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1. INTRODUCTION

Let A denote the class of all functions of the form
(1.1) ) =2+ an2"
n=2

which are analytic in the open unit dik= {z : z € C and|z| < 1}. We also denote by the
class of all functions in the normalized analytic function clas&hich are univalent ifi.

Itis well known that every functiorf € S has aninvers¢—, which is defined by = (f(z)) =
z(zeU)andf(f(w)) = w (Jw| < ro(f);ro(f) > 7). In fact, the inverse functiop = f~*
is given by

g(w) = fH(w) = w — agw? + (245 — az)w® — (5a3 — Sagas + az)w* + - - -
(1.2) =w+ Z Apw™.
n=2

A function f € A is said to be bi-univalent i/ if both f and f~! are univalent ifU. Let X
denote the class of bi-univalent functionslirgiven by [1.1). The class of analytic bi-univalent
functions was first introduced and studied by Lewin [22], where it was proveddijat 1.51.
Brannan and Clunié [4] improved Lewin’s result|ta| < v/2 and later Netanyah( [24] proved
that |ay| < % Brannan and Taha|[5] and Taha|[30] also investigated certain subclasses of bi-
univalent functions and found non-sharp estimates on the first two Taylor-Maclaurin coefficients
las| and|as|. For a brief history and interesting examples of functions in the clasee [28]

(see also[5]). In fact, the aforecited work of Srivastava et/all [28] essentially revived the the
investigation of various subclasses of the bi-univalent function classrecent years; it was
followed by such works as those by Frasin and Aouf [14], Xu et al.[[32, 33], Hayami and Owa
[19], and others (see, for example, [2/ 6], [7, ©,[10] 15, 23, 25, 27]).

Not much is known about the bounds on the general coeffigightor n > 3. This is because
the bi-univalency requirement makes the behaviour of the coefficients of the fun¢tiang
f~! unpredictable. Here, in this paper, we use the Faber polynomial expansions for a general
subclass of analytic bi-univalent functions to determine estimates for the general coefficient
boundsia,|.

The Faber polynomials introduced by Faber![13] play an important role in various areas
of mathematical sciences, especially in geometric function theory. The recent publications
[16] and [18] applying the Faber polynomial expansions to meromorphic bi-univalent functions
motivated us to apply this technique to classes of analytic bi-univalent functions.

In the literature, there are only a few works determining the general coefficient baunds
for the analytic bi-univalent functions given Ry (IL.1) using Faber polynomial expansions [17, 20,
21]. Hamidi and Jahangiri [17] considered the class of analytic bi-close-to-convex functions.
Jahangiri and Hamidi [20] considered the class defined by Frasin and/Aouf [14], and Jahangiri et
al. [21] considered the class of analytic bi-univalent functions with positive real-part derivatives.
By motivated the works of Serap Bulut we defined the following classes.

2. THE CLASS Myx(a, p, 1, t)

Definition 2.1. For0 < p < p < 1, |t| < 1 andt # 1, a functionf € X given by [1.1) is said
to be in clasdVIx(«, p, i, t) if the following conditions are satisfied

(1= t)[puz® " (2) + (2pu + p — p)2* £ (2) + 2f'(2)] } -

@l R {puz2 ) = B (2] 1 (o~ w2l — (7o) + (= p + W) — 702
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and

(2.2)

Re{ (1 —1)[ppw?g"” (w) + 2pp + p — p)w?y” (w) + wg'(w)] } -
prw?[g" (w) — t2g" (tw)] + (p — pwlg'(w) — tg'(tw)] + (1 — p + p)[g(w) — g(tw)]

where0) < o < 1 andz,w € U andg = f~! is defined by[(1]2).

