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1. I NTRODUCTION

The theory of modular space was introduced by Nakano [2] in 1950 in connection with the
theory of order spaces and Musielak and Orlicz [3] regeneralised this theory in 1959. Kozol-
waski [4] extended this work in modular function space in 1988. In 2006, V.V. Chistiyakov [5]
presented this theory on a arbitrary set and gave the concept of metric modular space. Some
fixed point problems in modular spaces, generalizing the classical Banach contraction principal
in metric space have been studied extensively, one can see [6, 7, 17].

Approximation method play an important role to find the fixed point of a problem which can-
not be solved exactly by well known methods. It is very difficult work to discuss all the iteration
processes. Several authors used the iteration processes to find fixed point of a sequence like the
Picard, Mann, Ishikawa, Karanoselski, Agarwal, Noor, Abbas, SP, CR, Picard-Mann, Picard-S,
Thakur new, Vatan two step and AK three step iteration processes. For more information one
can see [1, 8, 9].

In 2014, Gursoy and Karakaya [10] authors claimed that Picard-S iteration process converges
faster than all Picard, Mann, Ishikawa, Noor, SP, CR, Agarwal, S* Abbas and Normal S iteration
process for contraction mappings. In 2015, Karakya et al. [11] proved that Vatan two step
iteration process is faster than Picard-S, CR, SP and Picard-Mann iteration process for weak
contraction mappings. In 2016, Thakur et al. [12] gave some numerical examples and proved
that Thakur new iteration process converge faster than Picard, Mann, Ishikawa, Agarwal, Noor
and Abbas iteration processes for the class of Suzuki generalized non expansive mappings and
also in 2016, Ullah and Arshad [1] proved that their AK iteration process is faster than leading
Vatan two step iteration process for contraction mappings.

In this paper we generalize the AK iteration process and prove that our iteration process (2.5)
is converges faster than AK iteration process, Vatan two step iteration process, Thakur New and
Picard-S iteration process. In support of our claim we present a numerical example using the
MATLAB Software.

2. PRELIMINARIES

Now, we recall some basic definitions and lemmas which will be used in our further results.
We refer [2, 3, 6].

Definition 2.1 (Modular Spaces). Let X be an arbitrary vector space over a fieldK = (R or
C). A functionalρ : X → [0,∞] is called modular onX if it satisfy the following conditions:

(i) ρ(x) = 0 if and only if x = 0.
(ii) ρ(αx) = ρ(x) for α ∈ K with |α| = 1, for all x ∈ X.

(iii) ρ(αx+ βy) ≤ ρ(x) + ρ(y) for α, β ≥ 0 with α+ β = 1, for all x, y ∈ X.
The modularρ is called a convex modular if (iii) is replaced by
(iii) ′ ρ(αx+ βy) ≤ αρ(x) + βρ(y) for α, β ≥ 0 with α+ β = 1, for all x, y ∈ X.
A modularρ defines the corresponding modular space, i.e., the spaceXρ given by

Xρ = {x ∈ X | ρ(αx) → 0 as α→ 0}
if ρ is a modular inX, then

|x|ρ = inf{u > 0, ρ(x/u) ≤ u}
is a F-norm and ifρ is convex modular, the modularXρ can be equipped with a norm called the
Luxemburg norm defined by

‖x‖ρ = inf{α > 0; ρ(x/α) ≤ 1} .
Definition 2.2. LetXρ be a modular space.

AJMAA, Vol. 14, No. 2, Art. 14, pp. 1-11, 2017 AJMAA

http://ajmaa.org


CONVERGENCE ANDSTABILITY RESULTS FORNEW THREE STEP ITERATION PROCESS INMODULAR SPACES 3

(a) A sequence{xn}n∈N in Xρ is said to beρ-convergent tox ∈ Xρ and written asxn
ρ−→ x, if

