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1. I NTRODUCTION

Let E be a real Banach space andf : E → R be a convex function, then the domain off is
defined by

domf := {x ∈ E : f(x) < +∞}.
The functionf is said to be proper if domf 6= ∅.
Let x ∈ int domf , then for anyy ∈ E, we define the right-hand derivative off atx by

f o(x, y) := lim
t→0+

f(x + ty)− f(x)

t
.(1.1)

The functionf is said to be Ĝateaux differentiable atx if the limit in (1.1) exists ast → 0 for
eachy. The functionf is called Ĝateaux differentiable if it is Ĝateaux differentiable for any
x ∈ int domf .
Let 1 < q ≤ 2 ≤ p with 1

p
+ 1

q
= 1, then the modulus of smoothness ofE is the function

ρE : [0,∞) → [0,∞) defined by

ρE(t) := sup
{1

2
(||x + y||+ ||x− y||)− 1 : ||x|| ≤ 1, ||y|| ≤ t

}
.(1.2)

It is generally known thatE is uniformly smooth if and only if

lim
t→0

ρE(t)

t
= 0

and for anyq > 1, E is said to beq-uniformly smooth if there existsCq > 0 such thatρE(t) ≤
Cqt

q for anyt > 0.
The duality mappingJp : E → 2E∗

is defined by

Jp(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ||x||p, ||x∗|| = ||x||p−1}.
The duality mappingJE

p is said to be weak-to-weak continuous ifxn ⇀ x =⇒ 〈JE
p xn, y〉 →

〈JE
p x, y〉 holds for anyy ∈ E. We note thatlp (p > 1) spaces have this property, butLp (p > 2)

does not posses this property.
Let dimE ≥ 2, then the modulus of convexity ofE is the functionδE : (0, 2] → [0, 1] defined
by

δE(ε) := inf{1− ||x + y

2
|| : ||x|| = ||y|| = 1; ε = ||x− y||}.

E is said to be uniformly convex if and only ifδE(ε) > 0 for all ε ∈ (0, 2] andE is p-uniformly
convex if there existsCp > 0 such thatδE(ε) ≥ Cpε

p for anyε ∈ (0, 2].

Remark 1.1. [1] . It is generally known thatE is p-uniformly convex and uniformly smooth if
and only ifE∗ is q-uniformly smooth and uniformly convex. In this case, the duality mapJp is
one-to-one, single valued and satisfiesJp = (J∗q )−1 whereJ∗q is the duality map ofE∗.

Definition 1.1. Let f : E → R be a Ĝateaux differentiable convex function, the Bregman
distance with respect tof is defined as:

∆f (x, y) := f(y)− f(x)− 〈f ′(x), y − x〉, ∀x, y ∈ E.

The duality mappingJp is the derivative of the functionfp(x) = (1
p
)||x||p. Given thatf = fp,

the Bregman distance with respect tofp now becomes

∆p(x, y) =
1

p
(||y||p − ||x||p) + 〈Jpx, x− y〉

=
1

q
(||x||p − ||y||p)− 〈Jpx− Jpy, y〉.(1.3)
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We note that the Bregman distance is not symmetric, therefore it is not a metric but it posses the
following properties

∆p(x, y) = ∆p(x, z) + ∆p(z, y) + 〈z − y, Jpx− Jpy〉, ∀x, y, z ∈ E.(1.4)

∆p(x, y) + ∆p(y, x) = 〈x− y, Jpx− Jpy〉, ∀x, y ∈ E.(1.5)

For anyp-uniformly convex Banach spaceE, the metric and Bregman distance have the follow-
ing relation:

k||x− y||p ≤ ∆p(x, y) ≤ 〈x− y, Jpx− Jpy〉,
wherek > 0 is a fixed number.

Definition 1.2. Let C be a nonempty, closed and convex subset of int domf , where int domf
denotes the interior domain off . Let T : C → C be any mapping, a pointp ∈ C is called a
fixed point ofT if Tp = p. Whilep ∈ C is called an asymptotic fixed point ofT if C contains a
sequence{xn}∞n=1 which converges weakly top andlimn→∞ ||xn−Txn|| = 0. The set of fixed
points ofT and asymptotic fixed points ofT are denoted byF (T ) andF̂ (T ) respectively. It is
clear thatF (T̂ ) ⊂ F (T ).
A mappingT : C → C is said to be

(i) right Bregman firmly nonexpansiveif

〈JE
p (Tx)− JE

p (Ty), Tx− Ty〉 ≤ 〈JE
p (Tx)− JE

p (Ty), x− y〉, ∀x, y ∈ C,

equivalently,

∆p(Tx, Ty) + ∆p(Ty, Tx) + ∆p(x, Tx) + ∆p(y, Ty) ≤ ∆p(x, Ty) + ∆p(y, Tx),

(ii) right Bregman strongly nonexpansive(see [14]) with respect to a nonemptŷF (T ) if

∆p(Tx, y) ≤ ∆p(x, y), ∀x ∈ C, y ∈ F̂ (T )

and if whenever{xn} ⊂ C is bounded,y ∈ F̂ (T ) and

lim
n→∞

(∆p(xn, y)−∆p(Txn, y)) = 0,

it follows that
lim

n→∞
∆p(xn, Txn) = 0.

Remark 1.2. [14]. Every right Bregman firmly nonexpansive mapping is right Bregman strongly
nonexpansive mapping with respect toF (T ) = F̂ (T ).

Let E∗ be the dual space of a Banach spaceE. A mappingM : E → 2E∗
is called monotone if

〈ξ − η, x− y〉 ≥ 0 ∀x, y ∈ E, ξ ∈ M(x), η ∈ M(y).(1.6)

A monotone mappingM is said to be maximal if the graph ofM denoted byG(M) is not
properly contained in the graph of any other monotone mapping. We recall that for any set-
valued operatorM , the graph ofM is defined by

G(T ) = {(x, y) : y ∈ M(x)}.(1.7)

Let E be ap−uniformly convex Banach space. The resolvent ofM is the operator ResλM
p :

E → 2E defined by

ResλM
p :=

(
JE

p + λM
)−1 ◦ JE

p , λ > 0.(1.8)

The resolvent operator ResλM
p is a Bregman firmly nonexpansive operator. Furthermore,0 ∈

M(x) if and only if x = ResλM
p (x) (see e.g., [24], for more details).
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The Bregman projection
∏

C is defined by∏
C
x = argmin

y∈C
∆p(x, y), ∀ x ∈ E,(1.9)

which is a unique minimizer of the Bregman distance.
Let C andQ be nonempty, closed and convex subsets of real Banach spacesE1 andE2 respec-
tively. Let A : E1 → E2 be a bounded linear operator. The Split Feasibility Problem (SFP) is
to find a point

x ∈ C such thatAx ∈ Q.(1.10)