Definition 2.2. For0 < p < 1, |t| < 1 and¢ # 1, a functionf € X given by [1.1) is said to be
in classNy(«, p, t) if the following conditions are satisfied

(1 —t)[pz°f"(2) + 2f'(2)]
(2.3) Re {pz[f’(z) —tf'(t2)] + (1 = p)[f(2) — f(tz)] } -
and
(1—t)[pw?g"(w) + wg' (w)]
(2.4) Re {pw[g/(w) —tg'(tw)] + (1 — p)[g(w) — g(tw)] } -

where0 < a < 1 andz,w € Uandg = f~! is defined by[(12).

Remark 2.1. Fort = 0 andp = 0, we get the well-known clasd/s;(«, p) of bi-starlike
functions or orderv. This class consists of functions e 3 satisfying Re (Zf i‘”) > « and

Re ( ))> > awhere) < a < 1andz,w € Uandg = f~! is defined by.2)

3. COEFFICIENT ESTIMATES

Using the Faber polynomial expansion of functighs A of the form [1.1), the coefficients
of its inverse mag = f~! may be expressed as [1]

(3.1) g(w) = —w—i-z —K, " (ag,as, ... )w"
where
n (—n)! -1 (=n)! -3
s = T im0 T e )y @
(—n)! abtay + (=n)! a2’5[a5 + (=n + 2)a3]

(—2n + 3)!(n — 4)! 2(—n+2))l(n —5)!

ay " %lag + (—2n + 5)asay) + Z ay

(
(—n)!
(32) T )=o)

3=7

such that,; with 7 < j <nisa homogenous polynomial in the variablgsas, . . ., a, [3]. In
particular, the first three terms &f ", are
(3.3) K% = —2ay, K;*=3(2a3—a3), K;*= —4(5a3 — basas + ay).
In general, for any € N := {1,2,3, ...}, an expansion ok* is as, [1],

plp—1) p! 3 p!
3.4 KP = pay, + ~——=D>+ ——_D? — =D
(3-4) n = Pint 2 " (p 3)!3! o (p—mn)nl "
whereD? = DP(ay, as, . ..), and by [31],

> ! , ,

D' (ay, as, ... a,) = Y #a’f ...a while a; = 1, and the sum is taken over all non-

SLEREE ..

negative integers, . .. ,:zn satisfyingi; + i + --- + i, = m, iy + 2io + --- + ni,, = n, itis
clearthatD'(ay, as, . .., a,) = af.
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Consequently, for functiong € Nx,(«, p, i1, t) of the form [1.1), we can write:

{ (1 = O)[puz® " (2) + 2pp +p — ) 2* f"(2) + 2f'(2) }
pu2?[f"(z) = 2 f"(t2)] + (p — w)z[f'(z) = tf/(t2)] + (1 = p+ p)[f(2) — f(tz)]
(3.5) = 1+ZFn_l(ag,ag,...,an)z"_l,

which is the Faber polynomial of degrée — 1) where

_ [ Rlop(t =) + 1] = [1+ (p— ) (2t = 1) + 2put?us |
Fl_{ L+t(p— p) } .

Fy = {[6p0(2 1) +3(0 — )+ 3] = [L+ (0 = ) (3 = 1) + 6pptJus} o — s
— {4lpu(1 = ) + lpp(1 + 1) + (p— )] = 2[1 + (p — p) (2t — 1) + 2ppt”]
CLZ
2ppt + p — p = ug = [L+ (p — p) (2t = 1) + 2ppt*|*u3 m,
Fy ={4B3pu(3 —t) +2(p—p) + 1] -1+ (p—p)(4t — 1) + 12PMt2]u4}%

—{6lpp(1 +1) + (p — w))[p(3 = 2t) + 2+ (p — )] + Bua[l + (p — p) (2t — 1) + 2ppt’]
[on(1 = 2t) + 1] + 2u3[1 + (p — ) (3t — 1) + 6ppt®][~2ppt — p+ p+ 1

