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2 D. ALIMOHAMMADI AND H. ALIHOSEINI

1. I NTRODUCTION AND PRELIMINARIES

The SymbolK denotes a field that can be eitherR or C. Let E andF be Banach spaces over
K. We denote byBK(E ,F ) the Banach space overK consisting of all bounded linear operators
from E into F with the operator norm‖ · ‖op. We writeBK(E) insteadBK(E ,E ). Let us recall
thatT ∈ BK(E ,F ) is compact (weakly compact, respectively) if the closure ofT (U) in F is
compact with the norm-topology (weak-topology, respectively), whereU is the open unit ball
in E.

It is known that ifE ,F andG are Banach spaces overK, S ∈ BK(E ,F ) andT ∈ BK(F ,G),
thenT ◦ S is compact (weakly compact, respectively) wheneverT or S is compact (weakly
compact, respectively).

Applying the Eberlein-̌Smulian theorem [4, Theorem V.6.1] and the definition of weakly
compact operators between Banach spaces overK, we obtain the following result.

Theorem 1.1. Let (E , ‖ · ‖) and (F , ‖ · ‖) be Banach spaces andT : E −→ F be a linear
operator fromE into F over K. ThenT is weakly compact if and only if for each bounded
sequence{an}∞n=1 in (E , ‖ · ‖) there exist a subsequence{ank

}∞k=1 of {an}∞n=1 and an element
b of F such thatlimk→∞ Tank

= b in F with the weak-topology.

Let X be a nonempty set,VK(X) be a vector space ofK-valued functions onX andT :
VK(X) −→ VK(X) be a linear operator onVK(X) overK. If there exists a self-mapφ : X −→
X such thatTf = f ◦φ for all f ∈ VK(X), thenT is called thecomposition operator onVK(X)
induced byφ.

Let X be a topological space. We denote byCK(X) andCb
K(X) the set of allK– valued

continuous and bounded continuous functions onX, respectively. ThenCK(X) is a commu-
tative algebra overK with unit 1X , the constant function onX with value1, andCb

K(X) is a
subalgebra ofCK(X) containing1X . Moreover,Cb

K(X) is a unital commutative Banach algebra
overK with the uniform norm

‖f‖X = sup{|f(x)| : x ∈ X} (f ∈ Cb
K(X)).

Clearly,Cb
K(X) = CK(X) wheneverX is compact. We writeC(X) andCb(X) instead of

CC(X) andCb
C(X), respectively.

Let (X, d) and(Y, ρ) be metric spaces. A mapφ : X −→ Y is called aLipschitz mapping
from (X, d) into (Y, ρ) if there exists a constantM > 0 such thatρ(φ(s), φ(t)) 6 Md(s, t) for
all s, t ∈ X. For a mapφ : X −→ Y, theLipschitz constantof φ is denoted byp(φ) and defined
by

p(φ) = sup

{
ρ(φ(s), φ(t))

d(s, t)
: s, t ∈ X, s 6= t

}
.

Clearly a mapφ : X −→ Y is a Lipschitz mapping if and only ifp(φ) <∞. A mapφ : X −→
Y is called asupercontractive mappingfrom (X, d) into (Y, ρ) if for eachε > 0 there exists
a δ > 0 such thatρ(φ(s), φ(t))�d(s, t) < ε for all s, t ∈ X with 0 < d(s, t) < δ. It is clear
that if φ : X −→ Y is a supeccontractive mapping from(X, d) into (Y, ρ) such thatφ(X) is
bounded set in(Y, ρ), thenφ is a Lipschitz mapping.

