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1. INTRODUCTION

The theory of modular space was introduced by Nakano [2] in 1950 in connection with the
theory of order spaces and Musielak and Orlicz [3] regeneralised this theory in 1959. Kozol-
waski [4] extended this work in modular function space in 1988. In 2006, V.V. Chistiyakov [5]
presented this theory on a arbitrary set and gave the concept of metric modular space. Some
fixed point problems in modular spaces, generalizing the classical Banach contraction principal
in metric space have been studied extensively, one canlsee [6, 7, 17].

Approximation method play an important role to find the fixed point of a problem which can-
not be solved exactly by well known methods. It is very difficult work to discuss all the iteration
processes. Several authors used the iteration processes to find fixed point of a sequence like the
Picard, Mann, Ishikawa, Karanoselski, Agarwal, Noor, Abbas, SP, CR, Picard-Mann, Picard-S,
Thakur new, Vatan two step and AK three step iteration processes. For more information one
can seel[1,18,19].

In 2014, Gursoy and Karakaya [|10] authors claimed that Picard-S iteration process converges
faster than all Picard, Mann, Ishikawa, Noor, SP, CR, Agarwal, S* Abbas and Normal S iteration
process for contraction mappings. In 2015, Karakya etlal! [11] proved that Vatan two step
iteration process is faster than Picard-S, CR, SP and Picard-Mann iteration process for weak
contraction mappings. In 2016, Thakur et al.|[12] gave some numerical examples and proved
that Thakur new iteration process converge faster than Picard, Mann, Ishikawa, Agarwal, Noor
and Abbas iteration processes for the class of Suzuki generalized non expansive mappings and
also in 2016, Ullah and Arshadl|[1] proved that their AK iteration process is faster than leading
Vatan two step iteration process for contraction mappings.

In this paper we generalize the AK iteration process and prove that our iteration pfocess (2.5)
is converges faster than AK iteration process, Vatan two step iteration process, Thakur New and
Picard-S iteration process. In support of our claim we present a numerical example using the
MATLAB Software.

2. PRELIMINARIES
Now, we recall some basic definitions and lemmas which will be used in our further results.
We refer [2] 3| 6].

Definition 2.1 (Modular Spaces)Let X be an arbitrary vector space over a fidld= (R or
). Afunctionalp : X — [0, co] is called modular orX if it satisfy the following conditions:

(i) p(x) =0ifand only if z = 0.

(i) plax) = p(z) for « € K with |a| =1, forallz € X.
(i) plax + By) < p(x) + p(y) fora, B > 0witha + 3 =1, forall x,y € X.
The modulap is called a convex modular if (iii) is replaced by
(iii)" plax + By) < ap(z) + Bp(y) fora, 8 > Owitha + g =1, forall z,y € X.
A modularp defines the corresponding modular space, i.e., the sgageven by

X,={zx e X |plar) = 0asa — 0}
if pis a modular inX, then
|z|, = inf{u > 0, p(z/u) < u}
is a F-norm and ip is convex modular, the modulaf, can be equipped with a norm called the
Luxemburg norm defined by
|z||, = inf{a > 0; p(z/c) < 1}.

Definition 2.2. Let X, be a modular space.
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(a) A sequencéx, }.cy in X, is said to bep-convergent tar € X, and written asr,, = =, if
p(x, —x) — 0asn — oc.

(b) A sequencédz,} is calledp-Cauchy ifp(x,, — x,,) — 0 asn,m — oc.

(c) The modular spac¥, is calledp-complete if every-Cauchy sequence i, is p-convergent
inX,.

(d) AsubsetS C X, is said to be-closed if for any sequender,, } ey C S With p(z,, — ) —
0, thenx € S.

(e) AsubsetS C X, is said to be-bounded ifdiam,(S) < oo, where

diam,(S) = sup{p(z — y);z,y € S}.
(f) Afunction f : X, — X, is calledp-continuous if
p(f(zn) — f(x)) — 0 as p(z, —x) — 0.