—ug[l + (p—p)(2t — 1) + QthQH}[lJr:(Z)p—aiW

+ {4lpou(1 = ) + Upu(1 + 1) + (p— )] = 2[1 + (p — p) (2t — 1) + 2pput”]
[2ppt + p — 1= Nus = [L+ (p = ) (2t = 1) + 2put*Puz H2[pp(1 + 1) + (p — p)]

3

1+ (p— 1) (2t — 1) + 2ppt>Jus} ———2— ete,
+ 14— w2t = 1) + 2put JU2}[1+t(p_u)]3,6tc
If f € Nx(c, p,t) of the form 1.1, we can write

(1 —t)[p22f"(2) + 2f'(2)] 14 iFnl(QQ ag, ... a,)z" "

3.6
GO O — e+ (- ol — FEa] 2
which is the Faber polynomial of degrée — 1) where
22— up(2pt —p+1)
e R
7 3p+3—us(3pt —p+ 1)@ 2= ua@pt —p+ 120+ ua(2pt — p + 1)]@2
’ (1+ pt) ’ (1+ pt)? .
g Sptd—u(dpt—4+1) o [20+ us(2t —p+ P2 — up(20t —p+1)] 4
T (1+ pt) ! (14 pt)? ’

2 —u2(2pt — p+ 1)][3p + us(3pt — p+ 1)]
+[2p + us(2pt — p+1)][3p + 3 — uz(3pt — p + 1)]
(1+ pt)?

asasg, etc.

whereu; =1, ug =1+t,us=1+t+t?>anduy =1+t +t> + 3.
Our first theorem introduces an upper bound for the coefficientsof bi-univalent Sak-
aguchi type functions in the clasé:(«, p, p, t).
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Theorem 3.1.For 0 <
by (1.3). Ifa,, =0 (2 <

|an| <

w<p<l1,|t| <1,t#1, letthe functionf € Mx(a, p, i, t) be given
k <n—1),then

2(1 —a)[1 +t(p — p)]
nlin—1)(n—1— )+ (n—2)(p—p) + 1]
—[1+ (p—p)(nt = 1) + n(n — 1) put*Juy,
Proof. For the functionf € Mx(a, p, 1, t) of the form [1.1), we have the expansifn {3.5) and
for the inverse map = f~*, considering[(1]2), we obtain
(1 = t)[puw’g" (w) + 2pp + p — pw?y" (w) + wy' (w)]
prw?[g"(w) = t2g" (tw)] + (p — pwlg' (w) — tf'(tw)] + (1 — p + p)[g(w) — g(tw)]

(3.7) =1+ Fu1(A, Az, ., Ap)uw" ™,
n=2
with
|
(3.8) A, =—-K," (az,as,...,a,).
n

On the other hand, sincé € Mx(a,p, u,t) andg = f~1 € Ms(a, p, 1, t), by definition,
there exist two positive real-part functions

p(z) = 1+chz” € A and q(w) = 1—|—Zdnw" €A,

n=1 n=1
whereRe{p(z)} > 0 andRe{q(w)} > 0in U so that
(1 = )[puz’f"(2) + (2pp + p — )22 f"(2) + 21'(2)]

puz?[f"(z) = 2 f"(t2)] + (p — w2l f'(2) = tf'(t2)] + (1 — p+ ) [f (2) — f(t2)]
=a+ (1 —a)p(z)

(3.9 = 1+(1—a)ZK,ll_l(cl,CQ,...,cn)z"
n=1

and
(1 —t)[ppw’y” (w) + 2pp+ p — pw?q” (w) + wg'(w)]

(3.10) =1+ (1-0a)> K\ (d.da,... d)w"

Note that, by the Caratheodary lemma (€.d [1R])| < 2 and|d,| < 2 (n € N).
Comparing the corresponding coefficients[of[(3.5)) (3.9), fomany2, yields