ρ(xn − x) → 0 asn→∞.
(b) A sequence{xn} is calledρ-Cauchy ifρ(xn − xm) → 0 asn,m→∞.
(c) The modular spaceXρ is calledρ-complete if everyρ-Cauchy sequence inXρ isρ-convergent

in Xρ.
(d) A subsetS ⊂ Xρ is said to beρ-closed if for any sequence{xn}n∈N ⊂ S with ρ(xn−x) →

0, thenx ∈ S.
(e) A subsetS ⊂ Xρ is said to beρ-bounded ifdiamρ(S) <∞, where

diamρ(S) = sup{ρ(x− y);x, y ∈ S}.
(f) A function f : Xρ → Xρ is calledρ-continuous if

ρ(f(xn)− f(x)) → 0 as ρ(xn − x) → 0.

Definition 2.3 (Contraction Mapping). LetXρ be a modular space andC be any subset ofXρ.
A mappingT : C → C is calledρ-contraction if there existr ∈ (0, 1) such thatρ(T (x) −
T (y)) ≤ rρ(x− y), for all x, y ∈ C.

Definition 2.4 ([8]). Let {xn}∞n=0 and{yn}∞n=0 be two real convergent sequences with limitsx
andy, respectively. Then we say that{xn}∞n=0 converges faster than{yn}∞n=0 if

lim
n→∞

‖xn − x‖
‖yn − y‖

= 0 .

In sense of modular space, we have

ρ(xn − x)

ρ(yn − y)
→ 0 as n→∞ .

Definition 2.5 ([8]). Let {xn}∞n=0 and{yn}∞n=0 be two fixed point iteration procedure sequences
that converge to the same fixed pointp. If ‖xn−p‖ ≤ un and‖yn−y‖ ≤ vn, for alln ≥ 0, where
{un}∞n=0 and{vn}∞n=0 are two sequences of positive numbers (converging to zero). Then we say
that{xn}∞n=0 converges faster than{yn}∞n=0 to p if {un}∞n=0 converges faster than{vn}∞n=0.

Definition 2.6 ([13]). Let {tn}∞n=0 be an arbitrary sequence inC. Then, an iteration procedure
xn+1 = f(T, xn), converging to fixed pointp, is said to beT -stable or stable with respect toT ,
if for

εn = ‖tn+1 − f(T, tn)‖, n = 0, 1, 2, 3, . . . ,

we have
lim
n→∞

εn = 0 ⇐⇒ lim
n→∞

tn = p.

Lemma 2.1([14, 15]). Let{Ψn}∞n=0 and{ϕn}∞n=0 be nonnegative real sequences satisfying the
following inequality:

ψn+1 ≤ (1− φ)ψn + ϕn,

whereφn ∈ (0, 1) for all n ∈ N ,
∞∑
n=0

φn = ∞ and ϕn

φn
→ 0 asn→∞, thenlimn→∞ ψn = 0.

Lemma 2.2 ([16]). Let {Ψn}∞n=0 be non negative real sequences for which one assume that
there existsn0 ∈ N s.t. for alln ≥ n0, the following inequality satisfies:

ψn+1 ≤ (1− φn)ψn + φnϕn,

whereφn ∈ (0, 1) for all n ∈ N,
∞∑
n=0

φn = ∞ andϕ ≥ 0 for all n ∈ N , then

0 ≤ lim
n→∞

supψn ≤ lim
n→∞

supϕn.
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Now, we recall some iterative processes which are used in this paper.
In all iteration processes given below, we haven ≥ 0, {αn} and{βn} are real sequences in

[0, 1], C is any subset of Banach spaceX andT : C → C is any mapping.
In 2014, Gursoy and Karakaya [10] introduced the following three step iterative process

known as Picard-S iteration process given by:
u0 ∈ C
wn = (1− βn)un + βnTun
vn = (1− αn)Tun + αnTwn

un+1 = Tvn

(2.1)

With the help of numerical example they conclude that the Picard-S iteration process can be
used to approximate the fixed point of contraction mappings and converges faster than all Picard,
Mann, Ishikawa, Noor, SP, CR, S, S*, Abbas, Normal-S and Two-step Mann iteration process.