Definition 2.3 (Contraction Mapping)Let X, be a modular space arddbe any subset ok .
A mapping7 : C' — C'is calledp-contraction if there exist € (0, 1) such thatp(T'(z) —
T(y)) <rp(x—y),foralz,yeC.

Definition 2.4 ([8]). Let {z,}>°, and{y,}>°, be two real convergent sequences with limits
andy, respectively. Then we say thft,, }>° , converges faster thafy,, }2°, if

e — ]
lim ——

=0.
n—=o5 ||yn — yl|
In sense of modular space, we have
Ty — X
u — 0 as n— oo.
P(Yn —y)

Definition 2.5([8]). Let{z,}>>, and{y,}>°, be two fixed point iteration procedure sequences
that converge to the same fixed pgintf ||z, —p|| < u, and||y,—y|| < v,, foralln > 0, where
{u,}°, and{v, }°° , are two sequences of positive numbers (converging to zero). Then we say
that{x, }°° , converges faster thafy, }°° , to p if {u,}>>, converges faster thaf,, }5° .

Definition 2.6 ([13]). Let {t¢,}>°, be an arbitrary sequencedh Then, an iteration procedure
o1 = f(T,x,), converging to fixed poing, is said to be&’-stable or stable with respect1g
if for
€n = ||tne1r — f(T, )|, n=0,1,2,3,...,
we have
lime, =0 < lim t, = p.

Lemma 2.1([14,[15]). Let{V, }>°,and{p,}>> , be nonnegative real sequences satisfying the
following inequality:
,lvanrl S (1 - ¢)¢n + P
whereg, € (0,1) foralln € N, 3~ ¢, = coand Z* — 0 asn — oo, thenlim,, ... 1, = 0.
n=0 "

Lemma 2.2 ([16]). Let{V,}> , be non negative real sequences for which one assume that
there exists,, € N s.t. for alln > ng, the following inequality satisfies:

¢n+1 < (1 - ¢n)¢n + ¢n90n7
whereo,, € (0,1) forall n € N, i ¢, =occandy > 0forall n € N, then

n=0

0 < lim supv,, < lim supy,.

n—oo
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Now, we recall some iterative processes which are used in this paper.

In all iteration processes given below, we have 0, {«,, } and{5,,} are real sequences in
[0, 1], C'is any subset of Banach spa&eand?" : C' — C'is any mapping.

In 2014, Gursoy and Karakaya |10] introduced the following three step iterative process
known as Picard-S iteration process given by:

ug € C

wy, = (1 — B, un + 8,Tuy,
vy = (1 — ap)Tuy + a, Tw,
Uny1 = Tup

(2.1)

With the help of numerical example they conclude that the Picard-S iteration process can be
used to approximate the fixed point of contraction mappings and converges faster than all Picard,
Mann, Ishikawa, Noor, SP, CR, S, S*, Abbas, Normal-S and Two-step Mann iteration process.

In 2015, Kurakaya et all [11] new two step iteration process, known as Vatan two-step itera-
tion process as follows:

ug € C
(2.2) v, =T(1 - B,)u, + B,Tuy,)
Uns1 = T((1 — ap)v, + a,Toy,)
They claim that it is even faster than Picard-S iteration process.
In 2016, Thakur et al! [12] defined a new iteration process as follows:
ug € C
w, = (1= 6,)u, + 8, Tuy,
vy = T((1 — ap)uy, + aywy,)
Upy1 = Tuy,

(2.3)

They used some numerical examples and claim that their new iteration process is faster con-
vergence than Picard, Mann, Ishikawa, Noor and Abbas iteration processes for some class of
mappings. It will be called Thakur new iteration process.