Let (X, d) be a metric space. A functionf : X −→ K is called aK-valuedLipschitz function
(supercontractive function, respectively) on(X, d) if f is a Lipschitz mapping (supercontractive
mapping, respectively) from(X, d) into the Euclidean metric spaceK. For a Lipschitz function
f on (X, d), theLipschitz numberof f is denoted byL(X,d)(f) and defined by

L(X,d)(f) = sup

{
|f(x)− f(y)|

d(x, y)
: x, y ∈ X, x 6= y

}
.
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WEAKLY COMPACT COMPOSITION OPERATORS... 3

Let (X, d) be a pointed metric space with the base pointe ∈ X. We denote byLip0,K(X, d) the
set of allK– valued Lipschitz functionsf on(X, d) for whichf(e) = 0. Clearly,Lip0,K(X, d) is
a linear subspaceCK(X) overK. Moreover,Lip0,K(X, d) with the normL(X,d)(·) is a Banach
space overK. We denote bylip0,K(X, d) the set of allf ∈ Lip0,K(X, d) for which f is a
supercontrative function on(X, d). It is easy to see thatlip0,K(X, d) is a linear subspace of
Lip0,K(X, d) and it is a closed set in the Banach space(Lip0,K(X, d), L(X,d)(·)). Therefore,
(lip0,K(X, d), L(X,d)(·)) is a Banach space overK. Note that ifφ : X −→ X is a base point-
preserving Lipschitz mapping on(X, d), thenf ◦ φ ∈ Lip0,K(X, d) (f ◦ φ ∈ lip0,K(X, d),
respectively) for allf ∈ Lip0,K(X, d) (f ∈ lip0,K(X, d), respectively). For further general facts
about Lipschitz spacesLip0,K(X, d) and little Lipschitz spaceslip0,K(X, d), we refer to [14]. We
write Lip0(X, d) (lip0(X, d), respectively) instead ofLip0,C(X, d) (lip0,C(X, d), respectively).
Note that there arelip0,K spaces containing only the zero function as for instance,lip0,K([0, 1], d)
wheneverd is the Eucleadian metric on[0, 1].

Let (X, d) be a pointed compact metric space. It is said thatlip0,K(X, d) separates points
uniformly on X if there exists a constanta > 1 such that, for everyx, y ∈ X there exists
f ∈ Lip0,K(X, d) with L(X,d)(f) 6 a such thatf(x) = d(x, y) andf(y) = 0. For instance, if
X is the middle-thirds Cantor set in[0, 1] andd is the Euclidcan metric onX, thelip0,K(X, d)
separates points uniformly onX (See [14, Proposition 3.2.2(a)]).

Let (X, d) be a metric space andα ∈ (0, 1]. We know that the mapdα : X × X −→ R
defined bydα(x, y) = (d(x, y))α, is a metric onX and the generated topology onX by dα

coincides by the generated topology onX by d. It is known [14, Proposition 3.2.2(b)] that
lip0(X, d

α) separates points uniformly onX whenever(X, d) is a pointed compact metric space
andα ∈ (0, 1).

Let (X, d) be a metric space andα ∈ (0, 1]. We denote byLipK(X, dα) the set of allK-
valued bounded Lipschitz functions on(X, dα). Clearly,LipK(X, dα) is a subalgebra ofCb(X)
containing1X . Moreover,LipK(X, dα) is a Banach space under the norm

‖f‖X,L(X,dα)
= max{‖f‖X , L(X,dα)(f)} (f ∈ Lip(X, dα)).

Let lipK(X, dα) denote the set of allK-valued supercontractive bounded functions on(X, dα).
Clearly, lipK(X, dα) is a subalgebra ofLipK(X, dα) and it is a closed set in the Banach space
(LipK(X, dα), ·‖X,L(X,dα)

). Hence,(lip(X, dα), ‖ · ‖X,L(X,dα)
) is a Banach space overK. More-

over,Lip(X, dβ) ⊆ lip(X, dα) whenever0 < α < β 6 1. It is known thatLipK(X, d1) sep-
arates the points ofX. Lipschitz algebrasLip(X, dα) and little Lipschitz algebraslip(X, dα)
were first introduced by Sherbert in [12] and [13].

Komowitz and Scheinberg in [8] characterized compact composition operators onLip(X, dα)
for α ∈ (0, 1] andlip(X, dα) for (0, 1) whenever(X, d) is a compact metric space.

Jiménez-Vargas and Villegas-Vallecillos in [7] studied and characterized compact composi-
tion operators onLip0(X, d) whenever(X, d) is a pointed metric space not necessarily compact,
and onLip(X, d) andlip(X, d) whenever(X, d) is a metric space not necessarily compact.

