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1. I NTRODUCTION

Let L(H) denote theC∗ algebra of all bounded operators onH and letH be a complex
Hilbert space with inner product〈·, ·〉. For T ∈ L(H), we denote byσ(T ) the spectrum ofT
and byr(t) the spectral radius of operatorT which is defined byr(T ) = sup{|λ| : λ ∈ σ(T )}.
The null operator and the identity onH will be denoted byO andI, respectively. IfT is an
operator, thenT ∗ is its adjoint, and‖T‖ = ‖T ∗‖.

An operatorT ∈ L(H) is a positive operator,T ≥ O, if 〈Tx, x〉 ≥ 0 for all x ∈ H. If
two operatorA ∈ L(H) andB ∈ L(H) are positive operators and ifAB = BA then the
productAB is also positive operator. The|T | = (T ∗T )

1
2 is a positive operator and we have that

|T |2 = T ∗T and|T ∗|2 = TT ∗.
The operatorT is called unitary operator ifT ∗T = TT ∗ = I. The operatorT is normaloid if

r(T ) = ‖T‖ and it is quasi nilpotent ifr(T ) = 0.
An operatorT ∈ L(H), is said to be paranormal [4], if‖Tx‖2 ≤ ‖T 2x‖ for any unit vector

x in H. Further,T is said to be quasi hyponormal [3], if‖T ∗Tx‖ ≤ ‖T 2x‖ for any unit vector
x in H.

An operatorT is calledk−quasi− ∗ −paranormal if‖T ∗T kx‖2 ≤ ‖T k+2x‖‖T kx‖, for all
x ∈ H, wherek is a natural number, [8].

An operatorT ∈ L(H) belongs to classQ∗ if T ∗2T 2 − 2TT ∗ + I ≥ O or equivalent if
‖T ∗x‖2 ≤ 1

2
(‖T 2x‖2 + ‖x‖2) , for all x ∈ H ([6]).

An operatorT ∈ L(H) belongs tok−quasi classQ∗ if

‖T ∗T kx‖2 ≤ 1

2

(
‖T k+2x‖2 + ‖T kx‖2

)
,

for all x ∈ H, wherek is a natural number. Equivalently, operatorT ∈ L(H) belongs to
k−quasi classQ∗ if T ∗k(T ∗2T 2 − 2TT ∗ + I)T k ≥ O, wherek is a natural number ([5]).

Aluthge in [1] define a transformatioñT of operatorT by T̃ = |T | 12 U |T | 12 , whereT = U |T |
is the polar decomposition of operatorT . T̃ is called Aluthge transformation.

Yamazaki in [7] define the∗−Aluthge transformation of operatorT . The∗−Aluthge trans-

formation is defined bỹT (∗) def
= (T̃ ∗)∗ = |T ∗| 12 U |T ∗| 12 .

It is proved thatU∗|T ∗| 12 = |T | 12 U∗, U∗|T ∗| = |T |U∗, U |T | 12 = |T ∗| 12 U,U |T | = |T ∗|U.

2. M AIN RESULTS

In this section we prove some properties ofk−quasi classQ∗ operators.

Theorem 2.1.Let beT be an invertible operator andN be an operator such thatN commutes
with T ∗T . ThenN is k−quasi classQ∗ if and only ifTNT−1 is ofk−quasi classQ∗.

Proof. Let N be ak−quasi classQ∗ operator.

N∗k(N∗2N2 − 2NN∗ + I)Nk ≥ 0.

From this we have that:

TN∗k[N∗2N2 − 2NN∗ + I]NkT ∗ ≥ 0.

Consider,

TN∗k[N∗2N2 − 2NN∗ + I]NkT ∗[TT ∗]

=TN∗k[N∗2N2 − 2NN∗ + I]Nk[T ∗T ]T ∗

=T [T ∗T ]N∗k[N∗2N2 − 2NN∗ + I]NkT ∗

=[TT ∗]TN∗k[N∗2N2 − 2NN∗ + I]NkT ∗.
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So, we see that operatorTT ∗ commutes with operator

TN∗k[N∗2N2 − 2NN∗ + I]NkT ∗.

