The Australian Journal of Mathematical
Analysis and Applications

AIJMAA

Volume 14, Issue 2, Article 10, pp. 1-11, 2017

WEAKLY COMPACT COMPOSITION OPERATORS ON REAL LIPSCHITZ
SPACES OF COMPLEX-VALUED FUNCTIONS ON COMPACT METRIC SPACES
WITH LIPSCHITZ INVOLUTIONS

D. ALIMOHAMMADI AND H. ALIHOSEINI

Received 10 January, 2017; accepted 1 September, 2017; published 16 October, 2017.

DEPARTMENT OFMATHEMATICS, FACULTY OF SCIENCE, ARAK UNIVERSITY, P. O. Box, 38156-8-8349,
ARAK, IRAN.
d-alimohammadi@araku.ac.ir, hr_alihoseini@yahoo.com
URL: http://www.araku.ac.ir
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2 D. ALIMOHAMMADI AND H. ALIHOSEINI

1. INTRODUCTION AND PRELIMINARIES

The SymbolK denotes a field that can be eitfieior C. Let £ and F' be Banach spaces over
K. We denote byBx (F, F') the Banach space ovErconsisting of all bounded linear operators
from £ into F" with the operator nornj - ||,,. We write B (E) insteadBg (E, E). Let us recall
thatT € Bg(FE, F) is compact (weakly compact, respectively) if the closur&@f) in F' is
compact with the norm-topology (weak-topology, respectively), wiiéis the open unit ball
in E.

Itis known thatif £, F' and G are Banach spaces oV&rS € Bx(E, F)andT € Bg(F, G),
thenT o S is compact (weakly compact, respectively) whenéliesr S is compact (weakly
compact, respectively).

Applying the EberleirSmulian theorem[]4, Theorem V.6.1] and the definition of weakly
compact operators between Banach spacesliOyere obtain the following result.

Theorem 1.1.Let (£, || - ||) and (F,|| - ||) be Banach spaces arid : £ — F be a linear
operator fromFE into F' over K. ThenT is weakly compact if and only if for each bounded
sequencda,}>2, in (E,] - ||) there exist a subsequenée,, }3>, of {a,}°°, and an element

b of F such thatlimy_,, T'a,,, = b in F' with the weak-topology.

Let X be a nonempty sel/x(X) be a vector space df-valued functions onX and 7 :
Vk(X) — Vk(X) be a linear operator oVix (X) overK. If there exists a self-map : X —

X suchthatl'f = fogforall f € Vik(X), thenT is called thecomposition operator o (X)
induced byy.

Let X be a topological space. We denote Gy(X) and C%(X) the set of allk— valued
continuous and bounded continuous functionsXarrespectively. Therx(X) is a commu-
tative algebra oveK with unit 1y, the constant function oX with value1, andC%(X) is a
subalgebra ofk (X) containingl y. Moreover,C% (X) is a unital commutative Banach algebra
overK with the uniform norm

Ifllx =sup{lf(2)] ;2 € X} (f € Cx(X)).

Clearly, C%(X) = Cg(X) wheneverX is compact. We write”(X) and C*(X) instead of
Cc(X) andCg(X), respectively.

Let (X, d) and(Y, p) be metric spaces. Amap: X — Y is called aLipschitz mapping
from (X, d) into (Y, p) if there exists a constait/ > 0 such thap(¢(s), ¢(t)) < Md(s,t) for
all s,t € X. Foramapp : X — Y, theLipschitz constandf ¢ is denoted by(¢) and defined
by

p(@:sup{%:s,te)(,s#t}.

Clearly a mapy : X — Y is a Lipschitz mapping if and only jf(¢) < co. Amap¢ : X —
Y is called asupercontractive mappindrom (X, d) into (Y, p) if for eache > 0 there exists
ad > 0 such thatp(¢(s), ¢(t)) /d(s,t) < e forall s,t € X with 0 < d(s,t) < 6. Itis clear
that if  : X — Y is a supeccontractive mapping framX, d) into (Y, p) such thatp(X) is
bounded set Y, p), theng is a Lipschitz mapping.

