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2 N. ADJEROUD

1. I NTRODUCTION

Analysis of fractional differential equations have gained considerable importance and con-
tinuous attention during the past three decades, due mainly to their varied applications in many
fields [3, 5, 8, 10]. The differential equations involving Riemann-Liouville and Caputo op-
erators of fractional orders arise in many engineering and scientific disciplines as the math-
ematical modeling of systems and processes in the fields of physics, chemistry, aerodynam-
ics, polymer rheology, economic, control theory, signal and image processing, biophysics, etc.
[4, 6, 7, 9]. Boundary-value problems for fractional differential equations have been discussed
in [1, 2, 12, 13]. Zhang [14] investigated the existence and multiplicity of positive solutions for
the problem.

{
cDαu (t) = f (t, u (t)) , 0 ≤ t ≤ 1, 0 < α ≤ 2,
u (0) + u′ (0) = 0, u (1) + u′ (1) = 0.

X .Su, S. Zhang [11] have investigated the existence, uniqueness and continuous dependence
of solutions for the problem

{
cDα

0+u (t) = f
(
t, u (t) ,c Dβ

0+u (t)
)

, 0 ≤ t ≤ 1

a1u (0)− a2u
′ (0) = A, b1u (1) + b2u

′ (1) = B,

where0 < β ≤ 1, 1 < α ≤ 2 , ai, bi ≥ 0, i = 1, 2; a2b1 + a1b2 > 0, f : [0, 1]×R×R −→ R is
continuous.

C. Cheng, Z. Feng, Y. Su [2] have investigated the existence and uniqueness for the problem

Dα
0+u (t) + f (t, u (t) , u′ (t)) = 0, t ∈ (0, 1) , n− 1 < α ≤ n,

u(i) (0) = 0, i = 0, 1, 2, ..., n− 2,

[
Dβ

0+u (t)
]

t=1
= 0, 2 ≤ β ≤ n− 2

wheren > 4 (n ∈ N) , andf : [0, 1]× [0,∞)×(−∞,∞) −→ [0,∞) satisfies the Carathéodory
type conditions.

Motivated by the previous results, in this paper,we study the existence of positive solutions
for the fractional differential equation withm−point boundary conditions

(1.1)

{
cDα

0+u (t) + f
(
t, u (t) ,c Dβ

0+u (t)
)

= 0, 0 ≤ t ≤ 1,

u (0) = u (1) =
∑m−2

i=1 aiu (ηi) ,

wherecDα
0+ is the standard Caputo derivative, and1 < α ≤ 2, 0 < β < 1; α, β a real numbers,

ai ≥ 0 for i = 1, 2, ...,m − 2 and; ηi : 0 < η1 < η2 < ... < ηm−2 < 1 with
∑m−2

i=1 ai < 1,
f : [0, 1]× [0,∞)× R −→ [0,∞) is continuous andf (t, 0, 0) > 0.

The organisation of this paper is as follows. In Section2, we introduce some notations and
definitions of fractional calculus [5, 8] and present preliminary results needed in our proof later.
In section3 we discuss the existence of solutions for the problem(1.1) .

AJMAA, Vol. 14, No. 2, Art. 5, pp. 1-14, 2017 AJMAA

http://ajmaa.org


EXISTENCE OF POSITIVE SOLUTIONS 3

2. PRELIMINARIES

Definition 2.1. The Riemann-Liouville fractional integral of orderα > 0 of a continuous func-
tion f : (0,∞) → R is defined by

Iαf(t) =
1

Γ(α)

∫ t

0

(t− s)α−1f(s)ds,

provided the right-hand side is point-wise defined on(0,∞), Γ is the gamma function defined
by Γ(α) =

∫ +∞
0

e−ttα−1dt.

Definition 2.2. For an at leastn-times continuously differentiable functionf : (0, +∞) −→ R,
the Caputo derivative of fractional orderα is defined as

CDα
0+f (t) =

1

Γ (n− α)

∫ t

0

(t− s)n−α−1 f (n) (s) ds, n− 1 < α < n, n = [α] + 1,

where[α] denotes the integer part of the real numberα.