Jiménez-Vargas in [6] studied weakly compact composition operators onLip0,K(X, d) and
lip0,K(X, d) whenever(X, d) is a pointed compact metric space, and onLipK(X, dα) for α ∈
(0, 1] andlipK(X, dα) for α ∈ (0, 1) whenever(X, d) is a compact metric space and obtained
the following results.

Theorem 1.2(See [6, Thorem 2.3]). Let (X, d) be a pointed compact metric space, the map
φ : X −→ X be a base point-preserving Lipschitz mapping on(X, d) andT : lip0,K(X, d) −→
lip0,K(X, d) be the composition operator onlip0,K(X, d) induced byφ. Suppose that the little
Lipschitz spacelip0,K(X, d) separates points uniformly onX. If T is weakly compact, thenT
is compact.
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4 D. ALIMOHAMMADI AND H. ALIHOSEINI

Theorem 1.3(See [6, Corollary 2.4]). Let (X, d) be a pointed compact metric space, the map
φ : X −→ X be a base point-preserving Lipschitz mapping on(X, d) andT : Lip0,K(X, d) −→
Lip0,K(X, d) be the composition operator onLip0,K(X, d) induced byφ. Suppose that the little
Lipschitz spacelip0,K(X, d) separates points uniformly onX. If T is weakly compact, thenT
is compact.

Theorem 1.4(See [6, Remark 2.1]). Let (X, d) be a compact metric space,E = LipK(X, dα)
for α ∈ (0, 1] or E = lipK(X, dα) for α ∈ (0, 1), φ : X −→ X be a Lipschitz mapping on
(X, d) and T : E −→ E be the composition operator onE induced byφ. If T is weakly
compact, thenT is compact.

LetX be a topological space. A self-mapτ : X −→ X is called atopological involutionon
X if τ is continuous andτ(τ(x)) = x for all x ∈ X. Clearly, suchτ is a homeomorphism from
X ontoX.

Let X be a Hausdorff space andτ be a topological involution onX. Then the mapτ ? :
Cb(X) −→ Cb(X) defined byτ ?(f) = f̄ ◦τ is an algebra involution onCb(X), which is called
thealgebra involution onCb(X) induced byτ . We now define

C(X, τ) = {f ∈ C(X) : τ ?(f) = f},

Cb(X, τ) = {f ∈ Cb(X) : τ ?(f) = f}.
ThenC(X, τ) is a real subalgebra ofC(X), 1X ∈ C(X, τ), i1X /∈ C(X, τ) andC(X) =
C(X, τ) ⊕ iC(X, τ). MoreoverCb(X, τ) is a unital self– adjoint uniformly closed real subal-
gebra ofCb(X), i1X /∈ Cb(X, τ), Cb(X) = Cb(X, τ)⊕ iCb(X, τ) and

max {‖f‖X , ‖g‖X} 6 ‖f + ig‖X 6 2 max {‖f‖X , ‖g‖X}
for all f, g ∈ Cb(X, τ). Clearly,Cb(X, τ) = C(X, τ) if X is compact.

Real Banach algebra(C(X, τ), ‖ · ‖X) was defined explicitly by Kulkarni and Limaye in [9],
where(X, d) is a compact Hausdorff space andτ is a topological involution onX. For further
general facts aboutC(X, τ) and certain real subalgebras, we refer to [10].

Let (X, d) be a metric space. A self-mapτ : X −→ X is called aLipschitz involutionon
(X, d) if τ(τ(x)) = x for all x ∈ X andτ is a Lipschitz mapping on(X, d).

Note that ifτ is a Lipschitz involution on(X, d), thenτ is a topological involution on(X, d)
and1 6 p(τ) <∞.

Let (X, d) be a pointed metric space andτ be a base point-preserving Lipschitz involution
on (X, d). Thenτ ?(Lip0(X, d)) = Lip0(X, d) andτ ?(lip0(X, d)) = lip0(X, d). We now define

Lip0(X, d, τ) = {f ∈ Lip0(X, d) : τ ?(f) = f},

lip0(X, d, τ) = {f ∈ lip0(X, d) : τ ?(f) = f}.
In fact Lip0(X, d, τ) = Lip0(X, d)

⋂
C(X, τ) andlip0(X, d, τ) = lip0(X, d)

⋂
C(X, τ). The

following result is a modification of [2, Theorem 1.3].