Then operator[TT ∗]−1 also commutes with operator

TN∗k[N∗2N2 − 2NN∗ + I]NkT ∗.

Since the operators[TT ∗]−1 andTN∗k[N∗2N2 − 2NN∗ + I]NkT ∗ are positive and since they
commute with each other we have that their product is also positive operator:

T ∗k[N∗2N2 − 2NN∗ + I]NkT ∗[TT ∗]−1 ≥ 0.

Since operatorN commutes with operatorT ∗T , we get,

(TNT−1)∗k = (TNT−1)∗(TNT−1)∗ · · · (TNT−1)∗

(2.1) = T ∗−1N∗T ∗T ∗−1N∗T ∗ · · ·T ∗−1N∗T ∗ = T ∗−1N∗kT ∗

(2.2) (TNT−1)k = TNT−1TNT−1 · · ·TNT−1 = TNkT−1

(2.3) (TNT−1)∗2(TNT−1)2 = TN∗2N2T−1

(2.4) (TNT−1)(TNT−1)∗ = TNT−1T ∗−1N∗T ∗ = TNN∗T−1

To prove thatTNT−1 is k−quasi classQ∗ operator, the equation (2.1), (2.2), (2.3) and
(2.4)we substitute in above expression:

(TNT−1)∗k[(TNT−1)∗2(TNT−1)2 − 2(TNT−1)(TNT−1)∗ + I](TNT−1)k

and we have

(TNT−1)∗k[(TNT−1)∗2(TNT−1)2 − 2(TNT−1)(TNT−1)∗ + I](TNT−1)

=T ∗−1N∗kT ∗[TN∗2N2T−1 − 2TNN∗T−1 + I]TNkT−1

=T ∗−1N∗kT ∗T [N∗2N2 − 2NN∗ + I]T−1TNkT−1

=T ∗−1N∗kT ∗T [N∗2N2 − 2NN∗ + I]NkT−1

=T ∗−1T ∗TN∗k[N∗2N2 − 2NN∗ + I]NkT−1

=TN∗k[N∗2N2 − 2NN∗ + I]NkT−1

Now we have to prove that that the last expression is positive. From the fact that we prove
that

TN∗k[N∗2N2 − 2NN∗ + I]NkT ∗[TT ∗]−1 ≥ 0

we have that:

⇒ TN∗k[N∗2N2 − 2NN∗ + I]NkT ∗T ∗−1T−1 ≥ 0

⇒ TN∗k[N∗2N2 − 2NN∗ + I]NkT−1 ≥ 0

Hence,TNT−1 is k−quasi classQ∗ operator.

Conversely, letTNT−1 be ak−quasi classQ∗ operator.

(TNT−1)∗k[(TNT−1)∗2(TNT−1)2 − 2(TNT−1)(TNT−1)∗ + I](TNT−1)k ≥ 0.

AJMAA, Vol. 14, No. 2, Art. 1, pp. 1-10, 2017 AJMAA

http://ajmaa.org


4 SHQIPE LOHAJ AND VALDETE REXHËBEQAJHAMITI 1

Then similar as before, after substituting the equation (2.1), (2.2), (2.3) and (2.4)we have:

⇒ TN∗k[N∗2N2 − 2NN∗ + I]NkT−1 ≥ 0

⇒ T ∗TN∗k[N∗2N2 − 2NN∗ + I]NkT−1T ≥ 0

⇒ [T ∗T ]N∗k[N∗2N2 − 2NN∗ + I]Nk ≥ 0.

Since operator[T ∗T ] commutes with operatorN and hence commute with operator

[T ∗T ]N∗k[N∗2N2 − 2NN∗ + I]Nk.

The also the operator[T ∗T ]−1 commutes with operator

[T ∗T ]N∗k[N∗2N2 − 2NN∗ + I]Nk.