The SFP was first introduced in 1994 by Censor and Elvin [5] in finite-dimensional spaces. The
SFP is known to have wide applications in many fields, such as phases retrieval, medical image
reconstruction, signal processing and radiation therapy treatment (for example, see [3, 4, 5, 6,
20, 21, 22] and the references therein).
Byrne [2] applied the forward-backward method, a type of projected gradient method to present
the so-called CQ-iterative procedure for approximating a solution of (1.10) in Hilbert spaces,
which is defined by

xn+1 = PC(I − γA∗(I − PQ)A)xn, n ∈ N,(1.11)

whereγ ∈ (0, 2
λ
) with λ being the spectral radius of the operatorA∗A. The approximation of

solutions of problem (1.10) has also been studied by numerous authors in both finite and infinite
dimensional Hilbert spaces (see for examples, [2, 6, 8, 16, 17, 18, 28, 29, 34, 35, 36, 38, 39]).
The SFP has been extended from the setting of Hilbert spaces to more general Banach spaces
by many authors. Schopferet al. [26] introduced and studied the following algorithm (which is
a generalization of algorithm (1.11)) for solving the SFP (1.10) inp-uniformly smooth Banach
spaces: For anyx0 ∈ E1 andn ≥ 0,

xn+1 =
∏

C
J∗
[
JE1

p (xn)− tA∗JE2
p (Axn − PQ(Axn))

]
,(1.12)

whereA∗ is the adjoint of a bounded linear operatorA, t is any positive real number,PQ is
the metric projection ontoQ and C, Q are nonempty, closed and convex subsets ofE1, E2

respectively. They obtained weak convergence result under the assumption that the duality
mapping ofE is sequentially weak-to-weak continuous.
Wang [33] modified Algorithm (1.12) and obtained strong convergence result for the following
Multiple-Sets Split Feasibility Problem (MSSFP): Find

x ∈ ∩r
i=1Ci such thatAx ∈ ∩r+s

j=1+rQj,(1.13)

wherer, s are two given integers,Ci, i = 1, 2, 3, . . . , r are closed convex subsets ofE1 and
Qj, j = r+1, . . . , r+s are closed convex subsets ofE2. He introduced the following algorithm:
For anyx0 ∈ E1, define{xn} by

yn = Tnxn;

Dn = {u ∈ E1 : ∆p(yn, u) ≤ ∆p(xn, u)};
En = {u ∈ E1 : 〈xn − u, JE1

p x0 − JE1
p xn〉 ≥ 0};

xn+1 =
∏

Dn∩En
(x0);

(1.14)

whereTn is defined for eachn ∈ N by

Tn(x) =

{∏
Ci(n)(x); 1 ≤ i(n) ≤ r;

J
E∗

1
q

[
JE1

p x− tnA
∗JE2

p (I − PQi(n))Ax
]
; r + 1 ≤ i(n) ≤ r + s;

(1.15)
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where i: N → I is the cyclic control mapping

i(n) = n mod(r + s) + 1

andtn satisfies

0 < t ≤ tn ≤
(

q

Cq||A||p

) 1
q−1

.(1.16)

Very recently, Shehuet al. [28] introduced and studied the following iterative algorithm for
approximating a common solution of SFP and fixed point problems for right Bregman strongly
nonexpansive mappings inp−uniformly convex Banach spaces which are also uniformly smooth:
For a fixedu ∈ C, u0 ∈ E1, define the sequences{xn}∞n=0 and{un}∞n=0 recursively by{

xn =
∏

C J
E∗

1
q

[
JE1

p (un)− tnA
∗JE2

p (I − PQ)Aun

]
;

un+1 =
∏

C J
E∗

1
q

[
αnJ

E1
p (u) + βnJ

E1
p (xn) + γnJ

E1
p (Txn)

]
;

(1.17)

where0 < t ≤ tn ≤ k <
(

q
Cq ||A||p

) 1
q−1

. They established strong convergence of algorithm

(1.17) under some suitable conditions.
An important generalization of the SFP is the Split Equality Fixed Point Problem (SEFPP)
which is to find

x ∈ C := F (T ), y ∈ Q := F (S) such thatAx = By,(1.18)

whereA : E1 → E3 andB : E2 → E3 are two bounded linear operators,C andQ are two
nonempty, closed and convex subsets ofE1 andE2 respectively,F (T ) andF (S) denotes the
sets of fixed points of the operatorsT andS defined onE1 andE2 respectively,E1, E2 andE3

are real Banach spaces. Note that ifE2 = E3 andB = I (whereI is the identity map onE2) in
(1.18), then problem (1.18) reduces to problem (1.10). Moudafi and Al-Shemas [19] introduced
the SEFPP in Hilbert spaces. They proposed the following algorithm for solving the SEFPP:{

xn+1 = T (xn − γnA
∗(Axn −Byn));

yn+1 = S(yn + γnB
∗(Axn −Byn)), ∀n ≥ 1;

(1.19)

whereT : H1 → H1, S : H2 → H2 are two firmly quasi-nonexpansive mappings,A :
H1 → H3, B : H2 → H3 are two bounded linear operators,A∗, B∗ are the adjoints ofA, B

respectively,{γn} ⊂
(
ε, 2

λA∗A+λB∗B
− ε
)

, λA∗A andλB∗B denote the spectral radii ofA∗A

andB∗B respectively. Furthermore, they established the weak convergence result for problem
(1.18) using algorithm (1.19). Since then, many authors have studied the SEFPP in Hilbert
spaces for mappings more general than the firmly quasi-nonexpansive mappings. (for example,
see [10, 11, 12, 31] and the references therein). In this paper, we study the following problem:
Let E1, E2 andE3 bep−uniformly convex Banach spaces which are also uniformly smooth and
A : E1 → E3, B : E2 → E3 be bounded linear operators. LetMi : E1 → 2E∗

1 , Ni : E2 → 2E∗
2

i = 1, 2, ...,m be multivalued maximal monotone mappings andT : E1 → E1, S : E2 → E2

be right Bregman strongly nonexpansive mappings: Findx̄ ∈ F (T ) andȳ ∈ F (S) such that

0 ∈ Mi(x̄),(1.20)

0 ∈ Ni(ȳ) andAx̄ = Bȳ.(1.21)

Furthermore, motivated by the recent work of Shehuet al. [28] we propose a new iterative
algorithm and using the algorithm, we state and prove a strong convergence result for the ap-
proximation of a solution of problem (1.20)-(1.21).
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2. PRELIMINARY

We state some known and useful results which will be needed in the proof of our main theorem.
In what follows, we shall denote the solution set of problem (1.20)-(1.21) byΓ defined by
Γ := {(x̄, ȳ) ∈ F (T )× F (S) such that0 ∈ ∩m

i=1Mi(x̄), 0 ∈ ∩m
i=1Ni(ȳ) andAx̄ = Bȳ}.

