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ABSTRACT. In this paper, we give some resultsiof quasi clas®)* operators. We proved that
if T is an invertible operator aniy be an operator such that commutes withi™ T, thenN is
k—quasi clas€)* if and only if TNT ! is of k—quasi clas%)*. With example we proved that
exist an operatok—quasi clas€)* which is quasi nilpotent but it is not quasi hyponormal.
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1. INTRODUCTION

Let L(H) denote theC* algebra of all bounded operators @hand letH be a complex
Hilbert space with inner produgt, -). ForT € L(H), we denote by (T") the spectrum of"
and byr(t) the spectral radius of operatérwhich is defined by (7") = sup{|A| : A € o(T")}.
The null operator and the identity dr will be denoted byO and 7, respectively. IfI" is an
operator, thef™ is its adjoint, and|T’|| = || 7|

An operator]’ € L(H) is a positive operatof]" > O, if (T'z,z) > 0 for all z € H. If
two operatorA € L(H) and B € L(H) are positive operators and #B = BA then the
productAB is also positive operator. TH&| = (7+T)z is a positive operator and we have that
IT|? = T*T and|T*[> = TT*.

The operatofl is called unitary operator if*T" = TT™ = I. The operatofl” is normaloid if
r(T) = ||T|| and it is quasi nilpotent if (") = 0.

An operatorl’ € L(H), is said to be paranormall[4], jfT'x||?> < ||T?z|| for any unit vector
x in ‘H. Further,T is said to be quasi hyponormal [3],|i*Tz|| < ||7?z|| for any unit vector
xinH.

An operatorT is calledk—quasi- x —paranormal if| T*T*z||?> < || T%"2x||||T*x||, for all
x € 'H, wherek is a natural number, [8].

An operator]’ € L(H) belongs to clas§)* if T**T? — 2TT* + I > O or equivalent if
|72 < 5 (17%])* + [|=]|?) , for all = € H ([6]).

An operator!’ € L(’H) belongs tok—quasi class)* if

1
T T | < 5 (17"l + [ T"]%) |

for all z € H, wherek is a natural number. Equivalently, operatbre L(H) belongs to
k—quasi clas®)* if T**(T*2T? — 2TT* + I)T* > O, wherek is a natural number[([5]).
Aluthge in [1] define a transformatidh of operatorT” by T = |T|%U|T|%, whereT = U|T|
is the polar decomposition of operafBr T is called Aluthge transformation.
Yamazaki in [ 7] define thé—Aluthge transformation of operatdr. The x—Aluthge trans-

formation is defined by"*) % (7%)* = |73 U|T* 3.
Itis proved that/*|T*|z = |T|2U*, U*|T*| = |T|U*,U|T|z = |T*|2U,U|T| = |T*|U.
2. MAIN RESULTS
In this section we prove some propertiescefquasi class)* operators.

Theorem 2.1. Let beT be an invertible operator and/ be an operator such thal commutes
with 7*T. ThenN is k—quasi clasgQ* if and only if TNT ! is of k—quasi class)*.

Proof. Let N be ak—quasi class)* operator.
N*(N*2N? —2NN* + I)N* > 0.
From this we have that:
TN*|N*?N? — 2NN* + I|N*T* > 0.
Consider,

TN*[N**N? —2NN* + [|N*T*[TT"]
=TN*[N*2N? — 2NN* + I|N*[T*T|T*
=T[T*T|N**[N**N* — 2NN* + I|N*T*
=[TT*|TN**[N**N?* — 2N N* + I|N*T*.
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So, we see that operatdfl™ commutes with operator
TN*[N*?*N? —2NN* + I|N*T"*.

Then operatof7T'T*|~! also commutes with operator
TN*[N**N? — 2NN* + I|N*T*.

