1/p
flimoi = (510 5 [ Putaan) <o
ICRT |I| I

wherel = (a,b] C R™, 0 < a < b < +o0, is a bounded interval oR™ and|I| denotes the
length of .

On R*, the Muckenhoupt’s conditiof/, (p > 1) is as follows.
There existg”' > 0 such that for a.ex > 0,

o0 t l/p x , l/p/
(/ w(t) )dt) (/ w(t)? /pdt) <C
x tr 0
1 1 _
where; + o= 1.

From Theorem 2.2 in [9] we have the following which is used in the proof of Theprem 2.2 in
this paper.

Lemma 1.1. The Hardy operatoi is bounded or.?*(R*), that is,
”H(f>||LPa)‘(R+) S Cp,>\||f“LPvA(R+)

AJMAA Vol. 14, No. 2, Art. 8, pp. 1-6, 2017 AIJMAA


http://ajmaa.org

A NOTE ON CALDERON OPERATOR 3

whereC),, = 5.

Throughout the whole not€; denotes a positive constant dependingg@md\ only andC
might be different at each occurance.

2. MAIN RESULTS

With the introduction and preliminaries, in this section we present all main results and their
proofs and also give some useful remarks.

Theorem 2.1. For 1 < p < oo, the adjoint Hardy operato#/* is bounded or.»*(R*), that
is,

||H*(f)||LPaA(R+) < Cp7)\||f||LP,)\(R+)

whereC,, , = 5.

Proof. Forz € R*, lett = £, we rewrite the Hardy adjoint operator

w@= [ = (2%

Here [ can be understood disn;_ [, -
Forany0 < A < 1,1 = (a,b] C Rt (0 <a <b < o0),andf € LP*(R"), by Minkowski's
inequality for integral and changing of variables, we have
p 1/p
dz)

(s firoere)” = (ot [ £(2)E
< (o) ([ )% o)
< (o) (L (LrOre) )
- [ (g L)
T

s p
b
m”f”mk(m) = Cpll fllzear -

whereC,y, = %. Therefore the desired result follows immediately by the definition of
LP’A(R+).
|

The result that follows is a combination of Theorem 2.1 and Leimnia 1.1.
Theorem 2.2.Let1 < p < oco. Then for the Calde&m OperatorS we have

IS lermry < Coallfllzercr)

forany f € LP*(R™), whereC,, \ = % i.e. S'is bounded orlP*(R™T).

Now we are going to work with Hardy operatfrand its adjoint?* on the weighted Morrey
spaceL”* (w).

>
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Theorem2.3.For1 <p < oo and%+}% = 1, if w is nondecreasing and satisfi¢$, condition,
then the Hardy operatof! is bounded orl.”*(w).

Proof. For anyf € L»*(w), by Holder inequality, we get

% / ' f(t)dt'

o RO CCRR ORI

[H(f)(2)] =

<

< ([ v dt) p(/rw< >—p’/Pdt)1/p,
R fores) (o)
< Cot Wl ([ w0 p/pdt)l/p |

With the assumption we made in this theorem ahoutve claim that

) _ ( /Oxw@p'/pdt) el

ap—1 —

In fact, sincew is nondecreasing and satisfies the condifigy

‘H
&
=

VA
a\..
8
&
&\_/

AN
Q
VR
C\H
S
=
S

~
=
QL
~
~
3
~
S

1 1 e y -p/p D
_ —p/p - = —
< 0 (x /0 w(®) dt) (Note, —p—1)
c (1 [ o :
< - —/ w(t)dt) Jensen’s inequality
P~ \z Jg
G

It is sufficient to show that for any bounded intervak (a,b], 0 < a < b < oo,

1/p
(7 [ 1@ Pu@) <l
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Let’s start with the following.

x —p/p’
|annw /I M( [ w7 " i

<

~1
< annw S (M) wwe
<

A—1
d
|[|)\||f||Lp>\ /Ix L

1 ’ A—1
= C||f||Lp»w)m o de

v — ot

= —||f||LpA @ 5 = < Cl ey

Here we recall that fou > 0, b > 0, and0 < X < 1, we haveb* — a* < (b — a)?, that is,

b>‘—a
boas <1,

Therefore

IH () en )y < ClF N pes )

In the discussion that follows we’ll have the next theorem which is about the adjoint Hardy
operatorH™* on the weighted Morrey spaces.

Theorem 2.4.For 1 < p < oo, if w is nondecreasing, then the Hardy operaiét is bounded
on LPA(w), that is, for anyf € LP*(w)

HH*(f)HLPv*(w) < C||fHLp,>\(w)

Proof. For any bounded intervdl = (a,b], 0 < a < b < oo, consider

[W J @ W} :

S5 /Olf(g)g wmdx}”p
Lr T\ |P VP gs
| E) a2
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1 1 » Hp ds
-/ [w /illf(t)\w(ﬂdt]

1
ds
S
0 s

p

p
= Tl e = Cllf s,

whereC' = .. By the definition of Morrey spaces, we have completed the proof.
|

With Theorenj 2.8 and 2.4 we know thgtis bounded on the weighted Morrey space.

Theorem 2.5.For 1 < p < oo, if w is nondecreasing, then the Hardy operatois bounded
on LP*(w), that is, for anyf € LP*(w)

1S eer ) < CNflleer )
whereC' is dependent op and A only.

REFERENCES

[1] S. BLOOM, A Commutator Theorem and Weighted BMOans. Amer. Math. Aoc292(1985),
pp. 103-122.

[2] JESUS BASTERO, MARIO MILMAN, and FRANCISCO J. RUIZ, Commutators for the Maximal
and Sharp Function®roc. Amer. Math. Soc1282000), pp. 329-3334.

[3] J. B. GARNETT,Bounded Analytic Functiong\cademic Press, New York (1981).

[4] G. H. HARDY, J. E. LITTLEWOOD, and G. POLYA|nequlities Cambridge University Press,
Cambridge, UK 1959(1988), pp. 123-153.

[5] F.JOHN and L. NIRENBERG, On Functions of Bounded Mean Oscillat@emmun. Pure Appl.
Anal, XIV (1961), 415-426.

[6] J. L. RUBIO DE FRANCIA, Facterization theory and,, Weights,Amer. J. Math. 1061984),
533-547.

[7] E. M. STEIN,Singular Integrals and Differentiability Properties of Functiosinceton University
Press (1970).

[8] Z. WU and C. XIE, Q spaces and Morrey Spackg;unct. Anal, (1)201 (2003), 282-297.

[9] CHUNPING XIE, Commutators of Hardy Type Operatof$ie Australian Journal of Mathemati-
cal Analysis and Application§/olume 12, Issue 1, Article 11, pp. 1-7, 2015.

AJMAA Vol. 14, No. 2, Art. 8, pp. 1-6, 2017 AIJMAA


http://ajmaa.org

	1. Introduction and preliminaries
	2. Main results
	References