In 2015, Kurakaya et al. [11] new two step iteration process, known as Vatan two-step itera-
tion process as follows: 

u0 ∈ C
vn = T (1− βn)un + βnTun)

un+1 = T ((1− αn)vn + αnTvn)

(2.2)

They claim that it is even faster than Picard-S iteration process.
In 2016, Thakur et al. [12] defined a new iteration process as follows:

u0 ∈ C
wn = (1− βn)un + βnTun
vn = T ((1− αn)un + αnwn)

un+1 = Tvn

(2.3)

They used some numerical examples and claim that their new iteration process is faster con-
vergence than Picard, Mann, Ishikawa, Noor and Abbas iteration processes for some class of
mappings. It will be called Thakur new iteration process.

Recently, Kifayat Ullah and Muhammad Arshad [1] introduced a new iteration process, with
the claim that their iteration process is faster than Picard-S, Thakur new and Vatan two step, as
follows: 

x0 ∈ C
zn = T ((1− βn)xn + βnTxn)

yn = T ((1− αn)zn + αnTzn)

xn+1 = Tyn

(2.4)

For faster rate of convergence than the iteration process (2.1), (2.2), (2.3) and (2.4), we introduce
the following new iteration process:

In this iteration process given below, we haven ≥ 0, {αn} and{βn} are real sequences in
[0, 1], C is any subset ofρ-complete modular spaceXρ andT : C → C is anyρ-contraction
mapping. 

x0 ∈ C
zn = T ((1− βn)xn + βnTxn)

yn = T ((1− αn)zn + αnTzn)

xn+1 = T 5yn

(2.5)
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Remark 2.1. Here, we have takenT (T (T (T (Tyn))))) = T 5yn. When we takeT 2yn, T 3yn,
T 4yn and uptoT 5yn then the error decreases and afterT 5yn there is no effect on errors to
increase the power ofT . So we have takenT 5yn in our iteration (2.5).

We have to show that our iteration process (2.5) approximate the same fixed point p as exist-
ing iteration process (2.1), (2.2), (2.3) and (2.4). And with the help of numerical example we
show that our iteration process (2.5) is faster than (2.1), (2.2), (2.3) and (2.4). Moreover, we
work in modular spaces which is more generalised spaces than Banach spaces and also show
that our iteration process (2.5) is stable.

3. M AIN RESULTS

Theorem 3.1. Let C be a nonempty closed convex subset of aρ-complete spaceXρ, where
ρ is a convex modular onX andT : C → C be aρ-contraction mapping. Let{xn}∞n=0 be
an iterative sequence generated by(2.5) with real sequences{αn}∞n=0 and {βn}∞n=0 in [0, 1]
satisfying{αn}∞n=0 = ∞. Then{xn}∞n=0 converging strongly to a unique fixed point ofT.

Proof. As we know, Banach contraction principle guarantees the existence and uniqueness of
fixed pointp. We will show thatρ(xn − p) → 0 asn→∞. From (2.5) we have

ρ(zn − p) = ρ(T ((1− βn)xn + βnTxn)− p)

≤ rρ((1− βn)xn + βnTxn − (1− βn + βn)p)

≤ r((1− βn)ρ(xn − p) + βnρ(Txn − Tp))

≤ r((1− βn)ρ(xn − p) + βnrρ(xn − p))

= r(1− βn(1− r))ρ(xn − p).(3.1)

similarly,

ρ(yn − p) = ρ(T ((1− αn)zn + αnTzn)− Tp)

≤ rρ((1− αn)zn + αnTzn − p)

≤ r((1− αn)ρ(zn − p) + αnρ(Tzn − p))

≤ r((1− αn)ρ(zn − p) + αnrρ(zn − p))

≤ r(1− αn(1− r))ρ(zn − p)

≤ r2(1− αn(1− r)(1− βn(1− r))ρ(xn − p).(3.2)

Hence

ρ(xn+1 − p) = ρ(T 4(Tyn)− p)

= ρ(T 4(Tyn)− Tp)

≤ rρ(T 3(Tyn)− p)