Since the operatof§'7*|~! andT N**[N*2N? — 2N N* + I|N*T* are positive and since they
commute with each other we have that their product is also positive operator:

T*IN*2N? - 2NN* 4+ I|N*T*[TT*]7* > 0.
Since operatoN commutes with operatdr* 7", we get,
(TNTY)* = (TNTY)(TNT~Y*...(TNT1)*

(2.1) e Vi Ay A W Vs AN Ao W Ny e A B N o
(2.2) (ITNT Y =TNT'TNT*...TNT™' = TN*T~*
(2.3) (TNT Y2(TNT 1?2 = TN**N?*T*

(2.4) (TNT ) (TNT')* = TNT'T*"'N*T* = TNN*T~*

To prove thatT’ NT—! is k—quasi classQ* operator, the equation (2.1), (2.2), (2.3) and
(2.4)we substitute in above expression:

(TNT Y *[(TNTY)**(TNT 1?2 —2(TNT)Y(TNT™Y* + I|(TNT')*
and we have
(TNTY*[(TNTY*(TNTY)? = 2(TNT ) (TNT )" + I|(TNT )
=T 'N*T*[TN*N?T~! —2TNN*T~' + I|TN*T~!
=T 'N*T*T[N**N? - 2NN* + [|[T'TN*T~!
=T 'N*T*T[N**N? — 2NN* + [|N*T~!
=T*'T*TN*[N**N? — 2N N* + I|N*T~!
=TN**[N**N? —2NN* + I|N*T~!

Now we have to prove that that the last expression is positive. From the fact that we prove
that

TN*[N**N? —2NN* + I|N*T*[TT*]™* > 0
we have that:

= TN*[N**N? —2NN* + [|N*T*T*'T~' > 0
= TN*[N**N? —2NN* + [|N*T~* >0

Hence, I'NT~! is k—quasi clas€)* operator.

Conversely, lefl’ NT—! be ak—quasi class)* operator.
(TNTY* [(TNTY)Y*TNT )2 —2(TNT ) (TNT™Y)* + I)(TNT")* > 0.
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Then similar as before, after substituting the equafior] (2.1), (2.2), (2.3) ahd (2.4)we have:

= TN*[N* N? —2NN* + [|N*T~* >0
= T*TN*[N**N? - 2NN* + [|N*T'T > 0
= [T*T|N**[N**N? — 2N N* + [|N* > 0.

Since operatof7™* 7] commutes with operata¥ and hence commute with operator
[T*T|N**[N**N? —2NN* + I|N*.

The also the operatd?™*7]~! commutes with operator
[T*T|N**[N**N? — 2NN* + I|N"*.

Since the operatofd™7]~! and[T*T|N**[N*2N? — 2N N* + I|N* are positive and since they
commute with each other we have:

[T*T) Y T*T|N**[N**N? — 2NN* + I|N* > 0.
Therefore,
N*[N*2N? —2NN* + I]N* > 0.
Hence,N is k—quasi class)* operator.p

Corollary 2.2. Let S be ak—quasi clasg)* operator and)M any positive operator such that
M=t = M*. ThenT = M~'SM is k—quasi clasg)* operator.

Proof. Let S be ak—quasi clas$)* operator. Then
S*F(S5*28% —258* +1)S*F > O.
Consider,

TH(T?T? — 27T + I)T*
= (MPSMY* (M*SM)2(M~*SM)* = 2(M~'SM)(M~*SM)* + I)(M~'SM)*
=M*S*M Y M*S M MES M (MES MM S M MY SM M TS M
—2M*S*M Y MTYSM + )M 'SMM*SM..M~*SM
=M*S**(5*25? —28S* + I)S*M > O.
henceI' = M~'SM is k—quasi class)* operator.

Theorem 2.3.Let beT € L(H). ThenT is k—quasi classQ* operator if and only if'*) is
k—quasi class)* operator.

Proof. Assume thaf’" is k—quasi clas€)* then

Tk (T2 — 9T 4 )T > 0.
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We need to prove that™® is k—quasi -clas€)* operator.