(3.11) F._1(ag,as,...,a,) = (1—a)K! (c1,¢0,...,Cn1)
and similarly, from|((3.J7) and (3.10) we find
(312) Fn_l(AQ, Ag, PN ,An) = (1 - Oé)K}Z_l(dl, dg, ce 7dn—1)-

Note that fora, =0 (2 < k <n — 1), we haved,, = —a,, and so
n[(n—1)(n—1-t)pp+(n—2) put+1]+[1+(p—p) (nt—1)+n(n—1) put*un
[1+t(p—p)]

ap, = (1 —a)c,_1,
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_n[(n—1)(n—1—t)pu+(n—2)p/f+1](+[1+)(]p—u)(nt—1)+n(n—l)pth]Una =(1—a)d,_,
1+t p—H n mn—1-
Taking the absolute values of the above equalities, we obtain
lan| = (1 —a)len—1[[L +t(p — p)]
“on[(n=D(n—1—t)pu+ (n—2)pp+1 = [L+ (p— p)(nt — 1) + n(n — 1)put?jun,
_ (1 — a)|dn—1|[L + t(p — p)]
n[(n—=1)(n—1—=t)pp+ (n—2)pp+1] = [L+ (p — p)(nt — 1) + n(n — 1)ppt?Ju,
_ 21 —a)[1 +t(p — p)]
n[(n—1)(n—1=t)pu+(n—2)pp+1] =1+ (p— p)(nt = 1) + n(n — 1) put?Jun,
whereu, =1+t 4+t + - + ¢!
which completes the proof of Theorém[3ul.

The following corollary is an immediate consequence of the above theorem.

Corollary 3.2. (see[20])) For 0 < p < 1, |t| < 1,t # 1 and0 < « < 1, let the function
f € Ms(a, p,t) be given by[(1]1). I, =0 (2 < k <n—1), then

2(1 - a)(1 + pt)
n[(n—2)p+ 1] — uynpt — p+ 1] (n>4).

whereu, =1+t +t>+ ...+t !

la,| <

Theorem 3.3.For0 < u < p < 1,|t| < 1,t # 1and0 < a < 1, let the functionf €
Ms (e, p, 1, t) be given by[(1]1). Then one has the following

2(1—a)[1+t(p—=p)]? A
\/ B L ,0<a< 2B

(3.13) lag| <

2(1-a)1 (o) A
0TIt o) (3 1) 2plu > 28 = @ < 1

)
- 4(1—a)2[1+t(p—p))2
T { ElonT— 01—+ (p—p) (26— 1) 2put%Tuz)2

+ 2(1—o)[1+t(p—p)]
3[2pu(2—t)+(p—p)+1]—[1+(p—p) (3t —1)+6put|us ’

—a — )2
201-0) (o= },0§p§u< 1

2(1—a)[1+t(p—p)] _
{ 32on@— 0+ (p— ) T1]—[1+(p—p) Bt—1)+6putJuz * 7 H .

c 2
32012 — ) + (p— p) + 1 — [L+ (p— )3t — 1) + 6putlus[L + t(p — )] 2
< 2(1 —a)[L +t(p— p)]
T 3R2ou2—t)+ (p—p) + 1] = [1 4 (p — ) (3t — 1) + 6put>|us

az —

where

2{1+ (p — w8t = 1) + (p — )3t — 2pu(3t* — 8t + 2)] + pu[2pp(t* + 2t — 3)
A=q +(@ =60} +[1+ (p— p)(2t = 1) + 2ppt*Juz {4[ppu(1 +t) + (p — )]
F1+ (p— 1) (2t = 1) + 2put*Juz} — 2[1 + (p — p)(3t — 1) + 6ppt®][1 + t(p — p)lus
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—4[pp(1 = t) + [pp(L + ) + (p — )] + 2[1 + (p — p)(2t = 1) + 2pput*Juz