= rρ(T 3(Tyn)− Tp)

≤ r2ρ(T 2(Tyn)− p)

= r2ρ(T 2(Tyn)− Tp)

≤ r3ρ(T (Tyn)− p)

= r3ρ(T (Tyn)− Tp)

≤ r4ρ(Tyn − p)

= r4ρ(Tyn − Tp)
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≤ r5ρ(yn − p)

≤ r7(1− αn(1− r))(1− βn(1− r))ρ(xn − p)

≤ r7(1− αn(1− r))ρ(xn − p)(3.3)

From (3.3), we have

ρ(xn+1 − p) ≤ r7(1− αn(1− r))ρ(xn − p)

ρ(xn − p) ≤ r7(1− αn−1(1− r))ρ(xn−1 − p)

ρ(xn−1 − p) ≤ r7(1− αn−2(1− r))ρ(xn−2 − p)

...

ρ(x1 − p) ≤ r7(1− α0(1− r))ρ(x0 − p)(3.4)

By using (3.4), we can obtain

ρ(xn+1 − p) ≤ ρ(x0 − p)r7(n+1)

n∏
j=0

(1− αj(1− r)),(3.5)

where1− αj(1− r) ∈ (0, 1) becauser ∈ (0, 1) andαn ∈ [0, 1], for all n ∈ N . Since we have
the fact that1− x ≤ e−x for all x ∈ [0, 1], so from (3.5) we get

ρ(xn+1 − p)
ρ(x0 − p)r7(n+1)

e(1−r)
n∑
j=0

αj

.(3.6)

Thus, by takinglim
n→∞

ρ(xn − p) = 0 i.e.xn → p for n→∞, as required.

Theorem 3.2. LetC be a nonempty closed convex subset of aρ-complete spaceXρ, whereρ
is a convex modular onX. AndT : C → C be aρ− contraction mapping. Let{xn}∞n=0 be
an iterative sequence generated by(2.5) with real sequences{αn}∞n=0 and {βn}∞n=0 in [0, 1]

satisfying
∞∑
n=0

αn = ∞. Then the iteration process(2.5) is T-stable.

Proof. Let {tn}n=∞
n=0 be an arbitrary sequence inC. Let the sequence generated by (2.5) is

Xn+1 = f(T, xn) converging to unique fixed pointp (by Theorem 3.1) andεn = ρ(tn+1 −
f(T, tn). We will prove that lim

n→∞
εn = 0 ⇔ lim

n→∞
tn = p. Let lim

n→∞
εn = 0. By using (3.3), we

get

ρ(tn+1 − p) ≤ ρ(tn+1 − ρ(T, tn) + ρ(f(T, tn)− p)

= εn + ρ(T 4(T ((1− αn))T ((1− βn)tn + βnTtn)

+ αnT (T ((1− βn)tn + βnTtn))))− p)

≤ r7(1− αn(1− r))ρ(xn − p) (by (3.3))

Defineϕn = ρ(tn − p), φn = (1− r) ∈ (0, 1) andϕn = εn. Since lim
n→∞

εn = 0, which implies

that ϕn

φn
→ 0 asn→∞. Thus all the conditions of Lemma 2.1 are fulfilled by above inequality.

Hence by Lemma 2.1 we get,lim
n→∞

tn = p.

Conversely, letlim
n→∞

tn = p, we have

εn = ρ(tn+1 − f(T, tn))

≤ ρ(tn+1 − p) + ρf(T, tn − p)
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≤ ρ(tn+1 − p) + r7(1− αn(1− r))ρ(tn − p) .

This implies thatlim
n→∞

εn = 0. Hence (2.5) is stable with respect toT .

Theorem 3.3. LetC be a nonempty closed convex subset of aρ− complete spaceXρ, whereρ
is a convex modular onX. AndT : C → C be aρ− contraction mapping. Let{un}∞n=0 and
{xn}∞n=0 be an iterative sequence generated by(2.2)and (2.5) respectively with real sequences

{αn}∞n=0 and{βn}∞n=0 in [0, 1] satisfying
∞∑
n=0

αn = ∞. Then the following are equivalent:

(i) the iteration process(2.5)converges to the fixed pointp of T .
(ii) the Vatan two step iteration process(2.2)converges to the fixed pointp of T .