Let (X, d) be a metric space. A functioh: X — K is called aK-valuedLipschitz function
(supercontractive functigmespectively) ori.X, d) if f is a Lipschitz mapping (supercontractive
mapping, respectively) froriX, d) into the Euclidean metric spaéé For a Lipschitz function
fon(X,d), theLipschitz numbeof f is denoted by x 4 (f) and defined by

Lix,a)(f) = sup {M

:x,yeX,x;«éy}.
d(z,y)
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Let (X, d) be a pointed metric space with the base peiat X. We denote byLip, (X, d) the
set of allK— valued Lipschitz functiong on (X, d) for which f(e) = 0. Clearly,Lip, (X, d) is

a linear subspac€k (X ) overK. Moreover,Lip, i (X, d) with the normLx 4(-) is a Banach
space oveik. We denote bylip, (X, d) the set of allf € Lip,x(X,d) for which f is a
supercontrative function o(X, d). It is easy to see thatp, i (X, d) is a linear subspace of
Lipyx(X,d) and it is a closed set in the Banach spat#, x (X, d), L(x,q)(-)). Therefore,
(lipo (X, d), L(x,4)(+)) is a Banach space ov&t. Note thatif¢ : X — X is a base point-
preserving Lipschitz mapping of)X, d), then f o ¢ € Lipyg(X,d) (f o ¢ € lipyx(X,d),
respectively) for allf € Lip, x (X, d) (f € lip, x(X, d), respectively). For further general facts
about Lipschitz spacdsip, x (X, d) and little Lipschitz spacésp, x (X, d), we refer to[14]. We
write Lipy (X, d) (lipy(X, d), respectively) instead dfip, (X, d) (lip, (X, d), respectively).
Note that there arkp, ; spaces containing only the zero function as for instaliggy ([0, 1], d)
whenevew is the Eucleadian metric df, 1].

Let (X, d) be a pointed compact metric space. It is said that, (X, d) separates points
uniformly on X if there exists a constant > 1 such that, for every:,y € X there exists
f € Lipyx (X, d) with Lx 4(f) < a such thatf(z) = d(z,y) and f(y) = 0. For instance, if
X is the middle-thirds Cantor set [, 1] andd is the Euclidcan metric oiX, thelip, (X, d)
separates points uniformly oxi (See[14, Proposition 3.2.2(a)]).

Let (X, d) be a metric space and € (0,1]. We know that the mag® : X x X — R
defined byd*(z,y) = (d(z,y))®, is a metric onX and the generated topology dn by d*
coincides by the generated topology &nby d. It is known [14, Proposition 3.2.2(b)] that
lipy (X, d*) separates points uniformly oXi whenevel X, d) is a pointed compact metric space
anda € (0,1).

Let (X, d) be a metric space and € (0,1]. We denote byLipk (X, d*) the set of allK-
valued bounded Lipschitz functions 0¥, d*). Clearly,Lipyk (X, d*) is a subalgebra af*(X)
containingl x. Moreover,Lipg (X, d*) is a Banach space under the norm

1A% 200y = max{[[ fllxs Lixae) ()} (f € Lip(X, d)).

Let lipg (X, d*) denote the set of alK-valued supercontractive bounded functiong and®).
Clearly, lipk (X, d*) is a subalgebra dfipg (X, d*) and it is a closed set in the Banach space
(Lipg (X, d%), “[[x,1x.qay)- HENCE(lip(X, d¥), || - |Ix,L x40y ) IS @ Banach space ovEr. More-
over, Lip(X, d°) C lip(X,d*) whenevel) < o < 3 < 1. Itis known thatLipy (X, d") sep-
arates the points oX. Lipschitz algebrad.ip(X,d*) and little Lipschitz algebraBp(X, d“)
were first introduced by Sherbert in]12] and[13].
Komowitz and Scheinberg in[[8] characterized compact composition operatbig %, d*)
for a € (0,1] andlip(X, d*) for (0, 1) whenever( X, d) is a compact metric space.
Jiménez-Vargas and Villegas-Vallecillos ini[7] studied and characterized compact composi-
tion operators of.ip, (X, d) whenevef X, d) is a pointed metric space not necessarily compact,
and onLip(X, d) andlip(X, d) whenever X, d) is a metric space not necessarily compact.
Jiménez-Vargas in([6] studied weakly compact composition operatorsipgy (X, d) and
lipg (X, d) whenever( X, d) is a pointed compact metric space, andlapy (X, d*) for a €
(0, 1] andlipg (X, d*) for a € (0,1) whenever X, d) is a compact metric space and obtained
the following results.

