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1. INTRODUCTION AND PRELIMINARIES

Numerous results have been proved on Kirk-type iterations to approximate fixed points for
several classes of quasi-contractive operators in various spaces.! See [1],/[6], [12], [13], [16],
[19], [3Q]. TheKirk's iterative procedure given by: far, € £

k
(1.2) Tpil = ZaiTixn, n>0

=0

wherek is a fixed integerk > 1, o; > 0 for each: and Zle a; = 1 was defined in[[16].
The sequende 1.1 generalized both Krasnoselskij and Picard iterations, n fact, 1.1 reduces to
Krasnoselskij iteration wheh = 1 as:

1.2 Tpr1 = (1 =)z, + yTx,, n>0.
and reduces to Picard iteratian [2] fbr= 1, a; = 1 as:
(1.3) Tni1 = Tx,, n>0.

Both[1.] and 1]2 are mainly employed when| 1.3 has no fixed point for a non-expansive oper-
ator. Other possible iterations which guarantee the existence of fixed points for non-expansive
operators are categorized in what follows:

Let £ be a normed linear space angle F.

Label Explicit schemer( > 1) Author(s)

Mann iteration Tp = (1 —ap)r,_1 + a,Tr, Mann [17]

Tp = (1 - an)xn—l + anTyn—l

Yn—1 = (]— - ﬁn)xn—l + ﬁnTxn—l

Tp = (1 - an)xn—l + anTyn—l

Noor iteration Yn—1 = (1 = Bn)xn_1+ BT2,-1  Noor [18]
Zp—1 = (1 - '711)371171 + ﬂ)/nTxnfl

Tn=(1—ay)r,—1 + oznTyT(Ll_)1

Ynly = (L= BD)aps + 0Ty,
yfzk:ll) = (1 - ﬁn)xn—l + B Twn
1=1,2,.... k=2, k>2
The modified form of the above iterations are given as follows:
Label Schemer({ > 0) Author(s)
Tpi1 = (I — an)yn + @, Ty,
Yn = (1 - ﬁn)xn + BTy,
Tny1 = (1 — O‘n)?/i@ + OénTyTlL
SP-iteration yr = (1 - B)y2 + B.Ty: Pheuengrattana and Suantail [22]
yrQL = (1 = w)zn + Tz,
Ty = (1 — an)%ﬁ + oznTyrll
Multistep-SP v, = (1= By + B, Ty,
teration Uit = (1= By an + By T
1=1,2,3,.... k=2, k>2
The implicit type of the above iterations are presented below:

Ishikawa iteration Ishikawa [14]

Multistep iteration Rhoades and Soltuz [24]

Thianwan iteration Thianwan [27]

Gursoy et al. [11]
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Label Implicit Schemer( > 1) Author(s)
iltr(relfelli[?(i)tnMann Ty = (1= an)rp g + o, Ty, Ciric et al. [8]
— 1oy T a.Tx.
:trgfalllt(l:cl)tr: shikawe ;n = ((1 - ;n))injj ﬁn;yn Xue and Zhang [28]
o Ty = pYn1+ (1 —a,)Tx,
Hzﬂﬁifom' Yn-1 = Bnzn-1+ (1 = B2)TYn-1 Chugh et al.[[7]

Zn—1 = TnTn—1 + (1 - Vn)Tanl
x, = (1— an)yg) + o, Tz,

Implicit Multistep-
’ Pl = (= B0+ BTy

iteration ’Zk_l) (bo1) (=) (b-1)
or WR-iteration Y = (=B )y + By Ty,

1=1,2,3,.... k-2 k>2

Wahab and Rauf[29]

wherea,,, 3,,, 7., 3, are sequences 0, 1], 1 = 1,2,..., k — 1 with " a,, = cc.
In [19], Olatinwo introduced two hybrid schemes, namely, Kirk-Mann and Kirk-Ishikawa iter-
ations in a normed space as: kgre E

q q

(1.4) Tpt1 = Zan,iTixn; Zan,i =1,n=>0
i=0 =0

and

q q
Tpt1 = QuoTp + Z i T Y, Z ;= 1,
(1.5) i1 i=0

=0 =0

respectively, wherg andr are fixed integers witly > r, {«,,;} and{z3,;} are sequences in