(iii) the AK iteration process(2.4)converges to the fixed pointp of T .

Proof. First we prove (2.1)⇒(2.2). Let the iteration process (2.5) converges to the fixed pointp
of T that isρ(xn − p) → 0 asn→∞. Now using (2.2) and (2.5), we have

ρ(zn − vn) = ρ(T ((1− zn)xn + βnTxn)− T ((1− βn)un + βnTun)

≤ r{ρ(1− βn)xn + βnTxn − (1− βnun − βnTun}
≤ r{(1− βn)ρ(xn − un) + βnρ(Txn − Tun)}
≤ r{(1− βn)ρ(xn − un) + rβnρ(xn − un)}
= r(1− βn)(1− r))ρ(xn − un)(3.7)

Similarly using (2.2) and (2.5) together with (3.7), we have

ρ(xn+1 − un+1) = ρ(T 4(Tyn)− un+1)

= ρ(T 4(Tyn)− yn + yn − un+1)

≤ ρ(T 4(Tyn)− yn) + ρ(T (1− αn)zn + αnTzn)− T (1− αn)vn + αnTvn))

≤ ρ(T 4(Tyn)− yn) + rρ((1− αn)zn + αnTzn)− (1− αn)vn − αnTvn))

≤ ρ(T 4(Tyn)− yn) + r{((1− αn)ρ(zn − vn) + αnρ(Tzn − Tvn))

≤ ρ(T 4(Tyn)− yn) + r{((1− αn)ρ(zn − vn) + rαnρ(zn − vn))}
≤ ρ(T 4(Tyn)− yn) + r(1− αn(1− r))ρ(zn − vn)

≤ ρ(T 4(Tyn)− yn) + r2(1− αn(1− r))(1− βn(1− r))ρ(zn − un).(3.8)

For{βn}∞n=0 in [0, 1] andr ∈ (0, 1), we have

(1− βn(1− r)) < 1.(3.9)

From equations (3.9) and (3.8) we get

ρ(xn+1 − un+1) ≤ (1− αn(1− r))ρ(xn − un) + ρ(T 4(t(tyn)− yn)) .(3.10)

Define

ψn = ρ(xn − un), φn = αn(1− r) ∈ (0, 1) and ϕn = ρ(T 4(T (Tyn)− yn).

Sinceρ(xn − p) → 0 asn→∞ andTp = p, we get

lim
n→∞

ρ(T 4(Tyn)− yn) = lim
n→∞

ρ(T 4(Tyn)− Tp+ Tp− yn)

= lim
n→∞

ρ(T 4(Tyn)− Tp+ p− yn)

≤ lim
n→∞

ρ(T 4(Tyn)− Tp) + ρ(p− yn)

≤ lim
n→∞

rρ(T 3(Tyn)− p) + ρ(p− yn)
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≤ lim
n→∞

rρ(T 3(Tyn)− Tp) + ρ(p− yn)

≤ lim
n→∞

r2ρ(T 2(Tyn)− Tp) + ρ(p− yn)

≤ lim
n→∞

r3ρ(T (Tyn)− p) + ρ(p− yn)

≤ lim
n→∞

r3ρ(T (Tyn)− Tp) + ρ(p− yn)

≤ lim
n→∞

r4ρ(T (Tyn)− p) + ρ(p− yn)

≤ lim
n→∞

r4ρ(T (Tyn)− Tp) + ρ(p− yn)

≤ lim
n→∞

r5ρ(yn)− p) + ρ(yn − p)

= (1 + r5) lim
n→∞

ρ(yn − p)

= 0

which implies thatψn

φn
→ 0 asn → ∞. Thus all the conditions Lemma 2.1 are satisfied by

(3.10). Thus we get

lim
n→∞

ψn = lim
n→∞

ρ(yn − un) = 0 .(3.11)