Theorem 1.2(See [6, Thorem 2.3])Let (X, d) be a pointed compact metric space, the map
¢ : X — X be a base point-preserving Lipschitz mapping and) andT : lip, i (X, d) —

lipy (X, d) be the composition operator dip, x (X, d) induced byp. Suppose that the little
Lipschitz spacéip, (X, d) separates points uniformly oN. If 7" is weakly compact, then

IS compact.
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Theorem 1.3(See [6, Corollary 2.4])Let (X, d) be a pointed compact metric space, the map
¢ : X — X be abase point-preserving Lipschitz mapping &nd) andT" : Lip, i (X, d) —
Lip, x (X, d) be the composition operator drip, x (X, d) induced byp. Suppose that the little
Lipschitz spacéip, x (X, d) separates points uniformly ok. If 7" is weakly compact, thefi

is compact.

Theorem 1.4(See [[6, Remark 2.1])Let (X, d) be a compact metric spacé, = Lipg (X, d%)
for o € (0,1] or £ = lipg (X, d®) for a € (0,1), ¢ : X — X be a Lipschitz mapping on
(X,d)andT : F — FE be the composition operator ofi induced bye. If T is weakly
compact, thefl” is compact.

Let X be a topological space. A self-map X — X is called aopological involutionon
X if 7is continuous ané(7(z)) = « for all z € X. Clearly, suchr is a homeomorphism from
X ontoX.

Let X be a Hausdorff space andbe a topological involution otX. Then the map™* :
C*(X) — C*(X) defined byr*(f) = f o7 is an algebra involution 06 (X ), which is called
thealgebra involution orC*(X) induced byr. We now define

CX,m)={f e C(X):7°(f) = f},

C'(X,7) ={feC"(X):7*(f) = f}.
ThenC(X, ) is a real subalgebra af'(X),1x € C(X,7),ilx ¢ C(X,7) andC(X) =
C(X,7) ®iC(X,7). MoreoverC®(X, ) is a unital self— adjoint uniformly closed real subal-
gebra ofC*(X),ilx ¢ C*(X,7),C*(X) = C*(X,7) ®iC*(X,7) and

max {[| fllx, lgllx} < [[f +7gllx < 2max {|[fllx,[lglx}

forall f,g € C°(X, 7). Clearly,C*(X,7) = C(X, 1) if X is compact.

Real Banach algebr@' (X, 7), || - || x) was defined explicitly by Kulkarni and Limaye inl[9],
where(X, d) is a compact Hausdorff space anik a topological involution orX. For further
general facts about (X, 7) and certain real subalgebras, we refer to [10].

Let (X, d) be a metric space. A self-map: X — X is called aLipschitz involutionon
(X,d) if 7(r(z)) = x for all z € X andr is a Lipschitz mapping o(X, d).

Note that ifr is a Lipschitz involution or{ X, d), thenr is a topological involution oi.X, d)
andl < p(7) < oo.

Let (X, d) be a pointed metric space ande a base point-preserving Lipschitz involution
on (X, d). Thent*(Lipy(X, d)) = Lipy(X, d) andr*(lip, (X, d)) = lipy(X, d). We now define

Lipy(X,d,7) = {f € Lipo(X,d) : 7°(f) = [},

hp0<X7 d? T) - {f € hp0<X7 d) : T*(f = f}
In fact Lip, (X, d, 7) = Lip,(X,d) N C(X,7) andlip,(X,d, ) = lipy(X,d) C(X, 7). The
following result is a modification of |2, Theorem 1.3].

L ~—

Theorem 1.5. Let (X, d) be a pointed metric space andbe a base point-preserving Lip-
schitz involution on( X, d). Suppose thatl = Lip,(X,d,7) and B = Lip,(X,d), or, A =
lipg(X,d, 7) and B = lip,(X, d). Then:
(i) Ais a self-adjoint real subspace 6f(X,7)andB, 1x ¢ Aandilx ¢ A.
(i) B=AaiA.
(i) Forall f,g € Awe have
max{Lxq(f), Lix.a)(9)} <p(T)Lixa(f +ig)
< 2p(7) maX{L(X,d)<f)a Lx.a) (9)}
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(iv) Aisclosedin(B, Lixq/(-)) and so(A, Lx,q(-)) is a real Banach space.