Since the operators[T ∗T ]−1 and[T ∗T ]N∗k[N∗2N2− 2NN∗+ I]Nk are positive and since they
commute with each other we have:

[T ∗T ]−1[T ∗T ]N∗k[N∗2N2 − 2NN∗ + I]Nk ≥ 0.

Therefore,

N∗k[N∗2N2 − 2NN∗ + I]Nk ≥ 0.

Hence,N is k−quasi classQ∗ operator.

Corollary 2.2. Let S be ak−quasi classQ∗ operator andM any positive operator such that
M−1 = M∗. ThenT = M−1SM is k−quasi classQ∗ operator.

Proof. Let S be ak−quasi classQ∗ operator. Then

S∗k(S∗2S2 − 2SS∗ + I)Sk ≥ O.

Consider,

T ∗k(T ∗2T 2 − 2TT ∗ + I)T k

= (M−1SM)∗k((M−1SM)∗2(M−1SM)2 − 2(M−1SM)(M−1SM)∗ + I)(M−1SM)k

=M∗S∗M−1∗M∗S∗M−1∗...M∗S∗M−1∗(M∗S∗M−1∗M∗S∗M−1∗M−1SMM−1SM

− 2M∗S∗M−1∗M−1SM + I)M−1SMM−1SM...M−1SM

=M∗S∗k(S∗2S2 − 2SS∗ + I)SkM ≥ O.

hence,T = M−1SM is k−quasi classQ∗ operator.

Theorem 2.3. Let beT ∈ L(H). ThenT̃ is k−quasi classQ∗ operator if and only ifT̃ (∗) is
k−quasi classQ∗ operator.

Proof. Assume that̃T is k−quasi classQ∗ then

T̃ ∗k(T̃ ∗2T̃ 2 − 2T̃ T̃ ∗ + I)T̃ k ≥ 0.
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We need to prove that̃T (∗) is k−quasi -classQ∗ operator.

T̃ (∗)∗k(T̃ (∗)∗2T̃ (∗)2 − 2T̃ (∗)T̃ (∗)∗ + I)T̃ (∗)k

=(|T ∗|
1
2 U |T ∗|

1
2 )∗k

((|T ∗|
1
2 U |T ∗|

1
2 )∗2(|T ∗|

1
2 U |T ∗|

1
2 )2 − 2(|T ∗|

1
2 U |T ∗|

1
2 )(|T ∗|

1
2 U |T ∗|

1
2 )∗ + I)

(|T ∗|
1
2 U |T ∗|

1
2 )k

=(|T ∗|
1
2 U |T ∗|

1
2 )∗(|T ∗|

1
2 U |T ∗|

1
2 )∗ · · · (|T ∗|

1
2 U |T ∗|

1
2 )∗

[(|T ∗|
1
2 U |T ∗|

1
2 )∗(|T ∗|

1
2 U |T ∗|

1
2 )∗(|T ∗|

1
2 U |T ∗|

1
2 )(|T ∗|

1
2 U |T ∗|

1
2 )

− 2(|T ∗|
1
2 U |T ∗|

1
2 )(|T ∗|

1
2 U∗|T ∗|

1
2 ) + I]

(|T ∗|
1
2 U |T ∗|

1
2 )(|T ∗|

1
2 U |T ∗|

1
2 ) · · · (|T ∗|

1
2 U |T ∗|

1
2 )

=(|T ∗|
1
2 U∗|T ∗|

1
2 )(|T ∗|

1
2 U∗|T ∗|

1
2 ) · · · (|T ∗|

1
2 U∗|T ∗|

1
2 )

[(|T ∗|
1
2 U∗|T ∗|

1
2 )(|T ∗|

1
2 U∗|T ∗|

1
2 )(|T ∗|

1
2 U |T ∗|

1
2 )(|T ∗|

1
2 U |T ∗|

1
2 )

− 2(|T ∗|
1
2 U |T ∗|

1
2 )(|T ∗|

1
2 U∗|T ∗|

1
2 ) + I]

(|T ∗|
1
2 U |T ∗|

1
2 )(|T ∗|

1
2 U |T ∗|

1
2 ) · · · (|T ∗|

1
2 U |T ∗|

1
2 )