Recently, Kifayat Ullah and Muhammad Arshad [1] introduced a new iteration process, with
the claim that their iteration process is faster than Picard-S, Thakur new and Vatan two step, as
follows:

xg € C

zn =T((1 = B,)x, + 3, Txy)

Yn =T((1 — an)zn + @ T2y,)

Tny1 = Ty,

For faster rate of convergence than the iteration progess (2.1), [(2.2), (2.8) and (2.4), we introduce
the following new iteration process:

In this iteration process given below, we have> 0, {a,,} and{3,,} are real sequences in
0,1], C'is any subset op-complete modular spack€, and7" : C' — C'is any p-contraction

mapping.

(2.4)

xg € C

zn =T((1 = 3,)x, + B, Txy)
Yn =T((1 — an)zn + @ T2y,)
Tnp1 = TPy

(2.5)
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Remark 2.1. Here, we have take®d'(T(T(T(Ty,))))) = T°y,. When we takely,,, T3y,
T%y, and uptoT®y, then the error decreases and aftéy,, there is no effect on errors to
increase the power @. So we have takef®y,, in our iteration [(2.p).

We have to show that our iteration procegss|(2.5) approximate the same fixed point p as exist-
ing iteration process (2.1), (2.2), (2.3) and {2.4). And with the help of numerical example we
show that our iteration proceds (2.5) is faster than| (2.1)] (2.2), (2.3) arjd (2.4). Moreover, we
work in modular spaces which is more generalised spaces than Banach spaces and also show
that our iteration procesf (2.5) is stable.

3. MAIN RESULTS

Theorem 3.1. Let C be a nonempty closed convex subset pf@mplete space,, where

p is a convex modular ot and7 : C' — C be ap-contraction mapping. Lefz,}> , be

an iterative sequence generated @3) with real sequence$o,, }>° , and {(3,,}5°, in [0, 1]
satisfying{a,, }>2 , = co. Then{z,}> , converging strongly to a unique fixed pointiof

Proof. As we know, Banach contraction principle guarantees the existence and uniqueness of
fixed pointp. We will show thatp(z,, — p) — 0 asn — oo. From [2.5) we have

p(Zn - p) = p(T((l - 6n)xn + 6nTxn) - p)
ro((1 = B,)xn + B, T, — (1= B, + 5,)p)

<r((1-B,)p(@n —p) + B,p(Tx, — Tp))
<r((1—=B,)p(xn —p) + B,rp(x, —p))
(3.1) = (1= B,(1 =7)p(w, —p).
similarly,
p(yn —p) = p(T((1 — an)zn + anT'2,) — Tp)
<rp((1 —an)zn + @, Tz, — p)
< r((1 = an)p(zn — p) + anp(T2, — p))
<7((1 = an)p(zn = p) + anrp(zn — p))
<7r(l = au(l =7)p(z, — p)
(3.2) < (1= an(1 = 7)1 = 6,1 =7))p(zn — p).
Hence
p(xns1 —p) = p(T*(Tyn) — p)
= p(T*(Tyn) — Tp)
< rp(T*(Tyn) — p)
= rp(T*(Ty,) — Tp)
<7*p(T*(Tyn) — p)
= r?p(T*(Tyn) — Tp)
< 7°p(T(Tyn) — p)
= 1°p(T(Tyn) — Tp)
<1 p(Tyn — p)
= r*p(Ty, — Tp)
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< r°p(yn — p)
<r'(1—an(1—7))(1 = B,(1L=7r)p(x, — p)
(3.3) <71 = an(1=7))p(2n — p)

From (3.3), we have

p(ener = p) 71— an(l—7))p(n —p)
p(mn _p) < 7(1 — Q- 1( T))p(xn 1 )
p(LEn,l _p) <r (1 — Qp— 2(1 - T))p(xn 2 )
(3.4) p(z1 —p) <r'(1—ao(l —1))p(xo —p)