Theorem 1.5. Let (X, d) be a pointed metric space andτ be a base point-preserving Lip-
schitz involution on(X, d). Suppose thatA = Lip0(X, d, τ) andB = Lip0(X, d), or, A =
lip0(X, d, τ) andB = lip0(X, d). Then:

(i) A is a self-adjoint real subspace ofCb(X, τ) andB, 1X /∈ A andi1X /∈ A.
(ii) B = A⊕ iA.

(iii) For all f, g ∈ A we have

max{L(X,d)(f), L(X,d)(g)} 6 p(τ)L(X,d)(f + ig)

6 2p(τ) max{L(X,d)(f), L(X,d)(g)}.

AJMAA, Vol. 14, No. 2, Art. 10, pp. 1-11, 2017 AJMAA

http://ajmaa.org


WEAKLY COMPACT COMPOSITION OPERATORS... 5

(iv) A is closed in(B,L(X,d)(·)) and so(A,L(X,d)(·)) is a real Banach space.
(v) f ◦ φ ∈ A for all f ∈ A if φ : X −→ X is a base point–preserving Lipschitz mapping

on (X, d) with τ ◦ φ = φ ◦ τ .
(vi) If τ is the identity map onX, thenLip0(X, d, τ) = Lip0,R(X, d) and lip0(X, d, τ) =

lip0,R(X, d).

Let (X, d) be a metric space and the mapτ : X −→ X be a Lipschitz involution on(X, d).
Thenτ ?(Lip(X, dα)) = Lip(X, dα) andτ ?(lip(X, dα)) = lip(X, dα) for α ∈ (0, 1]. We now
define

Lip(X, dα, τ) = {f ∈ Lip(X, dα) : τ ?(f) = f},
lip(X, dα, τ) = {f ∈ lip(X, dα) : τ ?(f) = f}.

The following result is a modification of [2, Theorem 1.2].

Theorem 1.6.Let (X, d) be a metric space andτ be a Lipschitz involution on(X, d). Suppose
that α ∈ (0, 1] and A = Lip(X, dα, τ) and B = Lip(X, dα), or, A = lip(X, dα, τ) and
B = lip(X, dα). Then :

(i) A is a real subalgebra ofCb(X, τ) andB, 1X ∈ A, i1X /∈ A.
(ii) B = A⊕ iA.

(iii) For all f, g ∈ A we have

max{‖f‖X,L(X,dα)
, ‖g‖X,L(X,dα)

} 6 (p(τ))α ‖f + ig‖X,L(X,dα)

6 2 (p(τ))α max{‖f‖X,L(X,dα)
, ‖g‖X,L(X,dα)

}.

(iv) A is closed in(B, ‖ · ‖X,L(X,dα)
) and so(A, ‖ · ‖X,L(X,dα)

) is a real Banach space.
(v) f ◦ φ ∈ A for all f ∈ A if φ : X −→ X is a Lipschitz mapping on(X, d) with

φ ◦ τ = τ ◦ φ.
(vi) If τ is the identity map onX, thenLip(X, dα, τ) = LipR(X, dα) and lip(X, dα, τ) =

lipR(X, dα).

Real Lipschitz algebrasLip(X, dα, τ) and real little Lipschitz algebraslip(X, dα, τ) were
first introduced in [1], whenever(X, d) is a compact metric space. In this case, Ebadian and
Ostadbashi characterized compact composition operators on these algebras in [5]. Compact
composition operators onLip0(X, d, τ),Lip(X, d, τ) andlip(X, d, τ) characterized in [2].