=UU∗(|T ∗|
1
2 U∗|T ∗|U∗ · · ·U∗|T ∗|

1
2 )UU∗

[|T ∗|
1
2 U∗|T ∗|U∗|T ∗U |T ∗|U |T ∗|

1
2 − 2|T ∗|

1
2 U |T ∗|U∗|T ∗|

1
2 + I]

UU∗(|T ∗|
1
2 U |T ∗|U · · ·U |T ∗|

1
2 )UU∗

=U(U∗|T ∗|
1
2 U∗|T ∗|U∗ · · ·U∗|T ∗|

1
2 U)[U∗|T ∗|

1
2 U∗|T ∗|U∗|T ∗U |T ∗|U |T ∗|

1
2 U

− 2U∗|T ∗|
1
2 U |T ∗|U∗|T ∗|

1
2 U + I](U∗|T ∗|

1
2 U |T ∗|U · · ·U |T ∗|

1
2 U)U∗

=U(|T |
1
2 U∗|T |U∗ · · ·U∗|T |

1
2 U)[|T |

1
2 U∗|T |U∗|T |U |T |U |T |

1
2

− 2|T |
1
2 U |T |U∗|T |

1
2 + I](|T |

1
2 U |T |U · · ·U |T |

1
2 )U∗

=U(|T |
1
2 U∗|T |

1
2 )(|T |

1
2 U∗|T |

1
2 ) · · · (|T |

1
2 U∗|T |

1
2 )

[(|T |
1
2 U∗|T |

1
2 )(|T |

1
2 U∗|T |

1
2 )(|T |

1
2 U |T |

1
2 )(|T |

1
2 U |T |

1
2 )

− 2(|T |
1
2 U |T |

1
2 )(|T |

1
2 U∗|T |

1
2 ) + I]

(|T |
1
2 U |T |

1
2 )(|T |

1
2 U |T |

1
2 ) · · · (|T |

1
2 U |T |

1
2 )U∗

=UT̃ ∗k(T̃ ∗2T̃ 2 − 2T̃ T̃ ∗ + I)T̃ kU∗ ≥ 0.

Therefore

T̃ ∗k(T̃ ∗2T̃ 2 − 2T̃ T̃ ∗ + I)T̃ k ≥ 0.

HenceT̃ (∗) is k−quasi classQ∗ operator.
Conversely, assume thatT̃ (∗) is k−quasi classQ∗ operator, then

T̃ (∗)∗k(T̃ (∗)∗2T̃ (∗)2 − 2T̃ (∗)T̃ (∗)∗ + I)T̃ (∗)k ≥ 0.

AJMAA, Vol. 14, No. 2, Art. 1, pp. 1-10, 2017 AJMAA

http://ajmaa.org


6 SHQIPE LOHAJ AND VALDETE REXHËBEQAJHAMITI 1

We need to prove that̃T is k−quasi classQ∗.
Consider

T̃ ∗k(T̃ ∗2T̃ 2 − 2T̃ T̃ ∗ + I)T̃ k

=U∗U(|T |
1
2 U∗|T |

1
2 )(|T |

1
2 U∗|T |

1
2 ) · · · (|T |

1
2 U∗|T |

1
2 )U∗U

[(|T |
1
2 U∗|T |

1
2 )(|T |

1
2 U∗|T |

1
2 )(|T |

1
2 U |T |

1
2 )(|T |

1
2 U |T |

1
2 )− 2(|T |

1
2 U |T |

1
2 )

(|T |
1
2 U∗|T |

1
2 ) + I]

U∗U(|T |
1
2 U |T |

1
2 )(|T |

1
2 U |T |

1
2 ) · · · (|T |

1
2 U |T |

1
2 )U∗U

=U∗(U |T |
1
2 U∗|T |U∗ · · ·U∗|T |

1
2 U∗)

[U |T |
1
2 U∗|T |U∗|T |U |T |U |T |

1
2 U∗ − 2U |T |

1
2 U |T |U∗|T |

1
2 U∗ + I]