{ [1+t(p — wH{3[2p1(2 = ) + (p — p) + 1] = [L+ (p — ) (3t — 1) + 6ppt?Jus} }
B=
2ppt +p— p = 1]+ [L+ (p— p) (2t = 1) + 2ppt?]u3

and
—4[pp(1 = t) + [pp(1 + ) + (p — )] + 2[1 + (p — p)(2t — 1) + 2pput*Juz
2ppt +p— p = 1]+ [L+ (p — p) (2t — 1) + 2ppt”]*uj

Proof. If we setn = 2 andn = 3 in (3.11) and[(3.12), respectively, we get

{20pp(1 =) + 1] = [1 4+ (p — p) (2t — 1) + 2ppt*Jus}ay

. { 2{3[2pp(2 = t) + (p — ) + 1] = [L+ (p — ) (3t — 1) + 6ppt®Jus}[1 + t(p — p)] }

(3.15) Tp— =(1—-a)g
as
{6pp2 =) +3(p—p) +3 -1+ (p—p)(3t = 1) + 6put2]uz}m
{=4lpp(1 —t) + [pu(L + ) + (p — w)] +2[1 + (p - u)(% — 1) + 2put?] a3
2ppt + p — pp— ug + [1+ (p — p) (2t — 1) + 2put®*u [1+t(p — p)]?
3.16) = (1-a)e
_ _ _ _ _ 2
(3.17) {2pp(1 —t) + 1] - 14 (p — p) (2t — 1) + 2ppt*Jus}as _ (1 — ),
L+t(p—p)

2{3[2pu(2 = t) + (p — 1) + 1] = [L+ (p — ) (3t — 1) + 6ppt?Juz }[1 + t(p — )] 2

—{ =4l =) + [pp(L + 1) + (p — w)] + 2[L + (p — p) (2t — 1) + 2ppt?] ﬁ

[2ppt +p— 1 — uz + [1+ (p— 1) (2t — 1) + 2ppt2]u3} [+ tlp = )]
B18) —{-3202-t)+(p—pw) +1+[1+(p—p)2-1)+ 6Plﬂf2]u2}% =1 —-a)d

‘GQ‘ _ (1—Oé)|01|[1+t(p M)]
2[pp(1 =) +1] = [1+ (p — p)(2t — 1) + 2put®|us
_ (1 —a)fdi|[1 +t(p — )]
2[pp(1 =) +1] = [T+ (p — p)(2t — 1) + 2ppt*|us
21— o)[1 +t(p — )]

3.19 <
(549 = 1=+ = [+ (0 — (2 — 1)+ 2t

Also from (3.16) and (3.18), we obtain

2
as

[1+t(p — )]
Using the Caratheodory lemma, we get
2(1 — — )2
las] < \/ ( a)[lgt(p ) ’
and combining this with inequality (3.]L9), we obtain the desired estimate on the coeffigient
as asserted if (3.L3).

Next, in order to find the bound on the coefficiéas|, we subtract](3.18) fronj (3.16), we
thus get

(3.20) 2B = (1—a)(cz +da)

—2a3 + 2as3

B2 -+ (p—p) +1 =1+ (p—p)(Bt-1)+ Gf’/‘tQ]w’}m

= (1 — a)(c2 — da)
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or
_ 2 (1 —a)(e2 — do)[1 +t(p — )]
G20 o=t oD+ (o) + - [+ (o w3~ 1) + gt
Upon substituting the value af from (3.15) into[(3.2]L), it follows that
(1 —a)*c[l +t(p — p)P?
Rl =0+ =1+ (p— w2 — 1) + 29 us)?
n (1 —a)(ca — do)[1 +t(p — p)]
2{32pp(2 =) + (p = p) + 1] = [1 + (p — 1) (3t — 1) + 6ppt®Jus}
We thus find (by the Caratheodary lemma) that
’CL3| 4(1 B Oé) [1 + t(p — HJ)P
{201 =) + 1] = [T+ (p— ) (2t = 1) + 2ppt?Jus}?
2(1 —o)[L+t(p — p)]
B2 B o w - [ (o m) 1) T Gt
On the other hand, upon substituting the valuezofrom (3.20) into |(3.2[1), it follows that