[07 1] SatiSfyingan,i Z 0’ [877%1) 7é 0’ ﬁn,i 2 01 Bn,O 7é 0.
The Kirk-Noor iteration was introduced in![6] as follows: Fay e E

q q
Tpt1 = QpoTp + Z Oén,iTiyna Z Qp = 17
=1 1=0
(16) Yn = ﬁmoxn + Z ﬁn,iTiZna Z ﬁn,i = 17
=1 =0
Zn:zszlyn,lexna zs:’}/n,zzla n=012...
i=0 =0

whereg, r ands are fixed integers with > r > s, {a,,;}, {8.:} and{~,;} are sequences in

[0,1] satisfyinga,; > 0, ano # 0, B > 0, Buo # 0, Yni = 0, n0 # 0.
In [12], the Kirk-Multistep iteration in Banach spaéewhich generalizef 1|4, 1.5 ahd[L.6. For
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To € F,

q1 ' q1

Tp+1l = Qp oTn + Z Oén,iTZySLl)a Z Qp i = ]-7
=1 =0
qi+1 qi+1
i )
(1.7) y =8 noxn+ZﬁmT (1) Zﬁfm—l l=1(1)k —
- = Zﬁg’fgl’ﬁxn, Zﬂf}f{” =1L k>2n=01,2...
1=0 =0

wheregq,, q,,q,,- - -,q, are fixed integers with, > ¢, > ¢, > ... > ¢, {@;}>>, and

[e.9]

{ﬁff)i} are sequences in, 1] satisfyinga,,; > 0, a,, 0 # 0, 8 l) >0, ﬁno # 0 for eachl.
) n=1
Another hybrid iteration called Kirk-SP iteration was deflned\ |n [13] as follows:apae E

q q
7
Tn4+1 = Qn,0Yn + E an,iT Yn, E Qi = 17

(18) Yn = ﬁmozn + Z ﬁn,iTizna Z ﬁn,i = L
=1 =0

Zp = i:%,iTixm i%,i =1;n=0,1,2...
i=0 i=0

whereq, r ands are fixed integers with > r > s, {a,;}, {6..:} and{~,;} are sequences in

[0, 1] satisfyinga,,; > 0, ap0 # 0, Bni > 0, Buo # 0, Yni > 0, Yo # 0. The Kirk-Thianwan
iteration can be deducedsdf= 0 in[L.8.

The Kirk-multistep-SP, which generalized both Kirk-SP and Kirk-Thianwan schemes, was in-

troduced in[[1] and was defined as:

E : i E :
xn+1_an0yn Oéan yn ) an: )

di+1 qi+1
i l
(1.9 yff) _ ﬁ (l+1 +ZﬁnzT y(z+1) z:@(l)Z =1k —
=0
) dk
= Zﬁ(’?”mm S At =t kz2 =012
1=0
whereq,,q,,q,, ..., q, are fixed integers witly, > ¢, > ¢, > ... > ¢,, {a,;},., and

Zamfirescu operator has been the most generalized quaS|-nonexpansive operator used by sev-
eral authors to approximate fixed points. Zamfirescu [31] stated that:
Let X be a complete metric space afidbe a self map oX. The operatorl” is Zamfirescu
operator if for each pair of points, y € X, at least one of the following is true:

Zy: d(Tz, Ty) < ad(z,y)
(1.10) Zy: d(Txz, Ty) <bld(x,Tz) + d(y, Ty)]
Zy: d(Tx,Ty) < cld(z, Ty) + d(y, Tx)]

{ﬁ(”.} are sequences {fl, 1] satisfyinga,; > 0, a,.o # 0, 8 > 0, 8, # 0 for eachl.
_1 ’
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wherea, b andc are non-negative constants satisfying [0,1), b, c < %
The equivalence form ¢f 1.10 is

[d(z, Tx) + d(y, Ty)],

N —
DN | =

(1.11) d(Tz,Ty) < amax {d(x, ), [d(x, Ty) + d(y, T:L')]}

forz,y € X anda € [0, 1).