Remark 2.1. Under natural condition on the functionf(x) if α = n, the Caputo’s derivative of
orderα is the usual derivative of ordern. We have the following properties:

IαIβf(t) = Iα+βf(t), cDαIαf(t) = f(t), for α, β > 0, f ∈ L1(0, 1) andIα : C[0, 1] →
C[0, 1], α > 0.

Remark 2.2. Forα = n, the Caputo’s fractional derivative of orderα becomes the conventional
n−th derivative. The Caputo’s fractional derivative is defined in[1] as follows:

CDα
0+f (t) = Dα

0+

(
f (t)−

∑n−1
p=0

f (p)(0+)
p!

tp
)

, provided that the right-side derivative exists,

we have in particularCDα
0+k = 0 for any constantk ∈ R, α > 0. We have the following

properties: cDα
0+Iα

0+f (t) = f (t) if α > 0, f (t) ∈ C [0, 1] and Iα
0+

CDα
0+f (t) = f (t) −

f (0) , 0 ≤ α < 1, f (t) ∈ C [0, 1] .

Lemma 2.1. The general solution of the equation
cDαu(t) = 0,

is given by
u(t) = c0 + c1t + ... + cn−1t

n−1,

whereci ∈ R, i = 1, 2, ..., n− 1 andn = [α] + 1.

Lemma 2.2. Suppose thatu ∈ C[0, 1]
⋂

L1[0, 1] with a derivative of ordern that belong to
C[0, 1]

⋂
L1[0, 1]. Then

Iα cDαu(t) = u(t) + c0 + c1t + ... + cn−1t
n−1,

whereci ∈ R, i = 1, 2, ..., n− 1 andn = [α] + 1.

Lemma 2.3. Leth ∈ C ([0, 1] , R) be a function, then the problem

(2.1)

{
cDα

0+u (t) + h (t) = 0, 0 ≤ t ≤ 1,

u (0) = u (1) =
∑m−2

i=1 aiu (ηi) ,

has a unique solution given by

(2.2) u (t) =

∫ 1

0

G (t, s) h (s) ds +

∑m−2
i=1 ai

∫ 1

0
G (ηi, s) h (s) ds

1−
∑m−2

i=1 ai

,
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4 N. ADJEROUD

where

G (x, y) =

{
x(1−y)α−1−(x−y)α−1

Γ(α)
, 0 ≤ y ≤ x ≤ 1,

x(1−y)α−1

Γ(α)
, 0 ≤ x ≤ y ≤ 1.

Proof. From Lemma2.2 we have

Iα
0+h (t) = u (t) + c0 + c1t,

then

(2.3) u (t) = − 1

Γ (α)

∫ t

0

(t− s)α−1 h (s) ds + c0 + c1t.

By the boundary conditions, we obtain

c0 =

∑m−2
i=1 aiηiI

αh (1)−
∑m−2

i=1 aiI
αh (ηi)

1−
∑m−2

i=1 ai

,

and

c1 =
1

Γ (α)

∫ 1

0

(1− s)α−1 h (s) ds.

Substitutingc0 andc1 into (2.3) we obtain solution(2.2)

u (t) = − 1

Γ (α)

∫ t

0

(t− s)α−1 h (s) ds +
t

Γ (α)

∫ 1

0

(1− s)α−1 h (s) ds

+

∑m−2
i=1 aiηi

∫ 1

0
(1−s)α−1h(s)

Γ(α)
ds

1−
∑m−2

i=1 ai

−
∑m−2

i=1 ai

∫ ηi

0
(ηi−s)α−1h(s)

Γ(α)
ds

1−
∑m−2

i=1 ai

= − 1

Γ (α)

∫ t

0

(t− s)α−1 h (s) ds +

∫ t

0

t (1− s)α−1 h (s)

Γ (α)
ds

+

∫ 1

t

t (1− s)α−1 h (s)

Γ (α)
ds +

∑m−2
i=1 ai

∫ ηi

0
ηi(1−s)α−1h(s)

Γ(α)
ds

1−
∑m−2

i=1 ai

+

∑m−2
i=1 ai

∫ ηi

0
−(ηi−s)α−1h(s)

Γ(α)
ds

1−
∑m−2

i=1 ai

+

∑m−2
i=1 ai

∫ 1

ηi

ηi(1−s)α−1h(s)
Γ(α)

ds

1−
∑m−2

i=1 ai

=

∫ t

0

(
− (t− s)α−1 + t (1− s)α−1)h (s)