Using the above inequality (3.11), we get

ρ(un − p) → 0 as n→∞(3.12)

i.e, the Vatan two step iterative process (2.2) converges to the fixed pointp of T .
Now we will prove that (2.2) implies (2.1). Letlim

n→∞
ρ(un − p) = 0 and we have to show that

ρ(xn − p) → 0 asn→∞. Similarly as (3.12) if it is given thatρ(un − p) → 0 asn→∞ then
by using (3.11) we have

ρ(xn − p) ≤ ρ(xn − un) + ρ(un − p) → 0 as n→∞.

Hencexn → p asn → ∞ that is Vatan two step iteration converges to fixed pointp. Thus
iteration (2.5) and Vatan two step iteration (2.2) are equivalent and by Theorem 3 of [1], we
obtain that (iii) is equivalent to (ii) and (i).

Theorem 3.4.LetC be a nonempty closed convex subset of aρ-complete spaceXρ, whereρ is
a convex modular onX. LetT : C → C be aρ-contraction mapping with fixed pointp. For
givenx∗0 = x0 ∈ C, let {xn}∞n=0 and{x∗n}∞n=0 be an iterative sequences generated by(2.4)and
(2.5)respectively with real sequences{αn}∞n=0 and{βn}∞n=0 in [0, 1] such thatα ≤ αn < 1, for
someα > 0 and for alln ∈ N . Then{x∗n}∞n=0 converges top faster than{xn}∞n=0 does.

Proof. From (3.5) we have

ρ(x∗n+1 − p) ≤ ρ(x∗0 − p)r7(n+1)

n∏
j=0

(1− αj(1− r)) .(3.13)

Since the iteration process (2.4) also converges to unique fixed pointp [1, Theorem 1, eq. (9)],
we have

‖xn+1 − p‖ ≤ ‖x0 − p‖θ3(n+1)
n∏
k=0

(1− αk(1− θ)),(3.14)
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whereθ ∈ (0, 1). Since modular space is convex, equation (3.14) can be written in the sense of
modular space as,

ρ(xn+1 − p) ≤ ρ(x0 − p)r3(n+1)

n∏
j=0

(1− αj(1− r))(3.15)

wherer ∈ (0, 1). Sinceα ≤ αn < 1 for someα > 0 and for alln ∈ N equation (3.13) implies

ρ(x∗n+1 − p) ≤ ρ(x∗0 − p)r7(n+1)

n∏
j=0

(1− α(1− r))

= ρ(x∗0 − p)r7(n+1)(1− α(1− r))n+1 .(3.16)

Similarly if we assumeα ≤ αn < 1 for someα > 0 and for alln ∈ N , (3.15) becomes

ρ(xn+1 − p) ≤ ρ(x0 − p)r3(n+1)

n∏
j=0

(1− α(1− r))

= ρ(x0 − p)r3(n+1)(1− r(1− r))n+1 .(3.17)

Define

an = ρ(x∗0 − p)r7(n+1)(1− α(1− r))n+1 and bn = ρ(x0 − p)r3(n+1)(1− r(1− r))n+1.

Then

ψn =
an
bn

=
ρ(x∗0 − p)r7(n+1)(1− α(1− r))n+1

ρ(x0 − p)r3(n+1)(1− r(1− r))n+1
(3.18)

= r4(n+1)

Since lim
n→∞

=
ψn+1

ψn
= rn+2

r4(n+1) = r4 < 1. So by ratio test
∞∑
n=0

ψn < ∞. Hence from (3.18) we

have,

lim
n→∞

ρ(x∗n+1 − p)

ρ(xn+1 − p)
= lim

n→∞

an
bn

= lim
n→∞

ψn = 0

which implies that{x∗n}∞n=0 converges faster than{xn}∞n=0.

We have following numerical example to support analytical proof of Theorem 3.4 and shows
that our iteration process (2.5) gave fast convergence as compared to others given iteration
processes.

