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ABSTRACT. In this paper, we present sufficient condition for the sequence of vectors
{cpgj,z,,w]@,z l}fijl to be a frame forr/*(R?) are derived. Necessary and sufficient conditions

for the sequence of vecto{soy,i,;bﬁ,l fi;l to be tight wavelet frames i *(R?) are ob-

tained. Further, as an application an example of tight wavelet framel f(R?) as bivariate
box spline over 3-direction are given.
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1. INTRODUCTION

Wavelet analysis has become extensively instrumental in the functionalities of applied math-
ematics for recent technologies, like biomedical signal processing, image processing and tech-
nologies related to it, which have Impact on our day to day lives.lIn [1], Hernandez and Weiss
are establishing specific new set of crucial and adequate conditions which make integer trans-
lates and dilations of.? function an orthonormal basis. One of the most prominent example
related to applications of wavelets is image compression via employing orthonormal or bi-
orthogonal wavelet bases created by the MRA as givenlin [2, 3]. Another well established and
widely prevalent instance of applications of wavelets is noise removal using redundant wavelet
systems byl [4,15].

The wide purview of applications of frames can be observed in the initially released liter-
ature on applications of Gabor and wavelet frames (see le.g! [6, 7, 8]). Such applications in-
clude time frequency analysis for signal processing, coherent state in quantum mechanics, filter
bank design in electrical engineering, edge and singularity detection in image processing, and
etc. Because of the self duality and the potentiality of redundant representation, tight wavelet
frames have a lot of applications. [n [9,/10], some new applications of tight wavelet frames are
intoduced.

Wavelets and their properties in Sobolev space were instigated by Bastinlet al.|[11, 12, 13],
Dayong and Dengfeng [14], walter [15,116] and patHak [17]. Han and $heén [18], Ehler [19]
founded a new concept to simplify the construction of wavelet systems by constructing a pair
of dual wavelet frames for a pair of Sobolev spaces.

But the theory of wavelets in Sobolev space has got immense scope and it needs further
research. One most important aspect and purpose of this article is to build a more natural
framework for wavelets and wavelet frames in the higher dimensional scenarios.

Organization of the paper. In section 2, Sufficient condition for the sequence of vectors
{gog,z, wf,;&fi;l to be a frame fo7*(R¢) are derived. Necessary and sufficient conditions for
the sequence of vecto{sof,z, wg,z’l}l?i;l to be tight wavelet frames if/*(R¢) are given. Also,
we give an example of tight wavelet frames fdéf (R?) as bivariate box spline over 3-direction

meshes.

2. PRELIMINARIES

2.1. Sobolev spaceff*(R?). For any real numbes, the Sobolev spacé&/*(R?) consists of
tempered distributions if’(R¢) which satisfy:

2. L 2\s| £y (2
12 = g [ (1 P IA©) P,

where|| - | denotes the Euclidean normIf and the corresponding inner product is as follows

1 2\8 £/ ¢\ A s
(Fah = g | O+ WP FQaEE  fge R

Note thatH*(R?) is a Hilbert space under this inner product.
The Fourier transfornf, for f € L'(R?) is defined below

fle) = [ pae

where(z, £) is the inner product of two vectorsand¢ in R,
For f, g € H*(R%), the bracket product of andg is defined by



= > f(€+2mk)§(€ + 2nk) (1 + || + 27k|%)°, ¢ € R?ands € R

kezd

2.2. Frame. For a Hilbert spacé{ a family { f,, }.cz of elements is said to be frame féf if
there exist positive constantsand B such that

AIFIP < Y IKF f)lP < BIFIP

nez

forall f € H.
If A= B we call{f,}.cz atight frame. Thus for the tight frame we have

S UL £ =Bl

neL

forall f € H.

3. WAVELET FRAMES IN H*(R%)

In this section we give sufficient conditions for wavelet frames in Sobolev sfage?). To
construct wavelet frame system, firstly we define scaling function and wavelet function. Let

{a,(j)}jemezd € (*(Z%) be a sequence of real numbers. A distributigh on R? is called
refinable function associated Wi{hl(g)}jez’kezd if it satisfies the refinement equation

7) x) = 24 Z al(cj+1)<p(j+1)(2x —k), ze€ R4,
kezd

The Fourier transform apl) can be written as

PDE) =mi(€/2)p D (e)2), €eRY,

1)
m (€)= 3 af Ve ¢ e R
kezd
Now, we define the Wavelet functions associated with scaling fungtioras follows