(V) fope Aforall f € Aif ¢ : X — X is a base point—preserving Lipschitz mapping
on(X,d)withto¢p=¢or.

(vi) If 7 is the identity map onX, thenLip(X,d,7) = Lip,r(X,d) andlip,(X,d,7) =
1ipO,]R <X> d)

Let (X, d) be a metric space and the map X — X be a Lipschitz involution oni.X, d).
Then7*(Lip(X, d*)) = Lip(X,d*) and7*(lip(X, d*)) = lip(X, d*) for a € (0,1]. We now
define

Lip(X,d*, 7) = {f € Lip(X,d*) : 7*(f) = f},

lip(X,d*, 7) ={f € lip(X,d*) : 7°(f) = f}.
The following result is a modification of [2, Theorem 1.2].

Theorem 1.6.Let (X, d) be a metric space andbe a Lipschitz involution 00X, d). Suppose
thata € (0,1] and A = Lip(X,d*,7) and B = Lip(X,d*), or, A = lip(X,d*, 1) and
B =lip(X,d®). Then:
(i) Aisareal subalgebra of®(X,7)andB, 1x € A,ily ¢ A.
(i) B=A®iA.
(i) Forall f,g € Awe have

(P S +igllx.Lx ae

2 (p(T))a maX{HfHX,L(X,da)? HgHX,L(x,da)}‘

(iv) Alisclosedin(B, || - ||x . ,) @nd SO(A, || - |lx.L x4, ) iS @ real Banach space.

(V) fop € Aforall f € Aif ¢ : X — X is a Lipschitz mapping ofi.X, d) with

poT=To00.
(vi) If 7 is the identity map orX, thenLip(X,d®,7) = Lipg(X,d*) andlip(X,d*, 1) =
hpR(X7 da)'

maX{HfHX,L(X,daV ||gHX7L(X,dC¥)} <
<

Real Lipschitz algebrakip(X,d*, 7) and real little Lipschitz algebralsp(X, d*, ) were
first introduced in[[1l], wheneverX, d) is a compact metric space. In this case, Ebadian and
Ostadbashi characterized compact composition operators on these algebras in [5]. Compact
composition operators dnip,(X, d, 7), Lip(X, d, 7) andlip(X, d, 7) characterized ir_|2].

In Section 2, we first show that a bounded linear operd@tan a real Banach spade is
weakly compact if and only if the complex linear oper&idion the complex Banach spagg
is weakly compact, wherg is a suitable complification of and7” is the complex linear oper-
ator onF¢ associated witfl’. Next we show that i is a weakly compact composition operator
on real Lipschitz spaces of complex-valued Lipschitz functioing (X, d, 7) andlip, (X, d, )
on pointed compact metric spack¥, d) with Lipschitz involutionr or on real Lipschitz space of
complex-valued Lipschitz functiorisip(X, d*, 7) andlip(X, d*, 7) on compact metric spaces
(X, d) with Lipschitz involutionT for a € (0,1), thenT is compact under certain conditions.
Finally, we show that the class of weakly compact composition operator on real Lipschitz spaces
of complex-valued Lipschitz functions on compact metric spaces with Lipschitz involutions is
larger than the class of weakly compact composition operators on complex Lipschitz spaces of
complex-valued functions on compact metric spaces.

2. RESULTS

Let F be a real vector space. A complex vector spBgés called acomplexificatiorof £ if
there exists an injective real linear mdp £ — FE¢ such thatte = J(F) @ iJ(E). Clearly,
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E x E with addition and scalar multiplication defined by
(a1,b1) + (az,ba) = (a1 + ag,by +b2) (a1,b1,02,by € E)

(a+1i6)(a,b) = (aa — Bb, fa+ ab) (o, € R,a,b e E),

is a complexification of! under the injective real linear map: F — F x FE defined by
J(a) = (a,0),a € X.

Let (E,| - ||) be a real Banach space. By a similar proof of [3, Proposition 1.13.3], one can
show that there is a noriff} - ||| on £ x E with |||(a,0)||| = ||a|| for all « € E such that

max{|[al, |bI[} < [l[(a,0)[|] < 2max{]lal,[1b]}
foralla,b € E. Clearly,(E x E,||| - |||) is a complex Banach space.