Γ (α)
ds

+

∑m−2
i=1 ai

∫ ηi

0

(−(ηi−s)α−1+ηi(1−s)α−1)h(s)

Γ(α)
ds

1−
∑m−2

i=1 ai

+

∑m−2
i=1 ai

∫ 1

ηi

ηi(1−s)α−1h(s)
Γ(α)

ds

1−
∑m−2

i=1 ai

+

∫ 1

t

t (1− s)α−1 h (s)

Γ (α)
ds

=

∫ 1

0

G (t, s) h (s) ds +

∑m−2
i=1 ai

∫ 1

0
G (ηi, s) h (s) ds

1−
∑m−2

i=1 ai

.

Lemma 2.4. Let ai ≥ 0 for i = 1, 2, ...,m − 2 and assume that
∑m−2

i=1 ai < 1. If h ∈ C [0, 1]
andh (t) ≥ 0, then the unique solution of the problem(2.1) satisfies

u (t) ≥ 0.
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Proof. From the boundary conditions, we have

u (1) = u (0) =

∑m−2
i=1 aiηi

∫ 1

0
(1−s)α−1h(s)

Γ(α)
ds

1−
∑m−2

i=1 ai

−
∑m−2

i=1 ai

∫ ηi

O
(ηi−s)α−1h(s)

Γ(α)
ds

1−
∑m−2

i=1 ai

=

∑m−2
i=1 aiηi

∫ 1

ηi

(1−s)α−1h(s)
Γ(α)

ds

1−
∑m−2

i=1 ai

+

∑m−2
i=1 aiηi

∫ ηi

0
(1−s)α−1h(s)

Γ(α)
ds

1−
∑m−2

i=1 ai

−
∑m−2

i=1 ai

∫ ηi

O
(ηi−s)α−1h(s)

Γ(α)
ds

1−
∑m−2

i=1 ai

=

∑m−2
i=1 aiηi

∫ 1

ηi

(1−s)α−1h(s)
Γ(α)

ds

1−
∑m−2

i=1 ai

+

∑m−2
i=1 ai

∫ ηi

0
ηi(1−s)α−1−(ηi−s)α−1

Γ(α)
h (s) ds

1−
∑m−2

i=1 ai

=

∑m−2
i=1 ai

∫ ηi

0

(ηi(1−s)α−1−(ηi−s)α−1)
Γ(α)

h (s) ds

1−
∑m−2

i=1 ai

+

∑m−2
i=1 ai

∫ 1

ηi

ηi(1−s)α−1h(s)
Γ(α)

ds

1−
∑m−2

i=1 ai

=

∑m−2
i=1 ai

∫ 1

0
G (ηi, s) h (s) ds

1−
∑m−2

i=1 ai

≥ 0.

This completes the proof.

Lemma 2.5. Let ai ≥ 0 for i = 1, 2, ...,m − 2 and assume that
∑m−2

i=1 ai > 1. If h ∈ C [0, 1]
andh (t) ≥ 0, then the problem(2.1) has no positive solutions.

Proof. We claim the contrary, and suppose that the problem(2.1) has a positive solutionu, then
we haveu (ηi) ≥ 0, i = 1, 2, ...,m− 2. From(2.2) we have

u (ηi) =

∫ 1

0

G (ηi, s) h (s) ds +

∑m−2
i=1 ai

∫ 1

0
G (ηi, s) h (s) ds

1−
∑m−2

i=1 ai

=

∫ 1

0

G (ηi, s) h (s) ds−
∑m−2

i=1 ai

∫ 1

0
G (ηi, s) h (s) ds∑m−2

i=1 ai − 1
> 0,

we get (
m−2∑
i=1

ai − 1

)∫ 1

0

G (ηi, s) h (s) ds >

m−2∑
i=1

ai

∫ 1

0

G (ηi, s) h (s) ds,

and

−
∫ 1

0

G (ηi, s) h (s) ds > 0,

then ∫ 1

0

G (ηi, s) h (s) ds < 0.

This contradicts the fact that
∫ 1

0
G (ηi, s) h (s) ds > 0, and the claim is proved. If

∑m−2
i=1 ai >

1, it is clear thatu (0) = u (1) is not positive.