Lemma 2.1. [9] LetE be a Banach space andx, y ∈ E. If E is q-uniformly smooth, then there
existsCq > 0 such that

||x− y||q ≤ ||x||q − q〈JE
p (x), y〉+ Cq||y||q.(2.1)

From [1] and [7], we make use of the functionVp : E∗ × E → [0, +∞) which is defined by

Vp(x, y) :=
1

q
||x||q − 〈x, y〉+

1

p
||y||p, ∀x ∈ E∗, y ∈ E.(2.2)

It then follows thatVp is nonnegative andVp(x, y) = ∆p(J
E∗
q (x), y) for all x ∈ E∗ andy ∈ E.

Also, by the subdifferential inequality, we have

Vp(x
∗, x) + 〈y∗, JE∗

p (x∗)− x〉 ≤ Vp(x
∗ + y∗, x), ∀x ∈ E, x∗, y∗ ∈ E∗ (see [28] for more details).(2.3)

Furthermore, we have thatf ∗ = f ∗p is a proper weak∗ lower semi-continuous and convex func-
tion sincef = fp is a proper lower semi-continuous and convex function (see [23]). Thus for
all z ∈ E, we have

∆p

(
JE∗

q

(
N∑

i=1

tiJ
E
p (xi)

)
, z

)
= Vp

(
N∑

i=1

tiJ
E
p (xi), z

)
≤

N∑
i=1

ti∆p(xi, z),(2.4)

where{xi}N
i=1 ⊂ E and{ti}N

i=1 ⊂ (0, 1) with
∑N

i=1 ti = 1 (see [27, 32, 28] for more details).

Lemma 2.2. [35]. Assume that{an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− γn)an + γnδn, n ≥ 0,

where{γn} is a sequence in (0,1) and{δn} is a sequence inR such that
(i) Σ∞

n=0γn = ∞,
(ii) lim supn→∞ δn ≤ 0 or Σ∞

n=0|δnγn| < ∞.
Thenlimn→∞ an = 0.

Lemma 2.3. [13]. Let{an} be a sequence of real numbers such that there exists a subsequence
{nj} of {n} with anj

< anj+1 ∀j ∈ N. Then there exists a nondecreasing sequence{mk} ⊂ N
such thatmk →∞ and the following properties are satisfied by all (sufficiently large) numbers
k ∈ N:

amk
≤ amk+1 andak ≤ amk+1.

In fact,mk = max{i ≤ k : ai < ai+1}.

Lemma 2.4. [15] Let H be a Hilbert space,f : H → H a contraction with coefficient0 <
α < 1, and A a strongly positive linear bounded operator with coefficientγ̄ > 0. Then, for
0 < γ < γ̄/α,

〈x− y, (A− γf)x− (A− γf)y〉 ≥ (γ̄ − γα)‖x− y‖2, x, y ∈ H.

That is,A− γf is strongly monotone with coefficientγ̄ − γα.
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3. M AIN RESULT

Theorem 3.1. Let E1, E2 and E3 be threep-uniformly convex Banach space which are also
uniformly smooth andA : E1 → E3, B : E2 → E3 be two bounded linear operators. Let
Mi : E1 → 2E∗

1 , Ni : E2 → 2E∗
2 i = 1, 2, ...,m be multivalued maximal monotone mappings

andT : E1 → E1, S : E2 → E2 be right Bregman strongly nonexpansive mappings such that
F (T ) = F̂ (T ) and F (S) = F̂ (S). Suppose thatΓ 6= ∅ and {αn}, {βn}, are sequences in
(0, 1). Letu, x0 ∈ E1 andv, y0 ∈ E2 be arbitrary and the sequence{(xn, yn)} be generated by



vn = ΨmJE2
q

[
JE2

q (yn) + tnB
∗JE3

p (Axn −Byn)
]
;

un = ΦmJ
E∗

1
q

[
JE1

p (xn)− tnA
∗JE3

p (Axn −Byn)
]
;

wn = J
E∗

2
q

[
(1− βn)JE2

p (vn) + βnJ
E2
p Svn

]
;

zn = J
E∗

1
q

[
(1− βn)JE1

p (un) + βnJ
E1
p Tun

]
;

yn+1 = J
E∗

2
q

[
αnJ

E2
p (v) + (1− αn)JE2

p wn

]
;

xn+1 = J
E∗

1
q

[
αnJ

E1
p (u) + (1− αn)JE1

p zn

]
, n ≥ 1,

(3.1)

whereΦm = ResλMm
p ◦ ResλMm−1

p ◦ · · · ◦ ResλM1
p , Φ0 = I andΨm = ResλNm

p ◦ ResλNm−1
p ◦

· · · ◦ResλN1
p , Ψ0 = I, with conditions

(i) limn→∞ αn = 0,
(ii)

∑∞
n=1 αn = ∞,

(iii) 0 < t ≤ tn ≤ k ≤
(

q
2Cq ||A||q

) 1
q−1

, 0 < t ≤ tn ≤ k ≤
(

q
2Dq ||B||q

) 1
q−1

,

(iv) βn ∈ (a, b) for somea, b ∈ (0, 1).

Then{(xn, yn)} converges strongly to(x̄, ȳ) ∈ Γ.

Proof. Let (x∗, y∗) ∈ Γ, an = J
E∗

1
q

[
JE1

p (xn)− tnA
∗JE3

p (Axn −Byn)
]

and

bn = J
E∗

2
q

[
JE2

p (yn) + tnB
∗JE3

p (Axn −Byn)
]
. Then, using (1.8), (3.1) and Lemma (2.1), we
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have

∆p(un, x
∗) = ∆p(Φ

mJE∗
1

q

[
JE1

p (xn)− tnA
∗JE3

p (Axn −Byn)
]
, x∗)

≤ ∆p(Φ
m−1JE∗

1
q

[
JE1

p (xn)− tnA
∗JE3

p (Axn −Byn)
]
, x∗)

...