Definition 2.1. Let £ be a real linear space ai@ be a complexification of under an injective
real linear map/ : E — E¢. Suppose thdf’ : F — F is areal linear operator off and the
linear mapl” : Ec — E¢ defines by

T'(J(a) +iJ(b)) = J(T(a)) +iJ(T()) (a,b€ E).

Clearly,T" is a complex linear operator afi-. We say thafl” is thecomplex linear operator
on E¢ associated with".
For further general facts about the complexifications of real Banach spaces, we refér to [11].

The following result is a modification of [2, Theorem 2.1] and we use it in the sequel.

Theorem 2.1.Let(E, ||-||) be a real Banach space arid: be a complexification of under an
injective real linear map/ : £ — Ec. Suppose thaf|-||| isa norm onE¢ with ||| (a)l]| = ||a||
for all « € F and there exist positive constaritsand &, such that

max{|al, [1b]] < ka[l[/(a) + 3T (O)[|| < ko max{]|al], [[b]]}}

forall a,b € E. LetT : E — E be a bounded real linear operator diiand?” : Ec — Ec¢
be the complex linear operator ati- associated witl". Then the following statements hold.

(i) 7" is bounded andT”||,, < k1ka||T||op-
(i) T"is compact if and only if" is compact.

For a Banach spack overK, we denote byw* the dual space aof.
The following lemma is a modification [11, Theorem 7] and its proof is straightforward. We
will use this lemma in the next theorem.

Lemma 2.2. Let (£, || - ||) be a real linear Banach space aritt be a complexification of
under an injective real linear mag : £ — FE¢. Suppose that| - ||| is @ norm onE¢ with
|/ (a)||| = ||a|| for all a € E and there exist positive constaintandk, such that

max{|lall, [[b]l} < kill[J(a) + T (B)][] < ko max{]|a]], [|b][}

forall a,b € E.
() Iffor A\, u € E* the map\ o u : Ec — C defines by

(Aop)(J(a) +iJ (b)) = (Ma) — u(b) +i(u(a) + A())  (a,b € E),
then\ o 1 € (E¢)* and
A e pllop < 21 ([[Allop + ll1ellop)-
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(i) Let] - |l be anorm onE* x E*, as a complexification af*, with [[(A,0)(« = [[Allop
forall A € E* and

max{|[Allop, [[#llop} < [N 1) [ls < 2max{{|Allop, lllop}
forall A\, u € E*. Thenthe ma : E* x E* — (FE¢)* defined by

YA p)=Aop (A p€E"),

is a bijective complex linear operator and continuous from the complex Banach space
(E* x E*,|| - ||,) onto the complex Banach spa@éc)*, || - ||.,). Moreover,¥ ! is a
bounded linear operator fror( £c)*, || - [|op) to (E* x E*, || - ||).

Theorem 2.3.Let (E, || - ||) be a real linear Banach space arf} be a Complexification off
under an injective real linear mag : £ — E¢. Suppose thaf| - ||| is a norm onE¢ with
||/ (a)]]] = ||a|| for all « € E and there exist positive constaritsand &, such that

max{|al, [1b][} < ka[l[J(a) + 3T (O)[[| < ko max{]lal], |[b]|}

forall a,b € E. LetT : E — E be a bounded real linear operator diand7” : Ec — FE¢

be the complex linear operator an- associated witl'. ThenT is a weakly compact operator
on the real Banach spadé’, || - ||) if and only if7” is weakly compact operator on the complex
Banach spacéEg, ||| - |I])-

Proof. Let || - || be a norm orE* x E*, as a complexification oE™*, with [||(A, 0)||| = [|Al|op
forall A € E* and

max{||Allop, [l tllop} < (A, 1)l < 2max{||Allop, [[llop}
for all \, u € E*. Define the mag : £* x E* — (Ec)* by

(A p)=Aop (A peE,
where\ o € (E¢)* defines by
(Ao p)(J(a) +iJ(b)) = (Aa) — u(b)) + i(u(a) + A()),  (a,be€ E).
By Lemmd 2.2 ¥ is a bijection complex linear operator and a homeomorphism from the com-
plex Banach spacgZ* x E*, | - ||.) onto the complex Banach spad&c)*, || - ||op)-