Remark 2.3. The Green function

G (x, y) =

{
x(1−y)α−1−(x−y)α−1

Γ(α)
, 0 ≤ y ≤ x ≤ 1,

x(1−y)α−1

Γ(α)
, 0 ≤ x ≤ y ≤ 1
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is such thatG (x, y) ≥ 0. In fact G (x, y) = x(1−y)α−1

Γ(α)
≥ 0 for all (x, y) : 0 ≤ x ≤ y ≤ 1, 1 <

α < 2.
For (x, y) : 0 ≤ y ≤ x ≤ 1, we have for0 ≤ y ≤ 1, andx = 1 thatG (x, y) = G (x, x) = 0,

for y = 0, 0 ≤ x ≤ 1, we haveG (x, y) = G (x, 0) = x− xα−1 ≥ 0.
For 0 ≤ x ≤ 1, y = x, we haveG (x, y) = G (x, x) = x (1− x)α−1 ≥ 0. It follows that for

all (x, y) : 0 ≤ x ≤ y ≤ 1, G (x, y) ≥ 0.

3. THE MAIN RESULTS

In this section, we study the existence of positive solution for the problem(1.1) .
Let C (I) be the Banach space of all continuous real-valued functions onI = [0, 1] . Define

the space

E =
{

u : u ∈ C (I) andcDβ
0+u ∈ C (I) , 0 < β < 1

}
,

endowed with the norm

‖u‖ = max
{
‖u‖∞ ,

∥∥∥cDβ
0+u
∥∥∥
∞

}
,

where

‖u‖∞ = max
0≤t≤1

|u (t)| ,
∥∥∥cDβ

0+u
∥∥∥
∞

= max
0≤t≤1

∣∣∣cDβ
0+u (t)

∣∣∣ ,
it is known that(E, ‖.‖) is a Banach space. Let the following assumption

(H) 1 < α ≤ 2, 0 < β < 1 with α, β a real numbers,ai ≥ 0 for i = 1, 2, ...,m − 2
; ηi : 0 < η1 < η2 < ... < ηm−2 < 1 and

∑m−2
i=1 ai < 1. f : [0, 1] × [0,∞) × R −→ [0,∞) is

continuous, andf (t, 0, 0) > 0 for all t ∈ [0, 1] .

Lemma 3.1. Assume that(H) holds. Then the problem(1.1) is equivalent to the integral
equation

u (t) =

∫ 1

0

G (t, s) f
(
s, u (s) ,c Dβ

0+u (s)
)

ds(3.1)

+

∑m−2
i=1 ai

∫ 1

0
G (ηi, s) f

(
s, u (s) ,c Dβ

0+u (s)
)

ds

1−
∑m−2

i=1 ai

.

In other words, every solution of(1.1) is also a solution of(3.1) and vice versa.

Proof. Let u ∈ E be a solution of(1.1) . We denotes the right-hand side of(3.1) by z (t) ; i.e;

z (t) = −Iα
0+f

(
t, u (t) ,c Duβ

0+ (t)
)

+ tIα
0+f

(
1, u (1) ,c Dβ

0+u (1)
)

+

∑m−2
i=1 aiηi

1−
∑m−2

i=1 ai

Iα
0+f

(
1, u (1) ,c Dβ

0+u (1)
)

−
∑m−2

i=1 ai

1−
∑m−2

i=1 ai

Iα
0+f

(
ηi, u (ηi) ,c Dβ

0+ (ηi)
)

,

and

z′ (t) = −Iα−1
0+ f

(
t, u (t) ,c Dβ

0+u (t)
)

+ Iα
0+f

(
1, u (1) ,c Dβ

0+u (1)
)

.
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From Remarks2.1 and2.2, we get
CDα

0+z (t) = Dα
0+

(
z (t)− z

(
0+
)
− z′

(
0+
)
t
)

= Dα
0+

(
z (t)−

∑m−2
i=1 aiηi

1−
∑m−2

i=1 ai

Iα
0+f

(
1, u (1) ,c Dβ

0+u (1)
)

+

∑m−2
i=1 ai

1−
∑m−2

i=1 ai

Iα
0+f

(
ηi, u (ηi) ,c Dβ

0+u (ηi)
)

− tIα
0+f

(
1, u (1) ,c Dβ

0+u (1)
))

= Dα
0+

(
−Iα

0+f
(
t, u (t) ,c Dβ

0+u (t)
))

= −f
(
t, u (t) ,c Dβ

0+u (t)
)

,

then
CDα

0+u (t) = −f
(
t, u (t) ,c Dβ

0+u (t)
)

.