≤ ∆p(J
E∗

1
q

[
JE1

p (xn)− tnA
∗JE3

p (Axn −Byn)
]
, x∗)

=
1

q
||JE1

p (xn)− tnA
∗JE3

p (Axn −Byn)||q − 〈JE1
p (xn), x∗〉

+tn〈Ax∗, JE3
p (Axn −Byn)〉+

1

p
||x∗||p

≤ 1

q
||JE1

p (xn)||q − tn〈Axn, J
E3
p (Axn −Byn)〉+

Cq(tn||A||)q

q
||JE3

p (Axn −Byn)||q

−〈JE1
p (xn), x∗〉+

1

p
||x∗||p + tn〈Ax∗, JE3

P (Axn −Byn)〉

=
1

q
||xn||p − 〈JE1

p (xn), x∗〉+
1

p
||x∗||p + tn〈Ax∗ − Axn, J

E3
p (Axn −Byn)〉

+
Cq(tn||A||)q

q
||(Axn −Byn)||p

= ∆p(xn, x
∗) + tn〈JE3

p (Axn −Byn), Ax∗ − Axn〉+
Cq(tn||A||)q

q
||Axn −Byn||p.(3.2)

Similarly, from (3.1) and Lemma (2.1), we have

∆p(vn, y
∗) ≤ ∆p(yn, y

∗)− tn〈JE3
p (Axn −Byn), By∗ −Byn〉

+
Dq(tn||B||)q

q
||Axn −Byn||p.(3.3)

Adding (3.2) and (3.3) and using the fact thatAx∗ = By∗, we have

∆p(un, x
∗) + ∆p(vn, y

∗) ≤ ∆p(xn, x
∗) + ∆p(yn, y

∗)− tn〈JE3
p (Axn −Byn), Axn −Byn〉

+
Cq(tn||A||)q

q
||Axn −Byn||p +

Dq(tn||B||)q

q
||Axn −Byn||p

= ∆p(xn, x
∗) + ∆p(yn, y

∗)

−
[
tn −

(
Cq(tn||A||)q

q
+

Dq(tn||B||)q

q

)]
||Axn −Byn||p.(3.4)

Using condition (iii) in (3.4), we have

∆p(un, x
∗) + ∆p(vn, y

∗) ≤ ∆p(xn, x
∗) + ∆p(yn, y

∗).(3.5)

From (3.1) and (2.4), we have

∆p(zn, x
∗) = ∆p

(
JE∗

1
q

[
(1− βn)JE∗

1
p un + βnJ

E∗
1

p Tun

]
, x∗
)

≤ (1− βn)∆p(un, x
∗) + βn∆p(Tun, x

∗)

≤ (1− βn)∆p(un, x
∗) + βn∆p(Tun, x

∗)

≤ ∆p(un, x
∗).(3.6)

Similarly, we have

∆p(wn, y
∗) ≤ ∆p(vn, y

∗).(3.7)
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From (3.1) and (3.6) and (2.4), we have

∆p(xn+1, x
∗) = ∆p

(
JE∗

1
q

[
αnJ

E1
p (u) + (1− αn)JE1

p zn

]
, x∗
)

≤ αn∆p(u, x∗) + (1− αn)∆p(zn, x
∗)

≤ αn∆p(u, x∗) + (1− αn)∆p(un, x
∗)

(3.8)

Similarly, from (3.1) and (3.7), we have

∆p(yn+1, y
∗) ≤ αn∆p(v, y∗) + (1− αn)∆p(vn, y

∗).(3.9)

Adding (3.8) and (3.9) and using (3.5), we have

∆p(xn+1, x
∗) + ∆p(yn+1, y

∗) ≤ αn [∆p(u, x∗) + ∆p(v, y∗)] + (1− αn) [∆p(un, x
∗) + ∆p(vn, y

∗)]

≤ αn [∆p(u, x∗) + ∆p(v, y∗)] + (1− αn) [∆p(xn, x
∗) + ∆p(yn, y

∗)]

≤ max{∆p(u, x∗) + ∆p(v, y∗), ∆p(xn, x
∗) + ∆p(yn, y

∗)}
...

≤ max{∆p(u, x∗) + ∆p(v, y∗), ∆p(x0, x
∗) + ∆p(y0, y

∗)}.(3.10)

Therefore,{∆p(xn, x
∗)+∆p(yn, y

∗)} is bounded and consequently,{∆p(un, x
∗)+∆p(vn, y

∗)},
{xn}, {yn}, {un}, {vn}, {Axn} and{Byn} are all bounded.
Also, from (3.1) and inequality (2.3) withy∗ = −αn(JE1

p (u)− JE1
p (x∗)), we obtain

∆p(xn+1, x
∗) = ∆p

(
JE∗

1
q

[
αnJ

E1
p (u) + (1− αn)JE1

p (zn)
]
, x∗
)

= Vp

(
αnJ

E1
p (u) + (1− αn)JE1

p (zn), x∗
)

≤ Vp

(
αnJ

E1
p (u) + (1− αn)JE1

p (zn)− αn(JE1
p (u)− JE1

p (x∗)), x∗
)

−〈−αn(JE1
p (u)− JE1

p (x∗)), JE∗
1

q

[
αnJ

E1
p (u) + (1− αn)JE1

p (zn)
]
− x∗〉

= Vp

(
αnJ

E1
p (x∗) + (1− αn)JE1

p (zn), x∗
)

+ αn〈JE1
p (u)− JE1

p (x∗), xn+1 − x∗〉
= ∆p

(
JE∗

1
q

[
αnJ

E1
p (x∗) + (1− αn)JE1

p (zn)
]
, x∗
)

+αn〈JE1
p (u)− JE1

p (x∗), xn+1 − x∗〉
≤ αn∆p(x

∗, x∗) + (1− αn)∆p(zn, x
∗) + αn〈JE1

p (u)− JE1
p (x∗), xn+1 − x∗〉

≤ (1− αn)∆p(zn, x
∗) + αn〈JE1

p (u)− JE1
p (x∗), xn+1 − x∗〉

≤ (1− αn)∆p(un, x
∗) + αn〈JE1

p (u)− JE1
p (x∗), xn+1 − x∗〉.(3.11)

Similarly, we have

∆p(yn+1, y
∗) ≤ (1− αn)∆p(vn, y

∗) + αn〈JE2
p (v)− JE2

p (y∗), yn+1 − y∗〉.(3.12)

Adding (3.11) and (3.12), we have

∆p(xn+1, x
∗) + ∆p(yn+1, y

∗) ≤ (1− αn) [∆p(un, x
∗) + ∆p(vn, y

∗)]

+αn

[
〈JE1

p (u)− JE1
p (x∗), xn+1 − x∗〉

+〈JE2
p (v)− JE2

p (y∗), yn+1 − y∗〉
]

≤ (1− αn) [∆p(xn, x
∗) + ∆p(yn, y

∗)]

+αn

[
〈JE1

p (u)− JE1
p (x∗), xn+1 − x∗〉

+〈JE2
p (v)− JE2

p (y∗), yn+1 − y∗〉
]
.(3.13)

We now consider two cases to establish the strong convergence of{(xn, yn)} to (x̄, ȳ).
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Case 1. Suppose that{∆p(xn, x
∗)+∆p(yn, y

∗)} is monotone non-increasing, then{∆p(xn, x
∗)+

∆p(yn, y
∗)} is convergent. Thus,

lim
n→∞

[(∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(xn, x
∗) + ∆p(yn, y

∗))] = 0.