(U |T |
1
2 U |T |U · · ·U |T |

1
2 U∗)U

=U∗(|T ∗|
1
2 U∗|T ∗|U∗ · · ·U∗|T ∗|

1
2 )

[|T ∗|
1
2 U∗|T ∗|U∗|T ∗|U |T ∗|U |T ∗|

1
2 − 2|T ∗|

1
2 U |T ∗|U∗|T ∗|

1
2 + I]

(|T ∗|
1
2 U |T ∗|U · · ·U |T ∗|

1
2 )U

=U∗(|T ∗|
1
2 U∗|T ∗|

1
2 )(|T ∗|

1
2 U∗|T ∗|

1
2 ) · · · (|T ∗|

1
2 U∗|T ∗|

1
2 )

[(|T ∗|
1
2 U∗|T ∗|

1
2 )(|T ∗|

1
2 U∗|T ∗|

1
2 )(|T ∗|

1
2 U |T ∗|

1
2 )(|T ∗|

1
2 U |T ∗|

1
2 )

− 2(|T ∗|
1
2 U |T ∗|

1
2 )(|T ∗|

1
2 U∗|T ∗|

1
2 ) + I]

(|T ∗|
1
2 U |T ∗|

1
2 )(|T ∗|

1
2 U |T ∗|

1
2 ) · · · (|T ∗|

1
2 U |T ∗|

1
2 )U

=U∗(|T ∗|
1
2 U |T ∗|

1
2 )∗k

[(|T ∗|
1
2 U |T ∗|

1
2 )∗2(|T ∗|

1
2 U |T ∗|

1
2 )2

− 2(|T ∗|
1
2 U |T ∗|

1
2 )∗(|T ∗|

1
2 U∗|T ∗|

1
2 ) + I](|T ∗|

1
2 U |T ∗|

1
2 )kU

=U∗T̃ (∗)∗k(T̃ (∗)∗2T̃ (∗)2 − 2T̃ (∗)T̃ (∗)∗ + I)T̃ (∗)kU

Therefore

T̃ ∗k(T̃ ∗2T̃ 2 − 2T̃ T̃ ∗ + I)T̃ k) ≥ 0.

HenceT̃ is k−quasi classQ∗ operator.

Proposition 2.4. LetT ∈ L(H) be the operator defined as

T =

(
A B
0 0

)
.

If A is operator of classQ∗ andBB∗ = 0, thenT is an operator ofk−quasi classQ∗.
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Proof. A simple calculation shows that:

T ∗ =

(
A∗ 0
B∗ 0

)
,

T ∗k =

(
A∗k 0

B∗A∗(k−1) 0

)
,

T k =

(
Ak A(k−1)B
0 0

)
,

T ∗kTT ∗T k =

(
A∗k(AA∗ + BB∗)Ak A∗k(AA∗ + BB∗)A(k−1)B

B∗A∗(k−1)(AA∗ + BB∗)Ak B∗A∗(k−1)(AA∗ + BB∗)A(k−1)B

)
=

(
A∗kAA∗Ak A∗kAA∗A(k−1)B

B∗A∗(k−1)AA∗Ak B∗A∗(k−1)AA∗A(k−1)B

)
,

T ∗(k+2) =

(
A∗(k+2) 0

B∗A∗(k+1) 0

)
,

T (k+2) =

(
A(k+2) A(k+1)B

0 0

)
,

T ∗(k+2)T (k+2) =

(
A∗(k+2)A(k+2) A∗(k+2)A(k+1)B

B∗A∗(k+1)A(k+2) B∗A∗(k+1)A(k+1)B

)
.