One can verify thatu (0) = u (1) =
∑m−2

i=1 aiu (ηi)

=
Pm−2

i=1 aiηi

1−
Pm−2

i=1 ai
Iα
0+f

(
1, u (1) ,c Dβ

0+u (1)
)
−

Pm−2
i=1 ai

1−
Pm−2

i=1 ai
Iα
0+f

(
ηi, u (ηi) ,c Dβ

0+u (ηi)
)

.

Thus,u is a solution of(1.1) . Conversely, letu ∈ E be a solution of(1.1) , applying the
method used to prove Lemma2.3, it follows thatu is a solution of(3.1) , which completes the
proof.

From Lemma2.3, we conclude that the solution of(1.1) coincides with the fixed point of the
operatorT : E −→ E defined by

(Tu) (t) =

∫ 1

0

G (t, s) f
(
s, u (s) ,c Dβ

0+u (s)
)

ds

+

∑m−2
i=1 ai

∫ 1

0
G (ηi, s) f

(
s, u (s) ,c Dβ

0+u (s)
)

ds

1−
∑m−2

i=1 ai

.

Note that

(Tu) (t) = −Iαf
(
t, u (t) ,c Dβu (t)

)
+tIαf

(
1, u (1) ,c Dβu (1)

)
−
∑m−2

i=1 aiI
αf
(
ηi, u (ηi) ,c Dβu (ηi)

)
ds

1−
∑m−2

i=1 ai

+

∑m−2
i=1 aiηiI

αf
(
1, u (1) ,c Dβu (1)

)
ds

1−
∑m−2

i=1 ai

,

(Tu)′ (t) = −Iα−1f
(
t, u (t) ,c Dβu (t)

)
+Iαf

(
1, u (1) ,c Dβu (1)

)
,

and

cDβ (Tu) (t) = I1−β (Tu)′ (t)

= −Iα−βf
(
t, u (t) ,c Dβu (t)

)
+Iα−β+1f

(
1, u (1) ,c Dβu (1)

)
.

Then we see that(Tu) (t) , cDβ (Tu) (t) ∈ C (I) .
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We give the main result of this section.

Theorem 3.2. ( Schauder’s fixed point ). LetU be a closed bounded convex subset in a Banach
spaceE, assume thatT : U −→ U is a continuous mapping such thatTU is relatively compact
subset ofU . ThenT has a fixed point inU.

Theorem 3.3.Assume that(H) holds. If there exist a constantK, such that

max

{
1

Γ (α) Γ (2− β)
,

1

Γ (α)

(
1 +

∑m−2
i=1 aiηi

1−
∑m−2

i=1 ai

)}
M ≤ K

2
,

whereM = max {f (t, u, v) : 0 ≤ t ≤ 1, 0 ≤ u (t) ≤ K, |v (t)| ≤ K} .Then the problem(1.1)
has at least one positive solution.

Proof. For anyt ∈ [0, 1], we find

∫ 1

0

|G (t, s)| ds ≤ 1

Γ (α)

(∫ t

0

(t− s)α−1 ds +

∫ 1

0

t (1− s)α−1 ds

)
≤ 1

Γ (α)

(
tα

α
+

t

α

)
≤ 2

Γ (α + 1)

≤ 2

Γ (α)
,

and ∫ 1

0

|G (ηi, s)| ds ≤ 1

Γ (α)

(
ηα

i

α
+

ηi

α

)
≤ 2ηi

Γ (α)
.

Define

U =
{

u : u ∈ E, 0 ≤ t ≤ 1, 0 ≤ u (t) ≤ K,
∣∣∣cDβ

0+u (t)
∣∣∣ ≤ K

}
.