Tk (FORFE2 _ o) )x 4 [yFk
=(|T*|2U|T* 7)™
((IT*[2U|T*(2)2(| T2 U|T*|2)? — 2T |2U|T*|2) (|T*| 2 U|T*|2)* + 1)
(|7 |zU|T|2)"
=(IT*[2U|T*|2)*(|T*|2U|T*|2)" - (|T*|2U| T )"
(T [2U|T*|2)*(IT* |2U|T*|2)*(|1T*|2U|T*|2) (|1 T* 2 U|T*|?)

— 2(|T*[2U|T*[2)(|T*|2U*|T7|2) + 1]
(T [2U|T*|2)(IT*[2U|T*|2) - - (|T*|2U|T*|2)
=(IT*[2U*|T* ) (|T* |2 U*|T*|2) - (|T*[2U*|T*]2)

(T 20T ) (|T* [2U*|T*[)(|T* |2 U |T*|2) (|72 U |T|2)

— 2(|T*|2U|T*|2)(|T*[2U*|T*|2) + 1]

(T [2U(T* ) (| T*2U|T*|3) - - (|T*|2U|T*]?)
—UU*(|T*|2U*|T*|U* - - - U*|T*|2)UU*

(|7 |20 | T*|U*|T*U|T*|U|T* |2 — 2T |2U|T*|U*|T*|2 + 1]
UU*(|T*|2U|T*|U - -- U|T*|2)UU*
—U(U*|T*|2U*|T*|U* - - - U*|T*|2U)[U*|T*|2U*|T*|U*|T*U |T*|U|T* |2 U
— U |T*|2U|T*|U*|T*|2U + I)(U*|T*|2U\T*|U - - - U|T*|2U)U*
=U(|T|2U*|T|U* - U*|T|2U)[|T |2 U*|T\U*|T|U|T|U| T2
—2|T|:U|T|U*|T|z + I)(|T|2U|T|U - - - U|T|2)U*
=U(|T|zU*|TI2)(IT|2U*|T|?) - (IT|2U*|T)?)
[(IT|2U|T|2)(IT|2U|T|2)(IT|2U|T|2)(|T|2U|T|*)
—2(|T|zU|T|2)(|T2U*|T2) + 1]

(72U |T|2)(|T2U|T|2) - (|T|2U|T|2)U*

—UT*(T2T? — 21T + NT*U* > 0.

Therefore
T*(T**T? — 2TT* + )T* > 0.

HenceT ™ is k—quasi clas€)* operator.
Conversely, assume that*) is k—quasi clasg)* operator, then
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We need to prove that is k—quasi clas®)*.
Consider

TH(T2T? — 27T + 1T
=U*U(|T\2U*|T|2)(|T|2U*|T|2) - (|T|2U*|T|)U*U
[(T|zU°|T|2)(IT|2U*|T|2)(IT|ZU|T|2)(|T|2U|T|2) — 2(|T|2U|T)?)
(IT12U*|T|7) + 1]
UU(|T|2U|T|2)(ITI2UT|Z) - (|T|2U|T|2)U*U
=U*(U|T|2U*|T|U* - - - U*|T|2U*)
[U|T|2U*|T|U*|T|U|T|U|T|2U* — 2U|T|2U|T|\U*|T|2U* + I
(U|T|2U|T|U - - - U|T|2U*)U
=U*(|T*[2U*|T*|U* - - U*|T*]?)
(| T*|2U*|T*|U | T*|U|T*|U|T*|= — 2|T*|2U|T*|U*|T*|% + 1]
(|T*2U|T*|U - - U|T*|2)U
=U*(|T*[2U* | T2 )(|T*[2U|T*|2) - - (|T2U” | T 2)
(|7 [2U*|T*[2)(|T* |2 U*|T|2)(|T*|[2U|T*|2) (|T*|2U|T* | 2)
— 2(|T*[2U|T*2)(|T* [2U*|T*|2) + 1]
(|T*2U T2 )(|T*[2U|T|2) - - - (|T*2U|T*|2)U
=U*(|T*|2U|T*|2)*
(|7 |2U|T*|2)2(|T*|2U|T*|2)?
— 2(|T*2U|T* )" (|1 T*|2U*|T*|2) + I)(|T*|2U|T*|2)FU
:U*T(*)*k(T(*)*QT(*)Q — POt I)T(*)kU