Y (@) =23 b0 (e — k), 1=1,2,...,2—1, 2 €R%
kezd

where

The index;j means that we work with one scaling functiph) to each scale. In thé-variate
setting, for dilation matrixI,, 4, one expects to find? — 1 wavelets (cf[[20]).
In the Fourier domain, the above equation can be written as

~ ( ) . N7
O (€) = mi (€20 /), 1=1,2,...,2'— 1, w € RY,
where m{’ m?. 1 = 1,2,...,2¢ — 1 are 2rZd-periodic functions and are iL2(T):
T = [—m,7)%
For givenp@, ' . W;Jd)q € H*(R%), a properly normalized wavelet systemiiff (R?)
is defined as:
(e D ={eW jez kez W, jeZ kez' 1=12,... 2/ -1}

with o) - 29‘1/290( (2 —k) and ¢V) | = 209290 (2. —k), j € Z, k € 2%



With the help of above defined functions,we define

BLE) =) (1 +2%[|€[)72(1 + 2%7[|€ + 2qm||?)2p® ) (27 )7 (20 (€ + 2qm)),
p'=0
2d_1 oo , N
818 = 30 S T+ 2720 (1 + 22 ¢ + 2qr|2)200" " (27 )b (27 (¢ + 2m)).
=1 p'=0

wherep, p’ € Z andq € R := Z%/(2Z%) means that at least one componegris odd.

06 = S+ IeB)F [0 @)

J

¢ eRY,
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)= X 20+ el
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Consider

' = f I + f I
ess {lenR »(§) + ess glenR »(€)
I = ess sup I'y(€) + ess sup T'y(§)
£cRe £cRd
and

d,(r) = ess sup Z ‘ﬂr

(eR? 7

dy(r) = ess sup Z |37,(2%¢)

(eR? Yoy

The following theorem gives sufficient condition for the sequence of ve@dl’g @/)ﬂ Z}Qd !
to be a frame forr/*(R?).

Theorem 3.1. Let {p\), w}j’}?i;l be the scaling function and wavelet function such that

A=T"=> " [0,()0,(=q)]"* = > [65(q)du(—)]"* > 0
q€R qER
and

B=T*+ 3 5,05,(~0)]"* + 3 [5u(@)5s(~a)] /2 < oo.

q€R qER

Then{<,oJ e ngk Z}Q ! constitutes wavelet frames féF* (R?) with frame bounds! and B.

Proof. For the all those functiong € H*(R?) we define the clasa such thatf € L>(R?) and
f is compactly supported iR? \ {0}

R SR GEAGE:

B (2m)d /]Rd(l + H£H2)sf(£)w —i279( (*8) g

= J F (27 ik €)
_(mﬂléf1+ﬂ2ﬂ|%ﬂ2® D(&)ertdg.



Therefore

@) XX [teld] = g X2

JEZ kezZd JEZ kezd
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Let F (&) = (14 |127€1?)5 f(27€) " (5) for j € Z. EachF} is compactly supported iR\ {0}4
and belongs td7*(R?). If F'is such a function

> F(&+ 2km)

keZ

which is27-periodic. Then by Poisson sum formula we have,

> F(¢+ 2km) = T

kezd kezd

wherel/(2r)?F(k), k € Z is Fourier coefficients of .
Thus, we have

e [ TS Frcic [ Y e

kezd kezd

Now,

st L FO Y Pl = dz /st

It follows that

(3.2)

/ d F(&) ) F(&+2nk)de.

keZd kezd

By using [3.1) and (312)¢; = F', we have

S5 oo
eErd P IELY IR ORIETIERl

JEZ kezd

XD (L4 2%1€ + 2k ||?)* (27 (€ + 2km) @) (€ + 2k)dE

kezd

‘/ (1422 1¢]|2)s £(20€) eV ()L (1 + 27 |€]1%)* F (7€) (€)

+Y (4 27)|& A+ 2km ) F(20 (€ + 2km) @Y (€ + 2km) }dE.
kezd\{0}d



Similarly, we express

ZZZ‘f%kl

JEZ kezd =1

mZZW | s zigpyfeni @+ 2 feoi’e

=1 j€Z

+Z > (142 + 2kx ) F2i(e + 2km)d (€ + 2kem) Ve

I=1 kezd\{0}¢

Now we define sum

2d_1
DD ITAETNIED ) D WAL
JEZ kezd =1 jeZ kezd

241 A
st KR GRRIG Z(w” jé>2+2¢§”<2f5>2) A+ 1+ I
=1

JEZ

where

L= L2 [ T2 F@Oe)

JEZ

XY (L4 29)|& + 2kn|?) F(27(€ + 2km)p) (€ + 2km)dE.
keZ\{0}4

and

LSy [ Bl

=1 j€eZ

< ST (14 2|6 + 2 |?) (2 (€ + 2km) ) (€ + 2 e

kezZd4\{0}4

In the expression fof, for everyk (k # {0}%) there is a unique non-negative integéand a
uniqueqg € R.