ThenU is a bounded, closed and convex subset of the Banach spaceE.
We prove thatTU ⊂ U. Foru ∈ U we have

(Tu) (t) ≤

(∫ 1

0

G (t, s) ds +

∑m−2
i=1 ai

∫ 1

0
G (ηi, s) ds

1−
∑m−2

i=1 ai

)
M

≤ 1

Γ (α)

(
2 +

2
∑m−2

i=1 aiηi

1−
∑m−2

i=1 ai

)
M

=
2

Γ (α)

(
1 +

∑m−2
i=1 aiηi

1−
∑m−2

i=1 ai

)
M

≤ K,

which implies

(3.2) 0 ≤ Tu (t) ≤ K, 0 ≤ t ≤ 1.
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For0 < β < 1, we get

cDβ
0+ (Tu) (t)

=
1

Γ (1− β)

∫ t

0

(t− s)−β (Tu)′ (s) ds

=
1

Γ (1− β)

∫ t

0

(t− s)−β

×

∫ s

0

(
(1− τ)α−1 − (α− 1) (s− τ)α−2) f

(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

Γ (α)

+

∫ 1

s

(1− τ)α−1 f
(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

Γ (α)

 ds

≤ 1

Γ (1− β)

∫ t

0

(t− s)−β

×

∫ s

0

(1− τ)α−1 f
(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

Γ (α)

+

∫ 1

s

(1− τ)α−1 f
(
τ , u (τ) ,c Dβu (τ)

)
dτ

Γ (α)

)
ds

=
1

Γ (1− β)

∫ t

0

(t− s)−β

∫ 1

0

(1− τ)α−1 f
(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

Γ (α)

≤ M

Γ (2− β) Γ (α + 1)
≤ M

Γ (2− β) Γ (α)

≤ 2M

Γ (2− β) Γ (α)
≤ K,

also we have

cDβ
0+ (Tu) (t) =

1

Γ (1− β)

∫ t

0

(t− s)−β (Tu)′ (s) ds

≥ 1

Γ (1− β)

∫ t

0

(t− s)−β

×

−∫ s

0

(α− 1) (s− τ)α−2 f
(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

Γ (α)

 ds

≥ −1

Γ (1− β)

∫ t

0

(t− s)−β

×

∫ 1

0

(α− 1) (s− τ)α−2 f
(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

Γ (α)

 ds.
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Thus

cDβ
0+ (Tu) (t) ≥ −M

Γ (1− β) Γ (α)

∫ t

0

(t− s)−β ds =
−M

Γ (2− β) Γ (α)

≥ −2M

Γ (2− β) Γ (α)
≥ −K.

It follows that

(3.3) −K ≤c Dβ (Tu) (t) ≤ +K.

Therefore, from(3.2) and(3.3), we haveTu ∈ U which implies thatTU ⊂ U.
We show thatT : U −→ U is continuous. In fact, forun ∈ U, n = 1, 2, ... andu ∈ U such

that limn−→∞ ‖un − u‖E = 0 uniformly on[0, 1] , where

‖un − u‖ = max
{
‖un − u‖∞ ,

∥∥∥cDβ
0+un − cDβ

0+u
∥∥∥
∞

}
,

we havelimn−→∞ ‖un − u‖∞ = 0 and limn−→∞

∥∥∥cDβ
0+un − cDβ

0+u
∥∥∥
∞

= 0, which implies

that

lim
n−→∞

un (t) = u (t) , lim
n−→∞

cDβ
0+un (t) = cDβ

0+u (t) ,

therefore

lim
n−→∞

f
(
t, un (t) ,c Dβ

0+un (t)
)

= f
(
t, u (t) ,c Dβ

0+u (t)
)

, t ∈ [0, 1] ,

which gives

|(Tun) (t)− (Tu) (t)|

=

∣∣∣∣∫ 1

0

G (t, s)
[
f
(
s, un (s) ,c Dβ

0+un (s)
)
− f

(
s, u (s) ,c Dβ

0+u (s)
)]

ds

+

∑m−2
i=1 ai

∫ 1

0
G (ηi, s)

[
f
(
s, un (s) ,c Dβ

0+un (s)
)

1−
∑m−2

i=1 ai

− f
(
s, u (s) ,c Dβ

0+u (s)
)]

ds
∣∣∣

1−
∑m−2

i=1 ai

,

≤
∫ 1

0

|G (t, s)|
∣∣∣f (s, un (s) ,c Dβ

0+un (s)
)
− f

(
s, u (s) ,c Dβ

0+u (s)
)∣∣∣ ds

+

∑m−2
i=1 ai

∫ 1

0
|G (ηi, s)|

∣∣∣f (s, un (s) ,c Dβ
0+un (s)