From (3.6), (3.7), (3.8) and (3.9), we have

0 ≤ (∆p(un, x
∗) + ∆p(vn, y

∗))− (∆p(wn, x
∗) + ∆p(zn, y

∗))

= (∆p(un, x
∗) + ∆p(vn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+ (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(wn, x
∗) + ∆p(zn, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+αn (∆p(u, x∗) + ∆p(v, y∗)) + (1− αn) (∆p(un, x
∗) + ∆p(vn, y

∗))

− (∆p(un, x
∗) + ∆p(vn, y

∗)) → 0, asn →∞,

which implies

lim
n→∞

(∆p(un, x
∗)−∆p(zn, x

∗)) = lim
n→∞

(∆p(vn, y
∗)−∆p(wn, y

∗)) = 0.(3.14)

Also, from the definition ofzn, we have

∆p(zn, x
∗) = ∆p

(
JE∗

1
q

(
(1− βn)JE1

p (un) + βnJ
E1
p (Tun)

)
, x∗
)

≤ (1− βn)∆p(un, x
∗) + βn∆p(Tun, x

∗)

= ∆p(un, x
∗) + βn [∆p(Tun, x

∗)−∆p(un, x
∗)] .

(3.15)

Also, from (3.14), (3.15) and condition (iv) we obtain

βn (∆p(un, x
∗)−∆p(Tun, x

∗)) ≤ ∆p(un, x
∗)−∆p(zn, x

∗) → 0, asn →∞.(3.16)

Since{βn} is bounded (see condition (iv)), we have

lim
n→∞

(∆p(un, x
∗)−∆p(Tun, x

∗)) = 0.(3.17)

Similarly, we have

lim
n→∞

(∆p(vn, y
∗)−∆p(Svn, y

∗)) = 0.(3.18)

SinceT andS are right Bregman strongly nonexpansive mappings, then from (3.17) and (3.18),
we have

lim
n→∞

∆p(Tun, un) = 0

and

lim
n→∞

∆p(Svn, vn) = 0

respectively, which implies

lim
n→∞

||Tun − un|| = 0(3.19)

and

lim
n→∞

||Svn − vn|| = 0.(3.20)
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From (3.4) and (3.11), we have

[
tn −

(
Cq(tn||A||)q

q
+

Dq(tn||B||)q

q

)]
||Axn −Byn||p

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

= (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+ (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+(1− αn) (∆p(un, x
∗) + ∆p(vn, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

+αn

[
〈JE1

p (u)− JE1
p (x∗), xn+1 − x∗〉+ 〈JE2

p (v)− JE2
p (y∗), yn+1 − y∗〉

]
= (∆p(xn, x

∗) + ∆p(yn, y
∗))− (∆p(xn+1, x

∗) + ∆p(yn+1, y
∗))

+αn(〈JE1
p (u)− JE1

p (x∗), xn+1 − x∗〉 −∆p(un, x
∗))

+αn(〈JE2
p (v)− JE2

p (y∗), yn+1 − y∗〉 −∆p(vn, y
∗)) → 0, asn →∞.

That is,

lim
n→∞

[
tn −

(
Cq(tn||A||)q

q
+

Dq(tn||B||)q

q

)]
||Axn −Byn||p = 0.

Since0 < t
(
1−

(
Cqkq−1(||A||)q

q
+ Dqkq−1(||B||)q

q

))
≤
(
tn −

(
Cq(tn||A||)q

q
+ Dq(tn||B||)q

q

))
, we

have

lim
n→∞

||Axn −Byn||p = 0.(3.21)

From the definitions ofan andbn, we have

||JE1
p an − JE1

p xn|| = ||JE1
p (xn)− tnA

∗JE3
p (Axn −Byn)− JE1

p (xn)||
≤ tn||A∗||||JE3

p (Axn −Byn)||

≤
(

q

Cq||A||q

) 1
q−1

||A∗||||Axn −Byn|| → 0, n →∞.

SinceJ
E∗

1
p is norm to norm uniformly continuous on bounded subsets ofE∗

1 , we have

lim
n→∞

||an − xn|| = 0.(3.22)

Similarly, we have

lim
n→∞

||bn − yn|| = 0.(3.23)

Since ResλMm
p is a right Bregman firmly nonexpansive mapping, we have

∆p

(
ResλMm

p (Φm−1an), x∗
)
+ ∆p

(
x∗, ResλMm

p (Φm−1an)
)
+ ∆p(Φ

m−1an, ResλMm
p (Φm−1an)) +

∆p(x
∗, x∗) ≤ ∆p(Φ

m−1an, x
∗) + ∆p

(
x∗, ResλMm

p (Φm−1an)
)
,

which implies

∆p

(
ResλMm

p (Φm−1an), x∗
)

+ ∆p

(
Φm−1an, ResλMm

p (Φm−1an)
)
≤ ∆p(Φ

m−1an, x
∗).

That is,

∆p(Φ
m−1an, Φ

man) ≤ ∆p(Φ
m−1an, x

∗)−∆p(Φ
man, x

∗).(3.24)
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Similarly, we have

∆p(Ψ
Nbn, Ψ

N−1bn) ≤ ∆p(Ψ
N−1bn, y

∗)−∆p(Ψ
Nbn, y

∗).(3.25)

Adding (3.24) and (3.25), we have

∆p(Φ
m−1an, Φ

man) + ∆p(Ψ
N−1bn, Ψ

Nbn)

≤ ∆p(Φ
m−1an, x

∗) + ∆p(Ψ
N−1bn, y

∗)−
(
∆p(Φ

man, x
∗) + ∆p(Ψ

Nbn, y
∗)
)

...