(2m)'L, = Z/ 1+ ]2 279) Y0 301+ [+ 2 2]

JEZ p'=0q€R

x f(&+ 207 2qm) U (20 (2792 + 2qm))dE

:/R (14 €112 f(¢) ZZZ 14 ||€ + 2P2gm|?)*/2 £ (€ + 2P2gm)

p'=0q€ER peZ

x (1+ [[€]2)72(1 + [|€ + 2P2qm )2 PP (2P 277€) plP=#) (20" (277 + 2qrr) )d€
- / (L 6727 ST ST+ (1€ + 2020m |22 (€ + 202gm) 5 (2 7€) de.
qE€ER pEZL



Similarly,

'L = [ A TERRRE) X S0+ I+ 220m) € +22am)B (2 7€)

qER pEZ
where
=Y (L +[IE]2)*72(1 + || +22qn][2)*/ 2P (27 277€) ) (27 (2-P€ + 2q)),
p’'=0
i (p—') =)
= (1+ [IEN2) /21 +]|€+202gm|[2)*/ 2, (2P 27Pe),” " (2 (277€ + 2¢mr)).
=1 p'=0
Thus,
3:3) ) [0 (=) I £1?
qE’R
FOP W (277¢)2de
JEZ
1
+(W / (A 350+ 4 220m]) i + 22m) 72
/|1+||5|| G fs|d5+( i)
JEZ

whereP;(f) = (7).
By using Schwartz’s inequality, for afl € A, we have

1/2
Pu(f |<ZZ(/ (1 + 1) |f<n>|2|ﬁg<2-pn>|dn)

qER pEZ
R 1/2
< ( [+ I+ 22niprlio s 2amPisie )
R

We know that3? (£ —2¢7) = 3,%(§) and by changing variables in second integral and applying
Schwarz’s inequality for series we have

1/2

P(f |<Z<Z/ L+ P ) |ﬁq(2”)ldn>
1/2
(Z JRCRATERET; Iﬁq(2”)|dn>

< (@), (—a)] 2 1 112
Hence,
= @8~ IFIE < Pi(f) < [0o(@)0,(—a)] 2 1 £112

qER qER



likewise for P,(f) = (27)1,,
= (@) (=P IFI2 < Pa(f) <D [0u(@)du ()] (1 £112

geR qER

These inequality together with (3.3)

@4 ALY e

JEZL kezd =1 jeZ kezd

SinceA is dense in/¢(R?), the above inequality holds for afl € H*(R?). g

()
) j?k,l>s

We already know thatl+[1€[2)/2f (€), (1+[1€12)/24” (279¢) € LA(RY), 1 = 0,1...,20,
by the definition ofH*(R?). |

AssumeD; is the set of Lebesgue points forr + \215\2)8\&53)(5)|2, j € Z, then|D§| = 0.
Thus|J; D§| = 0. Thatis, almost every point & is a Lebesgue point for aﬂll+|2j§\2)s|1bl(])(§)|2,
jEL |

Let &, be an arbitrary Lebesgue point for &ll + ]23'5]2)5]@[(])(5)\2, j € Z. For every fixed
positive integeV/, set

o 21X,

whereQ(¢,, 6) is an unit ball centered &t with radiuss and it has measu®. Choose < 577,
obviously,|| f|ls = 1.
For|j| < M, from Theorenj 3]1, we have

9d—1

ZZZ‘ S50

|7I€M 1=0 kezd

2d_1

o2 3 [ arlenERon e
1=0 |j|<M
241
i 2 o | el for’ e
1=0 |j|<M
X Z (14 2%||€ + 2kx|*)® (2J(E+2k7r)wl (£+2k7r)}d£
kezd\{0}d
by using [(3.4) and (3]5), we get
2d 1 2d71

>0 3 [,

|FI<M 1=0 kezd




Lety — 0 andM — oo consecutively, by Lebesgue differential theorem, we have

9d—1

SOST(+ gy P < B.