We first assume thdt’ is weakly compact. To prove the weakly compactnes§oflet
{c,}52, be a bounded sequence(ifi, ||| - |||). For eachn € N there existga,,,b,) € E x E
such thate,, = J(a,) + iJ(b,). Itis clear that{a,}>*, and{b,}>2 , are bounded sequces in
(E,|I-11)- SinceT is a weakly compact linear operator @f, || - ||), by Theoren) 1]1, there exist
strictly increasing functiong, » : N — N and elements, b € F such that

lim Tagp) = a (in E with the weak-topology)

k—o0

lim 70, = b (in £ with the weak-topology)

k—o0
For eacht € N, setn, = r(q(k)). Then{a,, }32, is a subsequence §f,,}°° ,, {b,, }, isa
subsequence db,, } 2

n=11
(2.1) ]}LIEO Ta,, =a (in £ with the weak-topology)
and,
(2.2) 1}520 Tb,, =b (in £ with the weak-topology)

Let A € (Ec)*. Then there exisk, . € E* such that
(2.3) A=T(\p) = op.
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Now we have

(2.4) lim A(a,,) = Aa),

k—o0

and,
(2.5) Jim u(bn, ) = pu(b),

by (2.1) and[(Z.R), respectively. From (2.4), (2.5) dnd](2.3) we get
(2.6) lim A(T'C,, ) = A(J(a) +1iJ (b)),

Since( E¢)* separates the point @i and [2.6) holds for each € (Ec¢)*, we conclude that
(2.7) klim T'(Cy,) = J(a)+iJ(b) (in Ec with the weak-topology)

This implies thatl” is weakly compact operator @i, ||| - |||) by Theoren 1]1.

We now assume that’ is a weakly compact operator dic, ||| - |||). To prove the weakly
compactness df on (E, || - ||), let{a,}>>, be a bounded sequence(if, || - ||). Itis clear that
{J(a,)}s°, is a bounded sequence(ifg, ||| - |||). SinceT” : Ec — E¢ is a weakly compact
linear operator orE¢, by Theorenf 1]1, there exist a subsequefige }7°, of {a,};>, and an
elementc € E¢ such that

(2.8) lim 7"(J(a,,)) = ¢ (in Ec with the weak-topology).

k—o00

Sincec € Eg, there existga,b) € E x E such that
(2.9) c=J(a)+iJ(b).

We claim that
lim T'(a,,) = a (in E with the weak-topology).

k—o0
Let A € E*. SetA = U(\,0). ThenA € (E¢)*. Hence, by[(Z)8) we have
(2.10) klim AT (J(an,))) = Alc).

From (2.10) and (2]9), we get
lim (A0 0)(J(Tay,)) = (Ao 0)(J(a) +1iJ(D))

k—o0

and so
(2.12) lim A(T'ay,) = Aa).

k—o0

SinceE£* separates the points éf and [2.11) holds for each € E*, we deduce that
klim T(a,,)=a (in E with the weak-topology).
ThereforeI" is weakly compact by Theorem 1.4.

Theorem 2.4. Let (X, d) be a pointed compact metric spacebe a base point-preserving
Lipschitz involution on( X, d) and A = Lip,(X,d, ) or A = lipy(X, d, 7). Suppose that the
complex little Lipschitz spadép, (X, d) separates points uniformly oK. Let¢ : X — X be
a base point-preserving Lipschitz mapping (0%, d) withto ¢ = poTand7 : A — A be
the composition operator oA induced byy. If T' is weakly compact, thefi is compact.
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Proof. We assume thatlc = Lip,(X,d) if A = Lipg(X,d,7) and Ac = lipo(X,d, 1) if

A = Lipy(X, d). By Theoreni 15A¢ is a complexification of4 under the injective real linear
mapJ : A — Ac defined byJ(f) = f(f € A), (A, Lxq4(-)) is a real Banach space and
L(x.4)(-) isanorm on the complex vector spatewith Lx ) (J(f)) = Lx,q)(f) forall f € A
and

max{Lxa(f), Lixa(9)} <p(1)Lixa(J(f) +1iJ(g))
< 2p(1) max{Lx,a)(f), Lix.a)(9)}

forall f,¢g € A. Suppose thdf is weakly compact. Let” : Ac — Ac be the complex linear
operator onAc associated wit”. ThenT” is weakly compact by Theorem 2.3. It is easy to
see thatl” is the composition operator ofi: induced bye. Sincelipy(X, d) separates points
uniformly on X, we deduce that” is compact by Theorefn 1.2. This implies tat A — A

is compact by Theorem 2.1.