[L+t(p — w)]eaC — do[~A[pp(1 — t) + 1]
(1—a)[I+t(p—p)] {pu(l +1)+ (p— )] +2[1+ (p — p)(2t = 1) + 2ppt?us

az =

2ppt +p —p = 1]+ [L+ (p — p)(2t — 1) + 2ppt?|*u3]
2B{3[2pp(2 = t) + (p — p) + 1] = [L + (p — ) (3t — 1) + 6put®|us}

Consequently (by the Caratheodary lemma), we have

21 - a)[1 +t(p — p)P?

(323) a3 =

lag| < B
Combining |(3.22) and (3.23), we get the desired estimate on the coefficieat asserted in
(3.14). Finally, from , we deduce (by the Caratheodary lemma) that
c

C B2t + (p— @) 1~ L+ (p— )3t — 1) + 6putfus[L + tp — )] 2

(1 —a)[do[1 +t(p — p)]
1)
]

T 32ou2 =)+ (p—w) + 1= [L+ (p— w)(3t — 1) + 6pputZug
< 20 —a)[l+t(p—p)
T 320u(2-t)+(p—p)+ 1] =1+ (p— )3t — 1) + 6put?us

where

A= +(A—6O]} + [+ (p— w)(2t — 1) + 20u8Jua {Alop(1 + £) + (p — )]

{ 2{1+ (p— w8t = 1) + (p — w)3t — 2pu(3t* — 8t + 2)] + pp[2pp(t* + 2t — 3) }
F1+ (p = p)(2t = 1) + 2put*|uz} — 2[1 + (p — p)(3t — 1) + 6ppt®][1 + t(p — p)]us

—4pp(1 — ) + [pp(L + 1) + (p — )] + 2[1 + (p — p) (2t — 1) + 2ppt*Juz

{ [1+t(p — wHB[2pu(2 = ) + (p — p) + 1] = [L+ (p — ) (3t — 1) + 6ppt?Jus} }
B =
20t + p — p =1+ [1+ (p — p) (2t — 1) + 2put*|u3

and

—A[pp(1 =) + U [pp(L + ) + (p — )] + 2[1 + (p — p)(2t — 1) + 2ppt*]us

. { 203[2pp(2 = t) + (p — ) + 1] = [L+ (p — ) (3t — 1) + 6ppt*Jus}[1 + t(p — p)] }
2ppt +p — p— 1]+ [1+ (p — ) (2t — 1) + 2put”]*u3

This evidently completes the proof of Theorem] J3.
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Corollary 3.4. (see[20]) For0 < p < 1, |t| < 1,t # 1 and0 < a < 1, let the function
[ € Ns(a, A, t) be given by[(1]1). Then one has the following

2(1—a)(1+pt)2 D
T 0<a < &

E
|lag| <
2(1-a)(1+pt) D
2—u2(2pt—p+1)’ 2F S a<l1
(. 4(1—a)?(1+pt)? 2(1—a)(1+4pt)
mm{{2—U2(2pt p+1)}? T 3p+3—us 3pt p+1)}

las| < w70§p<1

21-a)(l4pt) | _
\ 3p+3—u3(3pt—p+1)’ P = 1

2F ,
3p+3 —us(3pt —p+ 1](L+pt) ™
2(1 — a)(1 + pt)
T 3p+3—u33pt—p+1)

as —

where

and

[1]

2]

[3]

[4]

[5]

[6]

D= 2Bp+3—usBpt —p+1)](1+pt) — [dp+2+u2(2pt — p+1)][2 — u2(2pt — p+ 1)]

E= [Bp+3—usBpt—p+ 1)1+ pt) —[2—u2(2pt — p+ 1)][2p 4+ u2(2pt — p+ 1)]
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