By using [3.4), we can obtain
(35) p(xn—O—l_ )<px0— 7(nt1) Hl_aj 1—7”
7=0

wherel — «;(1 —r) € (0,1) because € (0, 1) anda,, € [0,1], foralln € N. Since we have
the fact thatl — = < e for all z € [0, 1], so from [3.b) we get

p(xg — p)r’ Y
(3'6) p(xn+1 - p) n
e=1) 3"
=0

Thus, by takinglim p(z, —p) =0i.e.z, — pforn — oo, as requiredn

Theorem 3.2. Let C' be a nonempty closed convex subset pfamplete space,, wherep
is a convex modular oiX. And7T : C' — C be ap— contraction mapping. Lefz, }>
an |terat|ve sequence generated @3) with real sequences$a,,}>°, and{5,}>, in [0 1]

satlsfylngz a,, = 0o. Then the iteration procegg.5)is T-stable.
n=0

Proof. Let {¢,}"=;° be an arbitrary sequence . Let the sequence generated py |2.5) is
X,11 = f(T,z,) converging to unique fixed point (by Theoreni 3]1) and, = p(t,41 —
f(T,t,). We will prove thatlim ¢, = 0 < lim ¢, = p. Let hm e, = 0. By using [3.8), we

get o o
pltner —p) < pltngr — p(Ttn) + p(f(Ttn) — p)
= €0 + p(THT((L = 0))T((1 = B,)tn + B, Tt)
+a,T(T((1 = By)tn + 8,T10)))) = p)
r'(1—an(1=7)p(z, —p)  (by B3))
Definey, = p(t, —p), ¢,, = (1 —r) € (0,1) andy,, = €,. Since lim ¢, = 0, which implies

n—oo

that 2> — 0 asn — co. Thus all the conditions of Lemn@ 1 are fulfilled by above inequality.
Hence by Lemm@l we geh,m t, = p.
Conversely, le t, = p, We have

€n = p( n+l — f(T7 tn))
< p(tn+l - p) + pf(Ta bn — p)
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< Pt —p) + 17 (1 = an(l —7)p(ts —p).
This implies thatlim ¢, = 0. Hence|[(2.p) is stable with respecton

Theorem 3.3. Let C be a nonempty closed convex subset pf-ecomplete spac&,, wherep
is a convex modular oiX. And7 : C' — C be ap— contraction mapping. Lefu,}>, and
{z,}2, be an iterative sequence generated®y]) and (2.5) respectively with real sequences

{an}e,and{3,}>,in [0,1] satisfyingz_:O a,, = oo. Then the following are equivalent:
(i) the iteration proces§2.5) converges to the fixed poiptof T'.

(i) the Vatan two step iteration proce@&2) converges to the fixed poiptof 7.
(iii) the AK iteration proces2.4)converges to the fixed poiptof 7.

Proof. First we prove[(2/B>(2.7). Let the iteration proceds (2.5) converges to the fixed point
of T'thatisp(z,, — p) — 0 asn — oco. Now using[(2.R) and (2]5), we have

p(Zn - UN) = p(T((l - Zn)xn + ﬁnT‘rn) - T((l - ﬁn)un + ﬁnTun)
<r{p(1 = B,)n+ B, Txn — (1 = Byun — B,Tun}
< r{(1 = Bn)p(xn — un) + Bpp(Tay — Tuy)}
< r{(1 = Bp)p(@n — up) + 1B,p(Tn — un)}
(3.7) =r(1 = 53,)(1 =r))p(zn — un)
Similarly using [2.2) and (2]5) together with (B.7), we have
pTn1 = tung1) = p(TH(Tyn) — tns1)