)
− f

(
s, u (s) ,c Dβ

0+u (s)
)∣∣∣ ds

1−
∑m−2

i=1 ai

,

then

(3.4) |(Tun) (t)− (Tu) (t)| −→ 0, asn −→∞,
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and

∣∣∣cDβ
0+ (Tun) (t)− cDβ

0+ (Tu) (t)
∣∣∣

=

∣∣∣∣ 1

Γ (1− β)

∫ t

0

(t− s)−β (Tun)′ (s) ds

− 1

Γ (1− β)

∫ t

0

(t− s)−β (Tu)′ (s) ds

∣∣∣∣
=

1

Γ (1− β)

∣∣∣∣∫ t

0

(t− s)−β

×
(∫ 1

0

G′
s (s, τ)

(
f
(
τ , un (τ) ,c Dβ

0+un (τ)
)
− f

(
τ , u (τ) ,c Dβ

0+u (τ)
))

dτ

)
ds

∣∣∣∣
≤ 1

Γ (1− β)

∫ t

0

(t− s)−β

×
(∫ 1

0

|G′
s (s, τ)|

∣∣∣f (τ , un (τ) ,c Dβ
0+un (τ)

)
− f

(
τ , u (τ) ,c Dβ

0+u (τ)
)∣∣∣ dτ

)
ds

∣∣∣∣ ,
then

(3.5)
∣∣∣cDβ

0+ (Tun) (t)− cDβ
0+ (Tu) (t)

∣∣∣ −→ 0, asn −→∞.

By (3.4) and(3.5) , we have

‖Tun − Tu‖ = max
{
‖Tun − Tu‖∞ ,

∥∥∥cDβ
0+Tun − cDβ

0+Tu
∥∥∥
∞

}
−→ 0, asn −→∞,

which means thatT is continuous.
We prove thatTU is an equicontinuous set. Taket1, t2 ∈ [0, 1] , t1 < t2, and letM =

max
{

f
(
t, u (t) ,c Dβ

0+u (t)
)

: 0 ≤ t ≤ 1, 0 ≤ u (t) ≤ K,
∣∣∣cDβ

0+u (t)
∣∣∣ ≤ K

}
.

Then we have

|(Tu) (t1)− (Tu) (t2)| =

∣∣∣∣∫ 1

0

(G (t1, s)−G (t2, s)) f
(
s, u (s) ,c Dβ

0+u (s)
)

ds

∣∣∣∣
≤

(∫ t1

0

|(G (t1, s)−G (t2, s))| ds

+

∫ t2

t1

|(G (t1, s)−G (t2, s))| ds

+

∫ 1

t2

|(G (t1, s)−G (t2, s))| ds

)
M,
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which means

|(Tu) (t1)− (Tu) (t2)| ≤

([∫ t1

0

(t2 − s)α−1 − (t1 − s)α−1

Γ (α)

+
(t2 − t1) (1− s)α−1

Γ (α)

]
ds

+

∫ t2

t1

[
(t2 − t1) (1− s)α−1

Γ (α)
+

(t2 − s)α−1

Γ (α)

]
ds

+

∫ 1

t2

(t2 − t1) (1− s)α−1

Γ (α)
ds

)
M

=

(∫ t2

0

(t2 − s)α−1

Γ (α)
ds−

∫ t1

0

(t1 − s)α−1

Γ (α)
ds

+ (t2 − t1)

∫ 1

0

(1− s)α−1

Γ (α)
ds

)
M

=
M

Γ (α + 1)
(tα2 − tα1 + t2 − t1) ,

which is independent ofu, using the fact that the functiontα2 − tα1 is uniformly continuous on
[0, 1] then

‖(Tu) (t2)− (Tu) (t1)‖∞ −→ 0 ast2 −→ t1,

and

∣∣∣cDβ
0+ (Tu) (t1)− cDβ

0+ (Tu) (t2)
∣∣∣

=
1

Γ (1− β)