It is observed in([3] that the conditign T]11 implies

(1.12) d(Txz,Ty) < 2hd(z,Tz) + hd(x,y)
whereh = max {a L}

’ 2—a

In [24], a more general contractive condition was defined as:zFgre X, there exists: €
[0, 1) such that:

) 5 [
In [21], Osilike extended and generalized the contractive conditior] 1.13z koe X, there
existsa € [0,1) andL > 0 such that

(1.13) d(Tz,Ty) < amax {d(az, ) L d(x,Tz) +d(y, Ty)],d(z, Ty), d(y,Tx)}

(1.14) d(Tx,Ty) < Ld(z,Tx) + ad(z,y)
A general class of operatdr satisfying the following quasi-contractive condition:
(1.15) d(Tz,Ty) < ad(x,y) + ¢ (d(z,Tx)) forz,y € X

wherea € (0,1) andy : RT — R is @ monotone increasing function wit{0) = 0, see[[15].
In [4], a class of quasi-contractive of the tyjpe 1.15 was introduced as follow:
(1.16) d(Tz,Ty) < ad(z,y) + ed(z,Tx) forz,y € X

foranyz,y € X, e > 0anda € (0,1).
A more general class of quasi-contractive operdtsatisfying 1.1p is mentioned below:

Lemma 1. [19] Let (X, d) be a metric space andl : X — X be a map satisfying 1.15. Let
¢ : Rt — R* be a subadditive, monotone increasing function such gy = 0, p(Lu) =
Lo(u), foru e RT, L > 0. Then, foralli e N, L > 0and forallz,y € X

(2

(1.17) d(T'z,T'y) < Z <;) a7l (d(z,T’2)) + d'd(z,y), a € (0,1)

j=1
Condition[1.15 anfl 1.16 are special cas€s of]|1.17; forfl in[1.17, we have 1.15; and if

i = 1in[L.17 withy (d(z, Tz)) = ed(x, Tx), € > 0, we recovef 1.16.

If we letz = p € F(T)in[1.17, then

(1.18) d(p.T'y) <d'd(p,y), a€(0,1)

Inequality] 1.18 is a general class of operator and it is similar to the operatar in [5].

The following Lemmas shall be useful in our main results.

Lemma 2. [3] Let 6 be a real number such that € [0,1) and {e,} -, is a sequence of
nonnegative numbers such that,, .., ¢, = 0, then, for any sequence of positive numbers

{un}. >, satisfying:
(2.19) Upy1 < Ou, +€,, forall n e N
we havdim,, ., u,, = 0.

We note here that if = 1, then inequality 1.19 is a weaker condition and i 1, inequality
[1.19 is a stronger condition. The casejof 0 is obvious.
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Lemma 3. [25] Let {a,}. -, be a nonnegative sequence for which there exist& N such
that, for alln > ng, one has the following inequality:
Qp41 S (1 - rn)an + Tntna

wherer, € (0,1), foralln € N, "> | r, = oo, andt,, > 0 for n € N. Then,

0 < lim supa, < hm sup t,

We shall employ the following Definitions in the proof of our main results.
Definition 1. [19] Let (X, d, W) be a convex metric space afid: X — X a self-mapping.
Suppose that'(T') = {p € X : Tp = p} is the set of fixed points @f.

Let{z,},-, C X be the sequence generated by an iterative procedure involWindpich is
defined by

(1.20) Tpy1 = f:;n, n>0

wherez, € X is the initial approximation andf." is some function having convex structure
such thatw,, € [0, 1]. Suppose thafz,} converges to a fixed poiptof T'. Let{y,} -, C X
and sete,, = d (yn+1, foan>, n = 0,1,2,.... Then, the iterative procedure 1/20 is said to be
T-stable or stable with respect 6 if and only iflim,, ... €,, = 0 implieslim,, ... v, = p

Definition 2. [3] Let{a,}, -, and{b,} -, be two nonnegative real sequences which converge
to a andb, respectively. Let

lan — al
[ = lim
n—oo |b, — b

1. if I =0, then{a,},_, converges ta faster than{b, } -, to b.
2.if 0 < < oo, then both{a, } -, and{b, } -, have the same convergence rate.
3. if I = oo, then{b, } -, converges to faster than{a, }. -, to a.

Let {z,} and{y,} be two iterative sequences converging to the same fixed poifil’ such
that

d(xp, 2) < a, andd(y,, z) < b,, n>1

wherea,, andb,, are sequences of positive real numbers (converging to zero). In view of Defi-
nition 2, if a,, converges faster thdn, then we say that the sequengeconverges faster than
the sequencg,.