By part (vi) of Theorenj 1]5, it is clear that Theorém]|2.4 extends [6, Theorem 2.3] and [6,
Corollary 2.4] wheneveK = R.

Theorem 2.5.Let (X, d) be a compact metric spacebe a Lipschitz involution oX, d), « €
(0,1) and A = Lip(X,d*, 7) or A = lip(X,d*, 7). Lety : X — X be a Lipschitz mapping
on(X,d)withto¢p =¢orandT : A — A be the composition operator ofiinduced byy.

If 7" is weakly compact, thef is compact.

Proof. We assume thatic = Lip(X,d®) if A = Lip(X,d*, 7) andA¢ = lip(X,d®) if A =
lip(X,d*, 7). By Theoren] 1J6Ac is a complexification ofd under the injective real linear
mapJ : A — Ac defined byJ(f) = f (f € A), (A, || - [[x.z.x.,) IS @ real Banach space
and|| - ||X7L(X’du> is a norm on the complex vector spate with ||.J(f) Hx,L(X,da) = ||f||X,L(X7da>
forall f € Aand

max{ || fllx.Lx a0y 1911520 ey b < )T + (TGO x Lx a0
< 2(p())* max{ | F11x.z x gy » 1911, L 0 00y 3

forall f,g € A. Suppose thdf is weakly compact. LEt” : Ac — Ac be the complex linear
operator on4c associated witl".ThenT” is weakly compact by Theorem 2.3. It is easy to see
that7” is the composition operator ofi: induced bys. By Theorenj 147" is compact. This
implies that” is compact by Theorem 2.1.

By part (vi) of Theoreni 1]6, it is clear that Theor¢m|2.5 extends Theprem 1.4 in the case
K =R.

Now, we show that the class of weakly compact composition operators on real Lipschitz
spaces of complex-valued functions on compact metric spaces with Lipschitz involutions is
larger than the class of complex linear operators on complex Lipschitz spaces of complex-
valued functions on compact metric spaces.

Theorem 2.6. Let (X, d) be a compact metric spac& = Lip(X,d*) fora € (0,1] or B =
lip(X,d*) for a € (0,1} andT : B — B be a unital complex endomorphism Bfinduced
by the Lipschitz mapping on (X, d). LetY = X x {0,1}, p be the metric ort’defined by
p((x1,11), (T2, y2)) = max{d(x1,x2), |11 — y2|} @andr : Y — Y be the Lipschitz involution
on (Y, p) defined by

7(z,0) = (z,1), 7(z,1)=(2,0) (z€X).
Suppose thatl = Lip(Y, p*, 1) if B = Lip(X,d*) and A = lip(Y, p*, 7) if B = lip(X, d®).
Lety : Y — Y be the self-map df defined by

1/1(3570) = (¢(x)’0)7 %D(ifa 1) = (¢($), 1) (QE S X)
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Then the following statements hold.
(i) ¢ is a Lipschitz involution oY, p) and o 7 = 7 o 1.
(i) If S: A — Aisthe composition endomorphism#finduced byy, thensS is weakly
compact if and only if" is weakly compact.

Proof. Clearly, (i) holds. We prove (ii) in the cage = Lip(X,d*) andA = Lip(Y, p*, 1) for
a € (0,1]. Define the map\ : B — A by

(Af)(x,0) = f(z) (f € B,xzeX),
(Af)(x,1) = f(z) (f €B,x€X).

ThenA is an injective bounded real linear operator from, | - ||z ..,), regarded as a real
Banach algebra, onto4, || - vy, )- BY Open mapping theorem for real Banach spages,
is a bounded linear operator frofd, || - [lv.zy. o)) IO (B, || - [|x,L x40, ) We can easily show
thatA o T o A~! = S. Therefore S is weakly compact if only ifl" is weakly compact.

To prove (ii) in the cas&® = lip(X,d*) andA = lip(Y, p, 7) for a € (0, 1), it is sufficient
that we applyi’ = Aljip(x,q¢) instead ofA. §

According to Theorem 2|5, we deduce that Theofen 2.6 extends Th¢orem 1.4 whenever
K =C.
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