Therefore
T (T2T2 — 97T 4+ 1)) > 0,
HenceT is k—quasi clas®)* operator.y

Proposition 2.4. LetT € L(H) be the operator defined as

A B
T - (0 O) |
If Ais operator of clas$)* and BB* = 0, thenT' is an operator of—quasi classy*.
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Proof. A simple calculation shows that:

. (A0
Ark 0
*k
" = (B*A*(k—l) 0) )

0 0
PRk _ A**(AA* + BB*) Ak A*(AA* + BB*)A*-VB
T\ B ARD(AA* + BB AR B*A*-D(AA* + BB*)AF-VB
B A*kAA*Ak A*kAA*A(k—l)B
- B*A*(k—l)AA*Ak B*A*(k—l)AA*A(k—l)B )
A*(k+2) 0
*(k+2) __
T ( ) - (B*A*(k+l) 0/’
T(k+2) B A(k+2) A(k+1)B
- 0 0 ’

rek2) p(k+2) ( Ax(k+2) A(k+2) A*(k+2) A(k+1) B )

B*A*(k+1)A(k+2) B*A*(k+1)A(k+1)B
AR(A2AZ — 2AA* + 1) A* AR (A2A% - 244 + )A®-VB
BrA*FD (A2 A2 — 2AA + 1) AF B*A*FD(A2 A2 — 244 + [)A*DB
Letu =2 @y € H® H. Then,

<<T*(k+2)T(k+2) _ ok Tk 4 T*ka)u, u)

= (A™(A2 A% — 2AA" + ) Az, x) + (A (A2 A% — 2AA% + ) A%V By, x)
(B*A*=1 (A2 A2 — 2AA* + 1) ARz, y)

(B*A* =D (A2 A% — 244" + T)A* VY By, )

(A2 A% —2AA* + 1) AFz, AFz)

(A2 A% — 2AA* + 1) A%V By, AFz)

(A2 A% — 2AA* + 1) AFz, A*~D By)
( )
(

m + +

+ o+ o+

(A2 A% — 2AA* + 1) A%V By, Ak~ By)
(A2 A% — 244" 4 I)(Arz + AV By), (AFz + ARV By)) > 0

becausel is operator of clas®* then,A*2A? — 2AA* + 1 > O, so this prove the resuli
Proposition 2.5. Every quasi hyponormal operator is operator of quasi cl@ss

Proof. LetT' € L('H) be a quasi hypormal operator, then

1T Tl < ||T72].

AJMAA Vol. 14, No. 2, Art. 1, pp. 1-10, 2017 AJMAA


http://ajmaa.org

8 SHQIPE LOHAJ AND VALDETE REXHEBEQAJHAMITI L

Since every quasi hyponormal operator is paranormal [3, Corollary 3.15] then we have

y Tx
o7l < el = 7 () 1 Il

Tx
<7 (e ) - Il = T 17l

1
5 (I + 1Tz )?),

IA

So,T is operator of quasi clasg*. 1

In following example we will prove that exist an operatorquasi class)* which is quasi
nilpotent but it is not quasi hyponormal.

Example 2.1. Consider the operataf : [> — [? defined by

T(x) = (0,121, s, .. .)