T ∗k(T ∗2T 2 − 2TT ∗ + I)T k = T ∗(k+2)T (k+2) − 2T ∗kTT ∗T k + T ∗kT k =(
A∗k(A∗2A2 − 2AA∗ + I)Ak A∗k(A∗2A2 − 2AA∗ + I)A(k−1)B

B∗A∗(k−1)(A∗2A2 − 2AA∗ + I)Ak B∗A∗(k−1)(A∗2A2 − 2AA∗ + I)A(k−1)B

)
Let u = x⊕ y ∈ H ⊕H. Then,

〈(T ∗(k+2)T (k+2) − 2T ∗kTT ∗T k + T ∗kT k)u, u〉
= 〈A∗k(A∗2A2 − 2AA∗ + I)Akx, x〉+ 〈A∗k(A∗2A2 − 2AA∗ + I)A(k−1)By, x〉
+ 〈B∗A∗(k−1)(A∗2A2 − 2AA∗ + I)Akx, y〉
+ 〈B∗A∗(k−1)(A∗2A2 − 2AA∗ + I)A(k−1)By, y〉
= 〈(A∗2A2 − 2AA∗ + I)Akx, Akx〉
+ 〈(A∗2A2 − 2AA∗ + I)A(k−1)By,Akx〉
+ 〈(A∗2A2 − 2AA∗ + I)Akx, A(k−1)By〉
+ 〈(A∗2A2 − 2AA∗ + I)A(k−1)By,A(k−1)By〉
= 〈(A∗2A2 − 2AA∗ + I)(Akx + A(k−1)By), (Akx + A(k−1)By)〉 ≥ 0

becauseA is operator of classQ∗ then,A∗2A2 − 2AA∗ + I ≥ O, so this prove the result.

Proposition 2.5. Every quasi hyponormal operator is operator of quasi classQ∗.

Proof. Let T ∈ L(H) be a quasi hypormal operator, then

‖T ∗Tx‖ ≤ ‖T 2x‖.
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Since every quasi hyponormal operator is paranormal [3, Corollary 3.15] then we have

‖T ∗Tx‖ ≤ ‖T 2x‖2 = ‖T
(

Tx

‖Tx‖

)
‖2 · ‖Tx‖2

≤ ‖T 2

(
Tx

‖Tx‖

)
‖ · ‖Tx‖2 = ‖T 3x‖ · ‖Tx‖

≤ 1

2

(
‖T 3x‖2 + ‖Tx‖2

)
,

So,T is operator of quasi classQ∗.

In following example we will prove that exist an operatork−quasi classQ∗ which is quasi
nilpotent but it is not quasi hyponormal.

Example 2.1.Consider the operatorT : l2 → l2 defined by

T (x) = (0, α1x1, α2x2, . . .)

whereα1 =
1

2n
for n ≥ 1. OperatorT is of k−quasi classQ∗ and quasi nilpotent but it is not

quasi hyponormal.
GivenT (x) = (0, α1x1, α2x2, . . .). ThenT ∗(x) = (α1x1, α2x2, . . .),