Example 3.1. Let T : [0, 2] → [0, 2] defined byT (x) = x2+2
5

, be any mapping it is easy to
see thatT is a contraction mapping, moreover in the sence of modular spacesρ-contraction
mapping. HenceT has a unique fixed point0.438447187191170.
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Table 3.1: Iterative values of our iteration(2.5), AK, Vatan two step, Thakur New and Picard-S iterative processes
for αn = βn = 1

3 , for all n and mappingT (x) = x2+2
5 .

S.no. Our iteration process (2.5) A.K. Vatan two-step Thakur New Picard-S

1 3.900000000000000 3.900000000000000 3.900000000000000 3.900000000000000 3.900000000000000

2 0.440970058201144 1.325103726482700 2.150701892967386 2.662130386687799 2.663524110167947

3 0.438447193978863 0.444565152469603 0.580569313396343 0.991131269922821 0.994551007831859

4 0.438447187191188 0.438464652033062 0.441102176663445 0.467156589085184 0.467618231585718

5 0.438447187191170 0.438447236728409 0.438490243657771 0.439278210900441 0.439292550132459

6 0.438447187191170 0.438447187331674 0.438447883560470 0.438470429620299 0.438470831507846

7 0.438447187191170 0.438447187191568 0.438447198453332 0.438447836593721 0.438447847823275

8 0.438447187191170 0.438447187191171 0.438447187373309 0.438447205335222 0.438447205648971

9 0.438447187191170 0.438447187191170 0.438447187194115 0.438447187698107 0.438447187706873

10 0.438447187191170 0.438447187191170 0.438447187191217 0.438447187205333 0.438447187205578

11 0.438447187191170 0.438447187191170 0.438447187191170 0.438447187191566 0.438447187191572

12 0.438447187191170 0.438447187191170 0.438447187191170 0.438447187191181 0.438447187191181

13 0.438447187191170 0.438447187191170 0.438447187191170 0.438447187191170 0.438447187191170

Figure 1: Converge of our iteration iteration process(2.5), AK, Vatan two-step, Thakur New and Picard-S itera-
tions to the fixed point 0.43844718 of mappingT = x2+2

5

It is clear from the above graphical representation that our new ieteration (2.5) are the first
covnerging one than the AK, Vatan two-step, Takur new and the Picard-S iterations.

AJMAA, Vol. 14, No. 2, Art. 14, pp. 1-11, 2017 AJMAA

http://ajmaa.org


CONVERGENCE ANDSTABILITY RESULTS FORNEW THREE STEP ITERATION PROCESS INMODULAR SPACES 11

REFERENCES

[1] ULLAH and ARSHAD, On different results for new three step iteration process in Banach spaces,
Springer Plus., 1616(2016) No. 5 [online :https://link.springer.com/content/
pdf/10.1186%2Fs40064-016-3056-x.pdf ].

[2] H. NAKANO, Modular Semi-Ordered Spaces, Tokyo Mathematical Book Series, Maruzen Co.Ltd,
Tokyo, 1950.

[3] J. MUSIELAH and W. ORLIEZ, On modular spaces,Studia Math., 18(1959), [online :https:
//eudml.org/doc/216946 ].

[4] W. M. KOZLOWSKI, Notes on modular function space I,Comment. Math., 28(1988), [on-
line : https://www.researchgate.net/publication/265370292_Notes_on_
modular_function_spaces_I ].

[5] V. V. CHISTYAKOV, Metric modulars and their application,Dokl. Math. 73 (2006),
No.1, [online: http://www.rug.nl/research/portal/publications/
metric-modulars-and-their-application(0d9673de-3209-4c98-a2c0-45c8211f1f9d)
/export.html ].

[6] M. A. KHAMSI and W. M. KOZLOWSKI, Fixed Point Theory in Modular Function Spaces,
Birkhiiuser (2015).

[7] V. V. CHISTYAKOV, Metric Modular Spaces Theory and Applications, Springer (2015).

[8] V. BERINDE, Iterative Approximation of Fixed Points, Springer, Berlin (2007).