1 . . - .
wherea; = — for n > 1. Operator? is of k—quasi classp* and quasi nilpotent but it is not

guasi hyponormal.
GivenT'(z) = (0, aq 21, s, .. .). ThenT*(z) = (a2, asxs, . . .),

T2(x) = (0,0, vyanzy, oz s, . . ),

k—time
k
T (33) = (0, 0, 0, c ,0, 10y ... XX, O3 .. . Apy41X2, . - .),
(k—1)—time
——N—
*rmk 2 2
T*T%(x) = (0,0,0,...,0, 0102 . .. 1, o3 . .. O 1 T2, - . ),

shrpk 2 2 2 2 2 2
T (x) = (0405 . .. g1, Q505 . .. Q1 T2, . . ),
shrpk+1 2 2 2 2
THT* () = (0,0703 . . . Q11,0505 . . . QF 4 QpraTa, . . ),

(k1) k1N 2 2 2 2 2 2
T T (x) = (a1a2 e QG T, OG0 . . O O 9T, . . ),

w (k1) k42 2 2 2 2
T**DTR2(2) = (0, &1a2 Qg O 2T, Q50 . . (e 9Oty 3T2, - - ),
w(k+2) k42 2 9 2 9 2 2
T TF2(z) = (53 . .. O 10401, QOO . .. (0O 5T, - - ),
(k)—time
PRI
sk 3 3
TT*T"(z) = (0,0,0,...,0, 0102 . .. 1, 23 . .. O 1 T2, - . .),
(k—1)—time
R N
* xrk 4 4
T*TT*T"(z) = (0,0,0,...,0, 0100 . . . Q1,203 . . . Ay 1 T2, - . ),

THTT*TH(z) = (ajaj ... af_104T1, Q305 . .. ORQG 1 T, - . ).
Now consider
(T (T*2T? = 2TT* + INT"z, )
—((T*+D k42 _ 2T*kTT*Tk: TR )
=((a103 ... Ajy Ol — 20105 ... af_ 0 + 105 ... aR)T, 1)
+{(a303 . . . a0 g — 2042043 QGO T OGO QG )T, o) F .
=01a; . o (g gy — 205 + 1)l |)®

+0303 -+ 1 (O 2043 — 20541 + 1| + ... > 0.
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Because

5 9 9
Xk o1 — 205,41 + 1

1 \? 1 2 1 2
:<2n+k> (W) —Q(W) +1>0,k>1,n>1.

1
FromT'(er) = —ex1 We have

2k
1 1
T*(ey) = ok okt k2
. 11 1
T"(ex) = ok " ok+1 2k+n—1€k+"‘
. . 11 1 11 1
Since||T"|| = SLklpHg gl = 5 g
1
1 —
T) = tim |77 = lim [ ———— )" = lm —— =0
r() = lim [0 = tm | ey | = i g =0
2 2 2 2

Hence, operatof’ is quasi nilpotent.

But operator?’ is not quasi hypornormal.

From [3, Proposition 3.4Jwe have that the operatdf is quasi hyponormal if and only if
lan| < |ans1]. In this case we have thad,| £ |11, SO it is not quasi hyponormal.

In following example we will prove that the—quasi clasg)* andk—quasi— x — paranormal
operator are two different classes.

Example 2.2. Let T, be the weighted shift operator with nonzero weights where

2 3 n+1 n+k+1
_ =S an =), = e g = A > 1k > L
Q=T n \[3’0‘2 \/; s LA Vi e M

Then we have the following results:
1) From[5, Corrolary 2.2JoperatorT), is of an operator ok—quasi clasg)* if and only if

2 2 2
Xk Qi1 — 205451 +1 2 0.

So after some calculation we see that this is true only if

O<a< ﬁ
2
2) From[8, Example 1.2pperatorT, is of an operator ok—quasi— *x — paranormal if and
only if

2
Oyl < Qi pQingggl-
So after some calculation we see that this is true only if

O<e<

5l
[\]
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3) So, if
1 V3
— <z < —,
V2t te

operatorT), is an operator oft—quasi clasg)* but notk—quasi— * — paranormal.
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