In Section 2, we first show that a bounded linear operatorT on a real Banach spaceE is
weakly compact if and only if the complex linear operatorT ′ on the complex Banach spaceEC
is weakly compact, whereEC is a suitable complification ofE andT ′ is the complex linear oper-
ator onEC associated withT . Next we show that ifT is a weakly compact composition operator
on real Lipschitz spaces of complex-valued Lipschitz functionsLip0(X, d, τ) andlip0(X, d, τ)
on pointed compact metric space(X, d) with Lipschitz involutionτ or on real Lipschitz space of
complex-valued Lipschitz functionsLip(X, dα, τ) andlip(X, dα, τ) on compact metric spaces
(X, d) with Lipschitz involutionτ for α ∈ (0, 1), thenT is compact under certain conditions.
Finally, we show that the class of weakly compact composition operator on real Lipschitz spaces
of complex-valued Lipschitz functions on compact metric spaces with Lipschitz involutions is
larger than the class of weakly compact composition operators on complex Lipschitz spaces of
complex-valued functions on compact metric spaces.

2. RESULTS

Let E be a real vector space. A complex vector spaceEC is called acomplexificationof E if
there exists an injective real linear mapJ : E −→ EC such thatEC = J(E )⊕ iJ(E ). Clearly,
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6 D. ALIMOHAMMADI AND H. ALIHOSEINI

E × E with addition and scalar multiplication defined by

(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2) (a1, b1, a2, b2 ∈ E )

(α+ iβ)(a, b) = (αa− βb, βa+ αb) (α, β ∈ R, a, b ∈ E ),

is a complexification ofE under the injective real linear mapJ : E −→ E × E defined by
J(a) = (a, 0), a ∈ X.

Let (E , ‖ · ‖) be a real Banach space. By a similar proof of [3, Proposition I.13.3], one can
show that there is a norm‖| · |‖ onE × E with ‖|(a, 0)|‖ = ‖a‖ for all a ∈ E such that

max{‖a‖, ‖b‖} 6 ‖|(a, b)|‖ 6 2 max{‖a‖, ‖b‖}

for all a, b ∈ E . Clearly,(E × E , ‖| · |‖) is a complex Banach space.

Definition 2.1. LetE be a real linear space andEC be a complexification ofE under an injective
real linear mapJ : E −→ EC. Suppose thatT : E −→ E is a real linear operator onE and the
linear mapT ′ : EC −→ EC defines by

T ′(J(a) + iJ(b)) = J(T (a)) + iJ(T (b)) (a, b ∈ E ).

Clearly,T ′ is a complex linear operator onEC. We say thatT ′ is thecomplex linear operator
onEC associated withT .

For further general facts about the complexifications of real Banach spaces, we refer to [11].

The following result is a modification of [2, Theorem 2.1] and we use it in the sequel.

Theorem 2.1.Let(E , ‖·‖) be a real Banach space andEC be a complexification ofE under an
injective real linear mapJ : E −→ EC. Suppose that‖|·|‖ is a norm onEC with‖|J(a)|‖ = ‖a‖
for all a ∈ E and there exist positive constantsk1 andk2 such that

max{‖a‖, ‖b‖ 6 k1‖|J(a) + iJ(b)|‖ 6 k2 max{‖a‖, ‖b‖}}

for all a, b ∈ E . LetT : E −→ E be a bounded real linear operator onE andT ′ : EC −→ EC
be the complex linear operator onEC associated withT . Then the following statements hold.

(i) T ′ is bounded and‖T ′‖op 6 k1k2‖T‖op.
(ii) T ′ is compact if and only ifT is compact.

For a Banach spaceE overK, we denote byE ? the dual space ofE .
The following lemma is a modification [11, Theorem 7] and its proof is straightforward. We

will use this lemma in the next theorem.

Lemma 2.2. Let (E , ‖ · ‖) be a real linear Banach space andEC be a complexification ofE
under an injective real linear mapJ : E −→ EC. Suppose that‖| · |‖ is a norm onEC with
‖|J(a)|‖ = ‖a‖ for all a ∈ E and there exist positive constantk1 andk2 such that

max{‖a‖, ‖b‖} 6 k1|‖J(a) + iJ(b)|‖ 6 k2 max{‖a‖, ‖b‖}

for all a, b ∈ E .