JEZ 1=0

ForA = B =1in (3.4), we have

2d—1

36) S+ pV R+ 303+ )l @) =
JEL I=1 jez
For A = B = 1, we can rewrite[(3]4) as
Qd 1
P12 =303 3 vl
=0 jEZ kezd
2d 1
a7 [N+ IEBEIFOR X 3107 ks
=0 jeZ
1 'Y 'Y q -p
+ (W/R (TR X 30+ s+ 220m e+ 220me- v

by using [[3.6), we obtain
33"+ € + 22qm]?) f (€ + 272m) 3 (277€) = 0

qER peZ
Define f(¢) as [3-5), we obtain, for a.€.c R,
0=06(27%¢)

24-1

@) =D T+ 2FEP) (L + 27| + 202727 (20" (2(€ + 20m)).

=0 [=0

By using [3.6) and (3]7) we give following results:

Theorem 3.2. The Set{cp; ] ) z}2 T !is atight frame off/*(R?) if and only if

9d—1
S+ RV @TORE + 3D+ ek @ IOR = 1, ae.
JEL I=1 jez
and
24-1 oo
S+ 2[EP)R(1+ 27 + 20m2)/20 " @) (21 + 20m)) = 0, ace.
=0 =0

If, in addition, [[4{"||, = 1, the frame{\%), ¥ ¥} }? ! is an orthonormal basis of*(R?).

Now, we give an example as an application of The 3.2/fgiR?) as bivariate box spline
over 3-direction meshes. For fix> 0 and natural numberns, m,, m3 such that

min{my + mg — 2, M1 + m3 — 2, my + mg — 2} > s.



By using standard unit vectoes = (1,0)7, e, = (0,1)7 in R? , we define a 3-direction mesh
bivariate box spline in terms of Fourier transform as follows :

R 1 — e %1 mi 1 — e %2 m2 1 — e—i(§1+§2) m3
6= (=) () (i)

— et1(mitm3)/2 i€y (ma+ms)/2 (Sin£1/2>m1 (Sin§2/2)m2 (Siﬂ(ﬁl + 52)/2)7713
£1/2 £5/2 (€1 +&5)/2

Then, M, my.ms € H*(R?)(cf. [21] and [22]). Let

w%)l,mg,mg(€17£2>: Z (1+22j((51+27Tk1)+(52+27k2>>>s|Mm1,m2,m3(§1+277k1752"‘27]{72)’2-

(k1,k2)€Z

There exist two constantsandC' such that

O<c<w()

mi,mo,ms

(51752) S C < Q.
Now, we define for every € Z,

ml m2, m3(§17§2)
\/WWH m2,ms3 517 52)

51752

Whel’ego(] c H*(R?) (cf. [23)).
Let 1/11 ., 1l =1,2,3 be a associated wavelets with the scaling functiois j € Z, and their
Fourier transform Is given by

9 (60.62) = m (6 /2,6/200(6/2.6/2), 1=1,2,3.

Whereml(j), I =1,2,3 are2rZ? periodic functions belongs t(Z?), such that

m(()?)(€17€2) m(()]‘)(fl + 7, &) m(()j)(gl,gQ + ) ((])(51 €y )

(3.8) mgﬁ(fu@) mg]‘)(é.l + 7, &5) m(lj)(fl,fg + ) (1 )(51 + 7,8y + )
mg@(&,&)) mgj?(§1+m€2) mgj)(£17£2+ﬂ-> g)(fri‘ﬂ £y + )

:(a])<€1752) mgj)51+7752) gj)(fla@"‘ﬂ :(3)(51"‘7" €y + )

are unitary forj € Z. .
Together with[(3:8) and orthonormality ¢f?), 1)), [ = 1,2, 3, we have

ST+ () + (@ 1PV (L )P+ 3 S 1+ (€7 + (€210 (276, &)

JEZ =1 jez

=) (14 (&) + (&) Im§ ™ (€1/2,6/2) PIpU T (27771 (€, &)1

JEZ

3N (€) + ()2 Imf T (61/2,6,/2) IRV (277 (6, 6,)

= 0+ )+ @I L &)
=1

10



3
SN T+ 22(g,)2 + 22(6,)2)2(1 + 2%(€, + 2qm)? + 2% (€, + 2qm)?)V?

(p—p")

« 0 e, 27 )0 (2 (¢, + 2qm, €, + 2qm))

3
=3 (T 22(6,)2 + 220 (6,)2) 2 (1 + 2%7(& + 2qm)? + 27(€, + 2qm)?)Y

3
Z D@ e 2 e ym{P D (2018 + 2, €, + 2qm))

x QPP (o'l oP e PP (20 -1(¢)  2gm, €, + 2q))

hence, by Theorefn 3.2 it is a tight wavelet frame £51(R?).
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