= p(THTyn) = Yn + Yo — Uns1)
< p(THTyn) — yn) + p(T(1 — an)zn + anTzy) — T(1 — an)v, + i, Tvy))
< p(THTyn) — yn) +7p((1 — ) zn + @nT2) — (1 — an) v, — i, Tvy,))
< p(TH(Tyn) = yn) +1{((1 = ) p(2n — va) + up(Tz0 — Tvn))
< p(TH(Tyn) = yn) +1{((1 = an)p(2n — va) + ranp(z, —va))}
< p(TH(Tyn) = yn) +7(1 = an(l = 7))p(20 — va)
(3.8) < p(THTyn) = yn) +12(1 = a(1 = 1)) (1 = B,(1 = 1))p(2n — ).
For{g3,}:2,in[0,1] andr € (0, 1), we have

(3.9 (1-p6,1-7r)) <1
From equationg (3]9) and (3.8) we get
(3.10)  p(Tni1 = Unt1) < (1= an(l = 7))p(an —wn) + p(TH(t(tyn) — yn)) -
Define
U = P20 = un), 6, = an(1—7) € (0,1) and ¢, = p(T(T(Tyn) — yn)-
Sincep(x,, — p) — 0 asn — oo andT’p = p, we get
lim p(TH(Tyy) = yn) = lim p(T*(Ty,) = Tp+Tp — yn)
= lim p(T(Ty,) = Tp+p—ya)
< lim p(T*(Tyn) = Tp) + p(p = yn)

n—oo

< lim 7p(T*(Ty,) — p) + p(p — y)

n—oo
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< lim rp(T*(Ty,) — Tp) + p(p — yn)

n—oo

< lim r?p(T*(Tyn) — Tp) + p(p = yn)
< lim r*p(T(Tyn) = p) + p(p — ya)

< lim r*p(T(Tyn) = Tp) + p(p = yn)
< lim ro(T(Tyn) — p) + p(p — Yn)

< lim r'p(T(Tyn) = Tp) + p(p = yn)
< 1im r°p(yn) = p) + p(yn — )

Il
—~
—_
+
=
=
f:
g B
=
Ny
3

|

=

which implies that“’" — 0 asn — oo. Thus all the conditions Lem@ 1 are satisfied by
(3.10). Thus we get

(3.11) lim ¢, = lim p(y, —u,) =0.

n—oo

Using the above inequality (3.11), we get
(3.12) p(u, —p) — 0 asn — oo

i.e, the Vatan two step iterative process |2.2) converges to the fixedypoirit.
Now we will prove that[(2.R) implied (2]1). Lelim p(u, — p) = 0 and we have to show that

p(x, —p) — 0asn — oo. Similarly as[(3.1R) if it is given that(u, — p) — 0 asn — oo then
by using [3.1]L) we have
p(z, —p) < p(z, —uy,) + p(u, —p) — 0 @SN — 0.

Hencex,, — p asn — oo that is Vatan two step iteration converges to fixed pginfThus
iteration [2.5) and Vatan two step iteratidn (2.2) are equivalent and by Theorem B of [1], we
obtain that (iii) is equivalent to (ii) and (i

Theorem 3.4.LetC' be a nonempty closed convex subset pitemplete spac&,, wherep is
a convex modular oX. LetT : C' — C' be ap-contraction mapping with fixed poipt For
givenz =z € C, let{z, }>°, and{z} }>° ) be an iterative sequences generatedhg) and
(2.5)respectively with real sequencés,, }2>° , and{j3, }>>, in [0, 1] such thatx < «,, < 1, for
somex > 0 and for alln € N. Then{xz} }°°, converges tp faster than{z,, }>° , does.

Proof. From [3.5%) we have
(3.13) (@)1 —p) < plag — p)r’tY H (1—a;(1—=7)).

Since the iteration proceds (R.4) also converges to unique fixedpfiinTheorem 1, eq. (9)],
we have

n

(3.14) 241 =l < flzg = pll6*D T](1 - ar(1 - 6)),

k=0
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wheref € (0,1). Since modular space is convex, equatjon (3.14) can be written in the sense of
modular space as,

(3.15) p(ns1 — p) < plao — p)r* ™ [(1 = a;(1 - 1))

—.