∣∣∣∣∫ t1

0

(t1 − s)−β

(∫ 1

0

G′
s (s, τ) f

(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

)
ds

−
∫ t2

0

(t2 − s)−β

(∫ 1

0

G′
s (s, τ) f

(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

)
ds

∣∣∣∣
≤ 1

Γ (1− β)

∣∣∣∣∫ t1

0

(t1 − s)−β

(∫ 1

0

G′
s (s, τ) f

(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

)
ds

−
∫ t1

0

(t2 − s)−β

(∫ 1

0

G′
s (s, τ) f

(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

)
ds

∣∣∣∣
+

1

Γ (1− β)

∣∣∣∣∫ t1

0

(t2 − s)−β

(∫ 1

0

G′
s (s, τ) f

(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

)
ds

−
∫ t2

0

(t2 − s)−β

(∫ 1

0

G′
s (s, τ) f

(
τ , u (τ) ,c Dβ

0+u (τ)
)

dτ

)
ds

∣∣∣∣ .
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We get ∣∣∣cDβ
0+ (Tu) (t1)− cDβ

0+ (Tu) (t2)
∣∣∣

≤ 2M

Γ (1− β) Γ (α)

∫ t1

0

(
(t1 − s)−β − (t2 − s)−β

)
ds

+
2M

Γ (1− β) Γ (α)

∫ t2

t1

(t2 − s)−β ds

≤ 2M

Γ (2− β) Γ (α)

(
t1−β
2 − t1−β

1 + 2 (t2 − t1)
1−β
)

since the functiont1−β
2 − t1−β

1 is uniformly continuous on[0, 1] , it follows that∥∥∥cDβ
0+ (Tu) (t2)− cDβ

0+ (Tu) (t1)
∥∥∥
∞
−→ 0 ast2 −→ t1.

Consequently

‖(Tu) (t2)− (Tu) (t1)‖

= max
{
‖(Tu) (t2)− (Tu) (t1)‖∞ ,

∥∥∥cDβ
0+ (Tu) (t2)− cDβ

0+ (Tu) (t1)
∥∥∥
∞

}
−→ 0,

ast2 −→ t1.We conclude thatTU is an equicontinuous set. Obviously it is uniformly bounded
sinceTU ⊂ U. By the Arzela-Ascoli theorem the operatorT : U −→ U is completely con-
tinuous. The Schauder fixed-point theorem asserts the existence of positif solution inU for the
problem(1.1) and the theorem is proved.

Example 3.1.Consider the four-point boundary-value problem

(3.6)


cD

3
2

0+u (t) + 1
4
(1 + t2)

(
1 +

√
u (t)

)
+

�
�
�
�
cD

1
2
0+

u(t)

�
�
�
�

4(1+t2)
+ min

{
t; 1− t

2

}
= 0, 0 ≤ t ≤ 1,

u (0) = u (1) =
∑2

i=1 aiu (ηi) , .

We chooseα = 3
2

, β = 1
2
; η1 = 1

4
, η2 = 1

3
; a1 = 1

2
, a2 = 1

5
. Then1 − (a1 + a2) =

3
10

< 1, Γ
(

3
2

)
= 0.886, Γ

(
2− 1

2

)
= 0.886 and1

2
× 1

4
+ 1

5
× 1

3
= 0.191. Setf (t, u, v) =

1
4
(1 + t2) (1 +

√
u) + |v|

4(1+t2)
+ min

{
t; 1− t

2

}
and takeK = 12. A direct computation shows

that
M = max {f (t, u, v) : 0 ≤ t ≤ 1, 0 ≤ u (t) ≤ 12, |v (t)| ≤ 12} = 4.295,

1
Γ(α)Γ(2−β)

= 1
0.8862 = 1. 273 , 1

Γ(α)

(
1 +

P2
i=1 aiηi

1−
P2

i=1 ai

)
= 1

0.886
× 0.636 = 0.717.

Then we have
max {1.273, 0.717} × 4.295 = 1.273× 4.295 = 5.467 < K

2
= 6,

i.e;

max

{
1

Γ (α) Γ (2− β)
,

1

Γ (α)

(
1 +

∑2
i=1 aiηi

1−
∑2

i=1 ai

)}
M = 5.467 <

K

2
= 6.

From Theorem3.3, the problem(3.6) has at least one positive solution.
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