(i) If for λ, µ ∈ E ? the mapλ � µ : EC −→ C defines by

(λ � µ)(J(a) + iJ(b)) = (λ(a)− µ(b)) + i(µ(a) + λ(b)) (a, b ∈ E ),

thenλ � µ ∈ (EC)? and

‖λ � µ‖op 6 2k1(‖λ‖op + ‖µ‖op).
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(ii) Let ‖ · ‖? be a norm onE ? × E ?, as a complexification ofE ?, with ‖(λ, 0)‖? = ‖λ‖op

for all λ ∈ E ? and

max{‖λ‖op, ‖µ‖op} 6 ‖(λ, µ)‖? 6 2 max{‖λ‖op, ‖µ‖op}
for all λ, µ ∈ E ?. Then the mapΨ : E ? × E ? −→ (EC)? defined by

Ψ(λ, µ) = λ � µ (λ, µ ∈ E ?),

is a bijective complex linear operator and continuous from the complex Banach space
(E ? × E ?, ‖ · ‖?) onto the complex Banach space((EC)?, ‖ · ‖op). Moreover,Ψ−1 is a
bounded linear operator from((EC)?, ‖ · ‖op) to (E ? × E ?, ‖ · ‖?).

Theorem 2.3. Let (E , ‖ · ‖) be a real linear Banach space andEC be a Complexification ofE
under an injective real linear mapJ : E −→ EC. Suppose that‖| · |‖ is a norm onEC with
‖|J(a)|‖ = ‖a‖ for all a ∈ E and there exist positive constantsk1 andk2 such that

max{‖a‖, ‖b‖} 6 k1|‖J(a) + iJ(b)|‖ 6 k2 max{‖a‖, ‖b‖}
for all a, b ∈ E . LetT : E −→ E be a bounded real linear operator onE andT ′ : EC −→ EC
be the complex linear operator onEC associated withT . ThenT is a weakly compact operator
on the real Banach space(E , ‖ · ‖) if and only ifT ′ is weakly compact operator on the complex
Banach space(EC, ‖| · |‖).

Proof. Let ‖ · ‖? be a norm onE ? × E ?, as a complexification ofE ?, with ‖|(λ, 0)|‖ = ‖λ‖op

for all λ ∈ E ? and

max{‖λ‖op, ‖µ‖op} 6 ‖(λ, µ)‖? 6 2 max{‖λ‖op, ‖µ‖op}
for all λ, µ ∈ E ?. Define the mapΨ : E ? × E ? −→ (EC)? by

Ψ(λ, µ) = λ � µ (λ, µ ∈ E ?),

whereλ � µ ∈ (EC)? defines by

(λ � µ)(J(a) + iJ(b)) = (λ(a)− µ(b)) + i(µ(a) + λ(b)), (a, b ∈ E ).

By Lemma 2.2,Ψ is a bijection complex linear operator and a homeomorphism from the com-
plex Banach space(E ? × E ?, ‖ · ‖?) onto the complex Banach space((EC)?, ‖ · ‖op).

We first assume thatT is weakly compact. To prove the weakly compactness ofT ′, let
{cn}∞n=1 be a bounded sequence in(EC, ‖| · |‖). For eachn ∈ N there exists(an, bn) ∈ E × E
such thatcn = J(an) + iJ(bn). It is clear that{an}∞n=1 and{bn}∞n=1 are bounded sequces in
(E , ‖ ·‖). SinceT is a weakly compact linear operator on(E , ‖ ·‖), by Theorem 1.1, there exist
strictly increasing functionsq, r : N −→ N and elementsa, b ∈ E such that

lim
k→∞

Taq(k) = a (in E with the weak-topology),

lim
k→∞

Tbr(k) = b (in E with the weak-topology).

For eachk ∈ N, setnk = r(q(k)). Then{ank
}∞k=1 is a subsequence of{an}∞n=1, {bnk

}∞k=1 is a
subsequence of{bn}∞n=1,

(2.1) lim
k→∞

Tank
= a (in E with the weak-topology),

and,

(2.2) lim
k→∞

Tbnk
= b (in E with the weak-topology).

Let Λ ∈ (EC)?. Then there existλ, µ ∈ E ? such that

(2.3) Λ = Ψ(λ, µ) = λ � µ.
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Now we have

(2.4) lim
k→∞

λ(ank
) = λ(a),

and,

(2.5) lim
k→∞

µ(bnk
) = µ(b),

by (2.1) and (2.2), respectively. From (2.4), (2.5) and (2.3) we get

(2.6) lim
k→∞

Λ(T ′Cnk
) = Λ(J(a) + iJ(b)).