<
Il
o

wherer € (0,1). Sincea < «,, < 1 for somea > 0 and for alln € N equation|(3.13) implies

p(xhy —p) < play —p)r™ ™ TJ(1 = a(l =)
(3.16) = plag = p)r" "1 — a(l =),

Similarly if we assumey < «,, < 1 for somea > 0 and for alln € N, (3.15) becomes

p(xnp1 —p) < plzo — p)r* ™ (1 - a(l =)
@17 — plao — p)rP (1 = (1 — 7))
Define

ay = plag —p)r" " (1 —a(l =)™ and b, = p(wo — p)r* "I (1 —r(1 — )"+

Then
an,
wn - E
(3 18) _ p<x8 _ p>7,7(n+1)(1 T))n-i—l
' plwo = p)r¥ (1 —r(l — 7))+t
— T4(n+1)
Since lim = w;;“ = Tl}n—i) = r* < 1. So by ratio test)_ v,, < co. Hence from[(3:18) we
n—eo " n=0
have,
lim A0 =P g

which implies that{ z* }°° , converges faster tha:, }°°,. 1

We have following numerical example to support analytical proof of Theprejm 3.4 and shows
that our iteration proces§ (2.5) gave fast convergence as compared to others given iteration
processes.

Example 3.1.LetT : [0,2] — [0,2] defined byl'(z) = ”“2;2, be any mapping it is easy to
see thatl" is a contraction mapping, moreover in the sence of modular spac@straction

mapping. Hencd has a unique fixed poirk438447187191170.
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Table 3.1: Iterative values of our iteratid@.F), AK, Vatan two step, Thakur New and Picard-S iterative processes

©O—C0—S

O C0—C—1+——FC

for a, = 3, = 3, for all n and mappindl'(z) = %
S.no. | Our iteration proces§ (4.5 AK. Vatan two-step Thakur New Picard-S
1 3.900000000000000 | 3.900000000000000 3.900000000000000 3.90000000000000( 3.900000000000000
2 0.440970058201144 | 1.325103726482700 2.150701892967386¢ 2.662130386687799 2.663524110167947
3 0.438447193978863 | 0.444565152469603 0.580569313396343 0.991131269922821 0.99455100783185¢
4 0.438447187191188 | 0.438464652033062 0.44110217666344% 0.467156589085184 0.46761823158571§
5 0.438447187191170 | 0.438447236728409 0.43849024365777] 0.439278210900441 0.439292550132454
6 0.438447187191170 | 0.438447187331674 0.43844788356047( 0.438470429620299 0.438470831507846
7 0.438447187191170 | 0.438447187191568 0.438447198453332 0.43844783659372] 0.43844784782327%
8 0.438447187191170 | 0.438447187191171 0.438447187373309 0.438447205335222 0.43844720564897]
9 0.438447187191170 | 0.43844718719117( 0.43844718719411% 0.438447187698107 0.43844718770687
10 0.438447187191170 | 0.43844718719117( 0.438447187191217 0.438447187205333 0.43844718720557
11 0.438447187191170 | 0.43844718719117( 0.43844718719117( 0.438447187191566 0.438447187191571
12 0.438447187191170 | 0.43844718719117( 0.43844718719117( 0.438447187191181 0.43844718719118]
13 0.438447187191170 | 0.43844718719117( 0.43844718719117( 0.43844718719117( 0.43844718719117(
graph
4 T T T T T T
Our iteration (2.5)
35 AK 1
“atan two step
Thakur-Mew
ar Picard-S ]
25T ]
£ 2T i
-
1.5 ]
"I - -3
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Mo. of iterations

Figure 1: Converge of our iteration iteration proce&3), AK, Vatan two-step, Thakur New and Picard-S itera-
tions to the fixed point 0.43844718 of mappifig- £ 22

It is clear from the above graphical representation that our new ieteratign (2.5) are the first

covnerging one than the AK, Vatan two-step, Takur new and the Picard-S iterations.
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