≤ ∆p(an, x
∗) + ∆p(bn, y

∗)−
(
∆p(Φ

man, x
∗) + ∆p(Ψ

Nbn, y
∗)
)

(3.26)

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))−
(
∆p(Φ

man, x
∗) + ∆p(Ψ

Nbn, y
∗)
)

= (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+ (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+(1− αn) (∆p(un, x
∗) + ∆p(vn, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

+αn

[
〈JE1

p (u)− JE1
p (x∗), xn+1 − x∗〉+ 〈JE2

p (v)− JE2
p (y∗), yn+1 − y∗〉

]
= (∆p(xn, x

∗) + ∆p(yn, y
∗))− (∆p(xn+1, x

∗) + ∆p(yn+1, y
∗))

+αn(〈JE1
p (u)− JE1

p (x∗), xn+1 − x∗〉 −∆p(un, x
∗))

+αn(〈JE2
p (v)− JE2

p (y∗), yn+1 − y∗〉 −∆p(vn, y
∗)) → 0, asn →∞,

which implies

lim
n→∞

∆p(Φ
m−1an, Φ

man) = lim
n→∞

∆p(Ψ
N−1bn, Ψ

Nbn) = 0.(3.27)

By the same argument as (3.24)-(3.26), we have

∆p(Φ
m−2an, Φ

m−1an) + ∆p(Ψ
N−2bn, Ψ

N−1bn)

≤ ∆p(an, x
∗) + ∆p(bn, y

∗)−
(
∆p(Φ

m−1an, x
∗) + ∆p(Ψ

N−1bn, y
∗)
)

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))−
(
∆p(Φ

man, x
∗) + ∆p(Ψ

Nbn, y
∗)
)

= (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+ (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

≤ (∆p(xn, x
∗) + ∆p(yn, y

∗))− (∆p(xn+1, x
∗) + ∆p(yn+1, y

∗))

+(1− αn) (∆p(un, x
∗) + ∆p(vn, y

∗))− (∆p(un, x
∗) + ∆p(vn, y

∗))

+αn

[
〈JE1

p (u)− JE1
p (x∗), xn+1 − x∗〉+ 〈JE2

p (v)− JE2
p (y∗), yn+1 − y∗〉

]
= (∆p(xn, x

∗) + ∆p(yn, y
∗))− (∆p(xn+1, x

∗) + ∆p(yn+1, y
∗))

+αn(〈JE1
p (u)− JE1

p (x∗), xn+1 − x∗〉 −∆p(un, x
∗))

+αn(〈JE2
p (v)− JE2

p (y∗), yn+1 − y∗〉 −∆p(vn, y
∗)) → 0, asn →∞,(3.28)

which implies

lim
n→∞

∆p(Φ
m−2an, Φ

m−1an) = lim
n→∞

∆p(Ψ
N−2bn, Ψ

N−1bn) = 0.(3.29)

Continuing in the same manner, we have that

lim
n→∞

∆p(Φ
m−3an, Φ

m−2an) = · · · = lim
n→∞

∆p(an, Φ
1an) = 0,(3.30)

and

lim
n→∞

∆p(Ψ
N−3an, Ψ

N−2an) = · · · = lim
n→∞

∆p(an, Φ
1an) = 0.(3.31)
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From (3.27), (3.29), (3.30) and (3.31), we can conclude that

lim
n→∞

∆p(Φ
l−1an, Φ

lan) = 0, l = 1, 2, . . . ,m,

lim
n→∞

∆p(Ψ
r−1bn, Ψ

rbn) = 0, r = 1, 2, . . . , N.

Which implies

lim
n→∞

||Φlan − Φl−1an|| = 0, l = 1, 2, . . . ,m,(3.32)

lim
n→∞

||Ψrbn −Ψr−1bn|| = 0, r = 1, 2, . . . , N.(3.33)

Also, we have that
lim

n→∞
‖an − Φ(an)‖ = 0.

Hence,

lim
n→∞

||an − un|| ≤ lim
n→∞

[
||an − Φ1an||+ ||Φ1an − Φ2an||+ · · ·+ ||Φm−1an − un||

]
→ 0, asn →∞.

That is,

lim
n→∞

||an − un|| = 0.(3.34)

Similarly, we obtain

lim
n→∞

||bn − vn|| = 0.(3.35)

From (3.22) and (3.34), we have

lim
n→∞

||xn − un|| = 0.(3.36)

Similarly, we have

lim
n→∞

||yn − vn|| = 0.(3.37)

Also we have

‖xn − Txn‖ = ‖xn − un + un − Tun + Tun − Txn‖
≤ ‖xn − un‖+ ‖un − Tun‖+ ‖Tun − Txn‖
≤ 2‖un − xn‖+ ‖un − Tun‖.

Hence from (3.19) and (3.36), we obtain

lim
n→∞

‖xn − Txn‖ = 0.(3.38)

Similarly, from (3.20) and (3.37) we obtain

lim
n→∞

‖yn − Syn‖ = 0.(3.39)

SinceJE1
p andJE2

p are uniformly continuous on bounded subsets ofE1 andE2 respectively, we
have from (3.32) and (3.33) that

lim
n→∞

||JE1
p Φlan − JE1

p Φl−1an|| = 0, l = 1, 2, . . . ,m,(3.40)

and

lim
n→∞

||JE2
p Ψrbn − JE2

p Ψr−1bn|| = 0, r = 1, 2, . . . , N.(3.41)

Since{xn} is bounded inE1 andE1 is reflexive, there exists a subsequence{xnj
} of {xn} that

converges weakly tōx. By (3.38), we have that̄x ∈ F (T ) sinceF (T ) = F̂ (T ). Also since{yn}
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is bounded inE2 andE2 is reflexive, there exists a subsequence{ynj
} of {yn} that converges

weakly toȳ. By (3.39), we have that̄y ∈ F (S) sinceF (S) = F̂ (S).
Next, we show that0 ∈ Ml(x̄) and0 ∈ Mr(ȳ), for eachl = 1, 2, . . . ,m andr = 1, 2, . . . , N .
Let i ∈ {1, 2, 3, ...m}. Let (z, η) ∈ G(Ml), thenη ∈ Mlz., FromΦlan = ResλMl

p (Φl−1an), we
have that

JE1
p Φl−1an ∈

(
JE1

p + λMl

)
Φlan,

which implies
1

λ

(
JE1

p Φl−1an − JE1
p Φlan

)
∈ MlΦ

lan.

By the monotonicity ofMl, for eachl = 1, 2, . . . ,m, we have

〈η − 1

λ

(
JE1

p Φl−1an − JE1
p Φlan

)
, z − Φlan〉 ≥ 0.

This implies

〈η, z − Φlan〉 ≥
〈

1

λ

(
JE1

p Φl−1an − JE1
p Φlan

)
, z − Φl−1an

〉
.

Since{xn} converges weakly tōx, we have from (3.40) and (3.36) that

〈η, z − x̄〉 ≥ 0.