Since(EC)? separates the point ofEC and (2.6) holds for eachΛ ∈ (EC)?, we conclude that

(2.7) lim
k→∞

T ′(Cnk
) = J(a) + iJ(b) (in EC with the weak-topology).

This implies thatT ′ is weakly compact operator on(EC, ‖| · |‖) by Theorem 1.1.
We now assume thatT ′ is a weakly compact operator on(EC, ‖| · |‖). To prove the weakly

compactness ofT on (E , ‖ · ‖), let {an}∞n=1 be a bounded sequence in(E , ‖ · ‖). It is clear that
{J(an)}∞n=1 is a bounded sequence in(EC, ‖| · |‖). SinceT ′ : EC −→ EC is a weakly compact
linear operator onEC, by Theorem 1.1, there exist a subsequence{ank

}∞k=1 of {an}∞k=1 and an
elementc ∈ EC such that

(2.8) lim
k→∞

T ′(J(ank
)) = c (in EC with the weak-topology).

Sincec ∈ EC, there exists(a, b) ∈ E × E such that

(2.9) c = J(a) + iJ(b).

We claim that

lim
k→∞

T (ank
) = a (in E with the weak-topology).

Let λ ∈ E ?. SetΛ = Ψ(λ, 0). ThenΛ ∈ (EC)?. Hence, by (2.8) we have

(2.10) lim
k→∞

Λ(T ′(J(ank
))) = Λ(c).

From (2.10) and (2.9), we get

lim
k→∞

(λ � 0)(J(Tank
)) = (λ � 0)(J(a) + iJ(b))

and so

(2.11) lim
k→∞

λ(Tank
) = λ(a).

SinceE? separates the points ofE and (2.11) holds for eachλ ∈ E ?, we deduce that

lim
k→∞

T (ank
) = a (in E with the weak-topology).

Therefore,T is weakly compact by Theorem 1.1.

Theorem 2.4. Let (X, d) be a pointed compact metric space,τ be a base point-preserving
Lipschitz involution on(X, d) andA = Lip0(X, d, τ) or A = lip0(X, d, τ). Suppose that the
complex little Lipschitz spacelip0(X, d) separates points uniformly onX. Letφ : X −→ X be
a base point-preserving Lipschitz mapping on(X, d) with τ ◦ φ = φ ◦ τ andT : A −→ A be
the composition operator onA induced byφ. If T is weakly compact, thenT is compact.
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Proof. We assume thatAC = Lip0(X, d) if A = Lip0(X, d, τ) andAC = lip0(X, d, τ) if
A = Lip0(X, d). By Theorem 1.5,AC is a complexification ofA under the injective real linear
mapJ : A −→ AC defined byJ(f) = f (f ∈ A), (A,L(X,d)(·)) is a real Banach space and
L(X,d)(·) is a norm on the complex vector spaceAC with L(X,d)(J(f)) = L(X,d)(f) for all f ∈ A
and

max{L(X,d)(f), L(X,d)(g)} 6 p(τ)L(X,d)(J(f) + iJ(g))

6 2p(τ) max{L(X,d)(f), L(X,d)(g)}
for all f, g ∈ A. Suppose thatT is weakly compact. LetT ′ : AC −→ AC be the complex linear
operator onAC associated withT . ThenT ′ is weakly compact by Theorem 2.3. It is easy to
see thatT ′ is the composition operator onAC induced byφ. Sincelip0(X, d) separates points
uniformly onX, we deduce thatT ′ is compact by Theorem 1.2. This implies thatT : A −→ A
is compact by Theorem 2.1.

By part (vi) of Theorem 1.5, it is clear that Theorem 2.4 extends [6, Theorem 2.3] and [6,
Corollary 2.4] wheneverK = R.

Theorem 2.5.Let(X, d) be a compact metric space,τ be a Lipschitz involution on(X, d), α ∈
(0, 1) andA = Lip(X, dα, τ) or A = lip(X, dα, τ). Letφ : X −→ X be a Lipschitz mapping
on (X, d) with τ ◦ φ = φ ◦ τ andT : A −→ A be the composition operator onA induced byφ.
If T is weakly compact, thenT is compact.