[9] CHUSHET al., Strong convergence of a new three step iterative scheme in Banach spaces,Ameri-
can Journal of Computational Mathematics, 2(2012), [online :https://file.scirp.org/
pdf/AJCM_2012123115195635.pdf ].

[10] GURSOY and V. KARAKAYA, A Picard-S hybrid type iteration method for solving a differential
equation with retarted argument,arxiv, (2014), [ online :https://arxiv.org/abs/1403.
2546 ].

[11] V. KARAKYA et al., On different result for a new two step iteration method under weak contraction
mapping in Banach spaces,arxiv, (2015) [ online:https://arxiv.org/abs/1507.00200 ].

[12] THAKUR et al., A new iterative scheme for numerical reckoning fixed points of Suzuk’s gen-
eralised nonexpansive mappings,Appl. Math. Comput.,275(2016), [online: http://www.
sciencedirect.com/science/article/pii/S0096300315015672 ].

[13] A. M. HARDER, Fixed point theory and stability resutls for fixed point iteration procedure, Ph.D.
Thesis, University of Missouri-Rolla, Missouri.

[14] X. WENG, Fixed point iteration for local strictly pseudocontractive mapping,Proceeding of Amer-
ican Mathematical Society, 113(1991), pp. 727–731.

[15] H. K. XU, An iterative approach to quadratic optimization,Journal of Optimization Theory and
Applications, 116(2003), No.3, [online: https://link.springer.com/article/10.
1023/A:1023073621589 ].

[16] S. M. SOLTUZ and T. GROSAN, Data dependence for Ishikawa iteration when deal-
ing with contractive like operators,Fixed Point Theory & Applications, (2008), Article ID
242916 [online: https://fixedpointtheoryandapplications.springeropen.
com/articles/10.1155/2008/242916 ].

[17] R. CHUGH and N. KUMAR, Some integral type weakly compatible contraction in Modular Met-
ric spaces,International Journal of Pure and Applied Mathematics,113(2017), No.1, Article 23,
https://ijpam.eu/contents/2017-113-1/index.html .

AJMAA, Vol. 14, No. 2, Art. 14, pp. 1-11, 2017 AJMAA

https://link.springer.com/content/pdf/10.1186%2Fs40064-016-3056-x.pdf
https://link.springer.com/content/pdf/10.1186%2Fs40064-016-3056-x.pdf
https://eudml.org/doc/216946
https://eudml.org/doc/216946
https://www.researchgate.net/publication/265370292_Notes_on_modular_function_spaces_I
https://www.researchgate.net/publication/265370292_Notes_on_modular_function_spaces_I
http://www.rug.nl/research/portal/publications/metric-modulars-and-their-application(0d9673de-3209-4c98-a2c0-45c8211f1f9d)/export.html
http://www.rug.nl/research/portal/publications/metric-modulars-and-their-application(0d9673de-3209-4c98-a2c0-45c8211f1f9d)/export.html
http://www.rug.nl/research/portal/publications/metric-modulars-and-their-application(0d9673de-3209-4c98-a2c0-45c8211f1f9d)/export.html
https://file.scirp.org/pdf/AJCM_2012123115195635.pdf
https://file.scirp.org/pdf/AJCM_2012123115195635.pdf
https://arxiv.org/abs/1403.2546
https://arxiv.org/abs/1403.2546
https://arxiv.org/abs/1507.00200
http://www.sciencedirect.com/science/article/pii/S0096300315015672
http://www.sciencedirect.com/science/article/pii/S0096300315015672
https://link.springer.com/article/10.1023/A:1023073621589
https://link.springer.com/article/10.1023/A:1023073621589
https://fixedpointtheoryandapplications.springeropen.com/articles/10.1155/2008/242916
https://fixedpointtheoryandapplications.springeropen.com/articles/10.1155/2008/242916
https://ijpam.eu/contents/2017-113-1/index.html
http://ajmaa.org

	1. Introduction
	2. Preliminaries
	3. Main Results
	References