Hence, by the maximal monotonicity ofMl, we have that0 ∈ Ml(x̄). Sincei was arbitrary, we
have0 ∈ ∩m

l=1Ml(x̄).
By similar argument, we obtain that0 ∈ ∩N

r=1Mr(ȳ).
We now show thatAx̄ = Bȳ.
SinceA : E1 → E3 and B : E2 → E3 are bounded linear operators,and{xn} and {yn}
converges weakly tōx andȳ, respectively we have that for arbitraryf ∈ E∗

3 ,

f(Axn) = (f ◦ A)(xn) → (f ◦ A)(x̄) = f(Ax̄).

Similarly
f(Bxn) = (f ◦B)(yn) → (f ◦B)(ȳ) = f(Bȳ).

This convergence implies that

Axn −Byn ⇀ Ax̄−Bȳ.

Also, by weakly semi-continuity of the norm, it follows that

||Ax̄−Bȳ|| ≤ lim inf
n→∞

||Axn −Byn|| = 0.(3.42)

That is,Ax̄ = Bȳ. Therefore(x̄, ȳ) ∈ Γ.
We now show that{(xn, yn)} converges strongly to(x̄, ȳ).

∆p(zn, un) ≤ (1− βn)∆p(un, un) + βn∆p(Tun, un) → 0, asn →∞.(3.43)

Also, we have

∆p(xn+1, un) = ∆p

(
JE∗

1
q

[
αnJ

E1
p (u) + (1− αn)JE1

p zn

]
, un

)
≤ αn∆p(u, un) + (1− αn)∆p(zn, un) → 0, asn →∞,(3.44)

which implies

lim
n→∞

||xn+1 − un|| = 0.(3.45)

Similarly, we have

lim
n→∞

||yn+1 − vn|| = 0.(3.46)
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From (3.36) and (3.45), we have

lim
n→∞

||xn+1 − xn|| = 0.(3.47)

Similarly, we have

lim
n→∞

||yn+1 − yn|| = 0.(3.48)

From (3.13), we have

∆p(xn+1, x̄) + ∆p(yn+1, ȳ) ≤ (1− αn) [∆p(xn, x̄) + ∆p(yn, ȳ)]

+αn

[
〈JE1

p (u)− JE1
p (x̄), xn+1 − x̄〉+ 〈JE2

p (v)− JE2
p (ȳ), yn+1 − ȳ〉

]
.(3.49)

Using Lemma (2.2) in (3.49), we conclude that{(xn, yn)} converges strongly to(x̄, ȳ).

Case 2: Suppose that there exists a subsequence{ni} of {n} such that

∆p(xni
, x∗) + ∆p(yni

, y∗) < ∆p(xni+1, x
∗) + ∆p(yni+1, y

∗) ∀ i ∈ N.

By Lemma (2.3), we can find a nondecreasing sequence{mk} ⊂ N such thatmk →∞ and for
all k ∈ N, we have

∆p(xmk
, x∗) + ∆p(ymk

, y∗) ≤ ∆p(xmk+1, x
∗) + ∆p(ymk+1, y

∗)

and

∆p(xk, x
∗) + ∆p(yk, y

∗) ≤ ∆p(xmk+1, x
∗) + ∆p(ymk+1, y

∗).(3.50)

Then, by the same arguments as in (3.14), (3.15) and (3.16), we have that

lim
k→∞

||Tumk
− umk

|| = 0(3.51)

and

lim
k→∞

||Svmk
− vmk

|| = 0.(3.52)

From (3.13), we have

∆p(xmk+1, x̄) + ∆p(ymk+1, ȳ)

≤ (1− αmk
) (∆p(xmk

, x̄) + ∆p(ymk
, ȳ))

+αmk

(
〈JE1

p (u)− JE1
p (x̄), xmk+1 − x̄〉+ 〈JE2

p (v)− JE2
p (ȳ), ymk+1 − ȳ〉

)
,(3.53)

which implies

αmk
(∆p(xmk

, x̄) + ∆p(ymk
, ȳ)) ≤ (∆p(xmk

, x̄) + ∆p(ymk
, ȳ))− (∆p(xmk+1, x̄) + ∆p(ymk+1, ȳ))

+αmk

(
〈JE1

p (u)− JE1
p (x̄), xmk+1 − x̄〉

+〈JE2
p (v)− JE2

p (ȳ), ymk+1 − ȳ〉
)

≤ αmk

(
〈JE1

p (u)− JE1
p (x̄), xmk+1 − x̄〉

+〈JE2
p (v)− JE2

p (ȳ), ymk+1 − ȳ〉
)
.(3.54)

That is

(∆p(xmk
, x̄) + ∆p(ymk

, ȳ)) ≤
(
〈JE1

p (u)− JE1
p (x̄), xmk+1 − x̄〉+ 〈JE2

p (v)− JE2
p (ȳ), ymk+1 − ȳ〉

)
.

Which implies

lim
k→∞

(∆p(xmk
, x̄) + ∆p(ymk

, ȳ)) = 0.(3.55)

From (3.50) and (3.55), we have

∆p(xk, x̄) + ∆p(yk, ȳ) ≤ ∆p(xmk+1, x̄) + ∆p(ymk+1, ȳ) → 0, ask →∞,
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which implies that{(xk, yk)} converges strongly to(x̄, ȳ). Thus,{(xn, yn)} converges strongly
to (x̄, ȳ) ∈ Γ.

Corollary 1. Let E1, E2 and E3 be threep-uniformly convex real Banach spaces which are
also uniformly smooth andA : E1 → E3, B : E2 → E3 be two bounded linear opera-
tors. LetM : E1 → 2E∗

1 , N : E2 → 2E∗
2 be multivalued maximal monotone mappings and

T : E1 → E1, S : E2 → E2 be right Bregman strongly nonexpansive mappings such that
F (T ) = F̂ (T ) andF (S) = F̂ (S). Suppose thatΓ := {(x̄, ȳ) ∈ F (T ) × F (S) such that0 ∈
M(x̄), 0 ∈ N(ȳ) andAx̄ = Bȳ} 6= ∅ and{αn}, {βn}, are sequences in(0, 1). Letu, x0 ∈ E1

andv, y0 ∈ E2 be arbitrary and the sequence{(xn, yn)} be generated by

vn = ResλN
p JE2

q

[
JE2

q (yn) + tnB
∗JE3

p (Axn −Byn)
]
;

un = ResλM
p J

E∗
1

q

[
JE1

p (xn)− tnA
∗JE3

p (Axn −Byn)
]
;

wn = J
E∗

2
q

[
(1− βn)JE2

p (vn) + βnJ
E2
p Svn

]
;

zn = J
E∗

1
q

[
(1− βn)JE1

p (un) + βnJ
E1
p Tun

]
;

yn+1 = J
E∗

2
q

[
αnJ

E2
p (v) + (1− αn)JE2

p wn

]
;

xn+1 = J
E∗

1
q

[
αnJ

E1
p (u) + (1− αn)JE1

p zn

]
,

(3.56)

with conditions

(i) limn→∞ αn = 0,
(ii)

∑∞
n=1 αn = ∞,

(iii) 0 < t ≤ tn ≤ k ≤
(

q
2Cq ||A||q

) 1
q−1

, 0 < t ≤ tn ≤ k ≤
(

q
2Dq ||B||q

) 1
q−1

,

(iv) βn ∈ (a, b) for somea, b ∈ (0, 1).