Proof. We assume thatAC = Lip(X, dα) if A = Lip(X, dα, τ) andAC = lip(X, dα) if A =
lip(X, dα, τ). By Theorem 1.6,AC is a complexification ofA under the injective real linear
mapJ : A −→ AC defined byJ(f) = f (f ∈ A), (A, ‖ · ‖X,L(X,dα)

) is a real Banach space
and‖·‖X,L(X,dα)

is a norm on the complex vector spaceAC with ‖J(f)‖X,L(X,dα)
= ‖f‖X,L(X,dα)

for all f ∈ A and

max{‖f‖X,L(X,dα)
, ‖g‖X,L(X,dα)

} 6 (p(τ))α‖J(f) + (J(g))‖X,L(X,dα)

6 2(p(τ))α max{‖f‖X,L(X,dα)
, ‖g‖X,L(X,dα)

}
for all f, g ∈ A. Suppose thatT is weakly compact. LetT ′ : AC −→ AC be the complex linear
operator onAC associated withT .ThenT ′ is weakly compact by Theorem 2.3. It is easy to see
thatT ′ is the composition operator onAC induced byφ. By Theorem 1.4,T ′ is compact. This
implies thatT is compact by Theorem 2.1.

By part (vi) of Theorem 1.6, it is clear that Theorem 2.5 extends Theorem 1.4 in the case
K = R.

Now, we show that the class of weakly compact composition operators on real Lipschitz
spaces of complex-valued functions on compact metric spaces with Lipschitz involutions is
larger than the class of complex linear operators on complex Lipschitz spaces of complex-
valued functions on compact metric spaces.

Theorem 2.6. Let (X, d) be a compact metric space,B = Lip(X, dα) for α ∈ (0, 1] or B =
lip(X, dα) for α ∈ (0, 1] andT : B −→ B be a unital complex endomorphism ofB induced
by the Lipschitz mappingφ on (X, d). Let Y = X × {0, 1}, ρ be the metric onY defined by
ρ((x1, y1), (x2, y2)) = max{d(x1, x2), |y1 − y2|} andτ : Y −→ Y be the Lipschitz involution
on (Y, ρ) defined by

τ(x, 0) = (x, 1), τ(x, 1) = (x, 0) (x ∈ X).

Suppose thatA = Lip(Y, ρα, τ) if B = Lip(X, dα) andA = lip(Y, ρ?, τ) if B = lip(X, dα).
Letφ : Y −→ Y be the self-map ofY defined by

ψ(x, 0) = (φ(x), 0), ψ(x, 1) = (φ(x), 1) (x ∈ X).
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Then the following statements hold.
(i) ψ is a Lipschitz involution on(Y, ρ) andψ ◦ τ = τ ◦ ψ.

(ii) If S : A −→ A is the composition endomorphism ofA induced byψ, thenS is weakly
compact if and only ifT is weakly compact.

Proof. Clearly, (i) holds. We prove (ii) in the caseB = Lip(X, dα) andA = Lip(Y, ρα, τ) for
α ∈ (0, 1]. Define the mapΛ : B −→ A by

(Λf)(x, 0) = f(x) (f ∈ B, x ∈ X),

(Λf)(x, 1) = f(x) (f ∈ B, x ∈ X).

ThenΛ is an injective bounded real linear operator from(B, ‖ · ‖L(X,dα)
), regarded as a real

Banach algebra, onto(A, ‖ · ‖Y,L(Y,ρα)
). By open mapping theorem for real Banach spaces,Λ−1

is a bounded linear operator from(A, ‖ · ‖Y,L(Y,ρα)
) into (B, ‖ · ‖X,L(X,dα)

). We can easily show
thatΛ ◦ T ◦ Λ−1 = S. Therefore,S is weakly compact if only ifT is weakly compact.

To prove (ii) in the caseB = lip(X, dα) andA = lip(Y, ρα, τ) for α ∈ (0, 1), it is sufficient
that we applyΓ = Λ|lip(X,dα) instead ofΛ.

According to Theorem 2.5, we deduce that Theorem 2.6 extends Theorem 1.4 whenever
K = C.
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