T 2(x) = (0, 0, α1α2x1, α2α3x2, . . .),

T k(x) = (

k−time︷ ︸︸ ︷
0, 0, 0, . . . , 0, α1α2 . . . αkx1, α2α3 . . . αk+1x2, . . .),

T ∗T k(x) = (

(k−1)−time︷ ︸︸ ︷
0, 0, 0, . . . , 0, α1α2 . . . α2

kx1, α2α3 . . . α2
k+1x2, . . .),

T ∗kT k(x) = (α2
1α

2
2 . . . α2

kx1, α
2
2α

2
3 . . . α2

k+1x2, . . .),

T ∗kT k+1(x) = (0, α2
1α

2
2 . . . α2

kαk+1x1, α
2
2α

2
3 . . . α2

k+1αk+2x2, . . .),

T ∗(k+1)T k+1(x) = (α2
1α

2
2 . . . α2

kα
2
k+1x1, α

2
2α

2
3 . . . α2

k+1α
2
k+2x2, . . .),

T ∗(k+1)T k+2(x) = (0, α2
1α

2
2 . . . α2

k+1αk+2x1, α
2
2α

2
3 . . . α2

k+2αk+3x2, . . .),

T ∗(k+2)T k+2(x) = (α2
1α

2
2 . . . α2

k+1α
2
k+2x1, α

2
2α

2
3 . . . α2

k+2α
2
k+3x2, . . .),

TT ∗T k(x) = (

(k)−time︷ ︸︸ ︷
0, 0, 0, . . . , 0, α1α2 . . . α3

kx1, α2α3 . . . α3
k+1x2, . . .),

T ∗TT ∗T k(x) = (

(k−1)−time︷ ︸︸ ︷
0, 0, 0, . . . , 0, α1α2 . . . α4

kx1, α2α3 . . . α4
k+1x2, . . .),

T ∗kTT ∗T k(x) = (α2
1α

2
2 . . . α2

k−1α
4
kx1, α

2
2α

2
3 . . . α2

kα
4
k+1x2, . . .).

Now consider

〈T ∗k(T ∗2T 2 − 2TT ∗ + I)T kx, x〉
=〈(T ∗(k+2)T k+2 − 2T ∗kTT ∗T k + T ∗(k)T k)x, x〉
=〈(α2

1α
2
2 . . . α2

k+1α
2
k+2 − 2α2

1α
2
2 . . . α2

k−1α
4
k + α2

1α
2
2 . . . α2

k)x1, x1〉
+〈(α2

2α
2
3 . . . α2

k+2α
2
k+3 − 2α2

2α
2
3 . . . α2

kα
4
k+1 + α2

2α
2
3 . . . α2

k+1)x2, x2〉+ . . .

=α2
1α

2
2 . . . α2

k(α
2
k+1α

2
k+2 − 2α2

k + 1)‖x1‖2

+α2
2α

2
3 . . . α2

k+1(α
2
k+2α

2
k+3 − 2α2

k+1 + 1)‖x2‖2 + . . . ≥ 0.
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Because

α2
n+kα

2
n+k+1 − 2α2

n+k−1 + 1

=

(
1

2n+k

)2

·
(

1

2n+k+1

)2

− 2

(
1

2n+k−1

)2

+ 1 ≥ 0, k ≥ 1, n ≥ 1.

FromT (ek) =
1

2k
ek+1 we have

T 2(ek) =
1

2k
· 1

2k+1
ek+2

.

.

.

T n(ek) =
1

2k
· 1

2k+1
· ... · 1

2k+n−1
ek+n.

Since‖T n‖ = sup
k
‖ 1

2k
· 1

2k+1
...

1

2k+n−1
‖ =

1

2
· 1

22
...

1

2n
,

r(T ) = lim
n→∞

‖T n‖
1

n = lim
n→∞

(
1

2

n · (n + 1)

2

) 1

n
= lim

n→∞

1

2

n + 1

2

= 0.

Hence, operatorT is quasi nilpotent.
But operatorT is not quasi hypornormal.
From [3, Proposition 3.4]we have that the operatorT is quasi hyponormal if and only if

|αn| ≤ |αn+1|. In this case we have that|αn| 6< |αn+1|, so it is not quasi hyponormal.

In following example we will prove that thek−quasi classQ∗ andk−quasi−∗− paranormal
operator are two different classes.

Example 2.2.LetTx be the weighted shift operator with nonzero weights where

α0 = x, α1 =

√
2

3
, α2 =

√
3

4
, · · · , αn =

√
n + 1

n + 2
, · · · , αn+k =

√
n + k + 1

n + k + 2
, n ≥ 1, k ≥ 1.

Then we have the following results:
1) From[5, Corrolary 2.2]operatorTx is of an operator ofk−quasi classQ∗ if and only if

α2
n+kα

2
n+k+1 − 2α2

n+k−1 + 1 ≥ 0.

So after some calculation we see that this is true only if

0 < x ≤
√

3

2
.

2) From[8, Example 1.2]operatorTx is of an operator ofk−quasi−∗− paranormal if and
only if

α2
n+k−1 ≤ αn+kαn+k+1.

So after some calculation we see that this is true only if

0 < x ≤ 1
4
√

2
.
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3) So, if
1
4
√

2
< x ≤

√
3

2
,

operatorTx is an operator ofk−quasi classQ∗ but notk−quasi− ∗ − paranormal.
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