Then{(xn, yn)} converges strongly to(x̄, ȳ) ∈ Γ.
Recall that in a real Hilbert space, the duality mappingJp becomes the identity mappingI.
Thus, the resolvent ofM now becomes:

ResλM
p = (I + λM)−1 ◦ I = (I + λM)−1 =: JM

λ .

Also note that ifH is a real Hilbert space, thenH = H∗. Using these facts, we obtain the
following corollary in real Hilbert spaces.

Corollary 2. LetH1, H2 andH3 be three real Hilbert spaces andA : H1 → H3, B : H2 → H3

be two bounded linear operators. LetMi : H1 → 2H1 , Ni : H2 → 2H2 i = 1, 2, ...,m be
multivalued maximal monotone mappings andT : H1 → H1, S : H2 → H2 be strongly nonex-
pansive mappings. Suppose thatΓ 6= ∅ and{αn}, {βn}, are sequences in(0, 1). Letu, x0 ∈ H1

andv, y0 ∈ H2 be arbitrary and the sequence{(xn, yn)} be generated by

vn = JNm
λ ◦ J

Nm−1

λ ◦ · · · ◦ JN1
λ [yn + tnB

∗(Axn −Byn)] ;

un = JMm
λ ◦ J

Mm−1

λ ◦ · · · ◦ JM1
λ [xn − tnA

∗(Axn −Byn)] ;

wn = (1− βn)vn + βnSvn;

zn = (1− βn)un + βnTun;

yn+1 = αnv + (1− αn)wn;

xn+1 = αnu + (1− αn)zn,

(3.57)

with conditions

(i) limn→∞ αn = 0,
(ii)

∑∞
n=1 αn = ∞,
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(iii) tn ∈
(
ε,

2||Axn −Byn||2

||A∗(Axn −Byn)||2 + ||B∗(Axn −Byn)||2
− ε
)
, n ∈ Ω otherwise,tn = t (t

being any nonegative value), where the set of indexesΩ = {n : Axn −Byn 6= 0},
(iv) βn ∈ (a, b) for somea, b ∈ (0, 1).

Then{(xn, yn)} converges strongly to(x̄, ȳ) ∈ Γ.

4. APPLICATION

4.1. Split Equality Variational Inequality Problem and Split Equality Fixed Point Prob-
lem. Let D : C ⊂ E → E∗ be strongly positive bounded linear mapping with coefficientτ > 0
andf : C ⊂ E → E∗ be a contraction mapping with coefficient0 < α < 1. Then Lemma 2.4
also holds in a more general Banach space, i.e., we have that(D − γf) is a monotone operator
in E. Indeed, for allx, y ∈ C and0 < γ < τ

α
, we obtain

〈(D − γf)x− (D − γf)y, x− y〉 = 〈Ax− Ay − γ(fx− fy), x− y〉
= 〈Ax− Ay, x− y〉 − γ〈fx− fy, x− y〉
≥ τ ||x− y||2 − γ||fx− fy||||x− y||
≥ τ ||x− y||2 − γα||x− y||2,

which implies that〈(D − γf)x− (D − γf)y, x− y〉 ≥ 0.
It can also be shown that(D − γf) is a Lipschitzian mapping. Indeed,∀x, y ∈ C, we have

‖(D − τf)x− (D − τf)y‖∗ = ‖Dx− τfx−Dy + τfy‖∗
≤ ‖Dx−Dy‖∗ + τ‖fx− fy‖∗
≤ k‖x− y‖+ τα‖x− y‖
≤ (k + ατ)‖x− y‖,(4.1)

which implies that(D − τf) is Lipschitzian with coefficientL = k + ατ. Hence,(D − τf) is
a monotone and L-Lipschitz mapping if0 < γ < τ

α
. Therefore, if we defineM : E → 2E∗

by

(4.2) Mx =

{
NCx + (D − τf)x if x ∈ C,

∅ if x /∈ C,

whereNCx is the normal cone ofC atx, defined by

NCx = {w ∈ E∗ : 〈w, x− y〉 ≥ 0, ∀y ∈ C}.
Then,M is maximal monotone andM−1(0) = V IP (C, D − τf) (see, for example, [[25],
Theorem 3]), whereV IP (C, D − τf) is the solution set of the variational inequality problem:
Findx∗ ∈ C such that

〈(D − τf)x∗, y − x∗〉 ≥ 0 ∀y ∈ C.(4.3)

Let,
Γ∗ := {(x̄, ȳ) ∈ F (T )×F (S), such that(x̄, ȳ) ∈ (∩m

l=1V IP (C, Dl − τfl))×
(
∩N

r=1V IP (Q,Dr − τfr)
)
}.

Then, we state the following theorem for approximating a common solution of split equality
variational inequality problem and split equality fixed point problem, whose proof follows from
the proof of Theorem 3.1.

Theorem 4.1. Let E1, E2 andE3 be threep-uniformly convex real Banach spaces which are
also uniformly smooth andC, Q be nonempty, closed and convex subset ofE1, E2 respectively.
For eachl = 1, 2, . . . ,m and r = 1, 2, . . . , N , let Dl : C → E∗

1 , Dr : Q → E∗
2 be strongly

positive bounded linear mappings with coefficientτ > 0 andfl : C → E∗
1 , fr : Q → E∗

2 be
contraction mappings with coefficient0 < α < 1 such that0 < γ < τ

α
. Let T : E1 → E1,
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S : E2 → E2 be right Bregamn strongly nonexpansive mappings such thatF (T ) = F̂ (T ) and
F (S) = F̂ (S). LetA : E1 → E3, B : E2 → E3 be two bounded linear operators andΓ∗ 6= ∅.
Let the sequence{(xn, yn)} be generated by Algorithm 3.1, then{(xn, yn)} converges strongly
to (x̄, ȳ) ∈ Γ∗.

Remark 4.1. Our work extend results for split equality monotone inclusion problem from the
framework of Hilbert spaces to the more generalp-uniformly convex Banach spaces which are
also uniformly smooth.
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