Definition 3. [11] Let.S andT" be two operators on a metric spagé One saysS is approxi-
mate operator of if, for all x € X and for a real numbet > 0, one hasi(Tx, Sx) < e.
2. MAIN RESULTS
We begin this section by defining a generalized convex metric space as follow:
Definition 4. Let (X, d) be a metric space. A mappifhg : X x X x...x X x[0,1] x [0, 1] x
x [0,1] — X is called a generalized convex structure 8rif for eachz; € X and); € [0, 1]

(21) d(q7 W(xla L2y ev oy Ty )\17 )\27 sy AT’)) S Z )\’Ld(q7 IZ)

holds forg € X and)",_, \; = 1. The metric spacéX, d) together with a generalized convex
structurelV is called a generalized convex metric space.
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If » = 3 in inequality 2.1, we have a class of convex metric space definédlin [23}=12 in
inequality| 2.1, we retrieve the convex metric space in [26].
Motivated by the above fact, we generate the following new sequences in a non-empty closed
subset of generalized convex metric spaked, V).
Let C' be a non-empty closed subset of a generalized convex metric §gadelV’) andT’ be
a self-map of”. Forzx, € C, we define a sequende,, }, namely, implicit Kirk-Mann iteration
as:

(2.2) Ty = W(zp1, Txy, T?xy, ..., T 2,; Q05 O 1y 02y« ooy gy )i 12> 1

where >~ ,; = 1; ¢ is a fixed integer withy, > 1, {a,,;} is a sequence ifD, 1] with
an0 # 0 anda,; > 0 for each.

Forz, € C, we define implicit Kirk-Ishikawa iteration as:

Yn—1 = W(xn—la Ty'n,—h T2yn—17 v 7Tq2yn—1; ﬁn,(b ﬁn,h ﬁn,% e 7ﬁn,q2)

— 2 q1 . . .
Tn = W(yn—la TZL'»,“T Tpyeo aT Tnj Onos On,ly, B2y - - 7&717111)7 n Z 1

(2.3)

whered ™" o, =1, > 2 6hi = 1; ¢1, ¢ are fixed integers withy, > ¢o, {a,;}, {5n.:} are
sequence iff0, 1] W|th o # 0, Bno # 0, Bni > 0anda,; > 0 for each.
The implicit Kirk-Noor iteration will be defined as: Fag € C,

Zn_1 = W((L’n_l, TZn_l, T2Zn_17 ce ,quzn—l; Tn,05 Yn,1s Vn,2y - - - 77n,q3)
(24) Yn—1 = W(zn—la Tyn—h T2yn—17 v )quyn—l; 571,0’ ﬁn,h ﬁn,Qa v 7671,(12)

— 2 q1 . . .
Tpn = W(yn—la Tl'»,“T Ty aT Tnj Ono, On1y, Bp 25 - - >@n,q1)7 n Z 1

whered " ja,; =1, > 20 B0 = 1, D2 v = 1; a1, ¢o, g3 are fixed integers witly; >

g2 = g3, {anﬂ} {ﬁn,i}7 {Vn,z} are sequence I[@ 1] with Qn0 # 0, 5n,0 7£ 0, In,0 7& 0, Qlp i >0,

Bni > 0, andy,; > 0 for each.

Forzy € C, we define implicit Kirk-Multistep iteration in a generalized convex metric space
as:

(2.5)
o) = Wi, TS TP, T Ef R RN R A NG )
l l l l l 1) l
xn)—l = W( (+1) T'IE’L) 17T2 gL) 1) qu+1 Lp— 1’ﬁr(z)0>ﬁn 1755,)2’ te 1(Ll)ql+1) [ = 1( )k -2
T = W( 51)17 T$n7T2xn7 <o JquxTL; an,07 an,17 Oén72, o 7an,q1); n 2 1
where X% an; = 1, S840 8% = 1,1 = 1(1)k — 1; q1, s, . .., g are fixed integers with
G > > > g k> 2, {ozm-}, {67(3} are sequence ift), 1] with a,, o # 0, 57(1{)0 # 0,

Qi > 0, ﬂ > 0 for eachi.
We present our main results as follows:

Theorem 1. LetC be a nonempty closed subset of a generalized convex metric(Spa¢el’).
LetT : C' — C be an operator satisfying the quasi-contractive operator|1.17 Withi) # ¢.
Then, forz, € C, the sequencéz,} defined by 2]5 witth~> | (1 — o, 9) = co converges
strongly to a unique fixed poipte F(T).
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Proof
Letz, € C'andp € F(T), by applying conditio7 to the sequer{eé® Y} in[2.5, we have
d (2579, p) = d(W (o, TalS0 72050 moeal D g000, 800, 050, D), p)

4y,
< %V (e p) + >0 A Va (T, Tp)
=1

< B Vd (rp) + ALY [Z (;) @I (d (p, T'p)) + a'd (2l J,p)]
=1

=1

4y,
7(1]?0_1)d (Tn-1,p) + Z ﬁifi_l)azd ( gﬂ 11)719)
=1

implying that
k—1
(2.6) A(a5p) < 1—2%:1 ar  (nn?)
Also, forl =1,2,...,k —2in[2.5, we have
d (ol p) = d (Wi, 7ol 125l el s 6, 00, 80 B0, ) p)
< 0 (4 >,p> zm(m %)

qi+1
= 3 x;fp,p) " z ﬁszm (xw )
=1
also implying
ﬁ(l)
(2.7) d <x,(f),1,p> < "0 —d <x£ff11),p) for eachl
1 — S ﬁ( )'ai
=1 Mn,u

By substituting inequality 2|6 info 2.7 fér= 1,2, ...,k — 2, we obtain
(l)

(2.8) < n—1 p> < H ( ql+1 B(l)-a’) d(xn-1,p)

i=1

Using inequality 1.1]7 on sequeneg in[2.5, we have

d(x,,p) < ay ()d( T, 1, D )—i—Z&m ZUmTiP)

q 7 .
< anod (220,,0) + 3 s [z (§) e (@ 0. 70) + o)

=1

AJMAA Vol. 14, No. 1, Art. 8, pp. 1-29, 2017 AJMAA
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Therefore,

Qn o (1)
(2.9) 1(000) € o (22, p)

By inserting estimate 2.8 info 2.9, we have

Qn0 um 61(11)0
(2.10) d(zn,p) < <1 _ qu Oh“dl) H ( ZQZ+1 > d(Tn-1,p)

This further implies

(2.11) d (2, p) < (ano + Zama ) 1:[ (Z ﬁfll)iai>d(wn-1,p)
=1 =0

Sincea € (0,1) impliesa’ € (0,1) forz =1,2,...,qx k >2,then
k=1 /qi+1 - qi+1

(2.12) H(Zﬁfji Z><H<Z@”>_1 fori=1,2,...k—1
=1 1=0 =1 =0

Applying[2.12 in the estimafe 2.]11, we have

S [an,O + (1 - an,O)a] d (xn—lap)
= [1 - (1 - an,O)(l - a)] d<xn717p)
<S[1=01=ano)I—a)][1 = (1= an1,0)(1 —a)d(zn2,p)

1
S @y a4 o P)

. 1
Since ar- — 0 asn — oo, thenlim,,_,, d (z,,,p) — 0.

(l) :L 1(1 O‘rO)
Hence, the implicit Kirk-multistep iteratidn 2.5 converges strongly o F/(T').
Furthermore, suppos#p,, p») # 0 for p1, p, € F(T'), then by inequality 1.7, we have

_ 7 7 ' Z 1—J 7
d(p1,p2) = d(T"p1, T"p2) < Z i) ¢’ (d(p1, Tpr)) + a'd (p1, pa)
j=1
This implies that ‘
d(p1,p2) < a'd(p1,p2) < ad (p1,p2)

Butd(p1,p2) < 0is a contradiction. Hence; = p, = p € F(T)) is unique.

Corollary 1. LetC be a nonempty closed subset of a generalized convex metric(spacél’).
LetT : C'— C be an operator satisfying the quasi-contractive operator|1.17 With) # ¢.
Then, forzy € C'and)" >~ (1 — a,0) = oo, the sequencér,, } defined by
(1) converges strongly to a unique fixed poirg F'(T).
(i) converges strongly to a unique fixed poirg F'(T).
(iii) converges strongly to a unique fixed poirg F'(T).
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The proof follows from Theorefn| 1 by letting= 2 andg, = 0 in[2.5 for Corollary 1(i),k = 2
in[2.5 for Corollary 1(ii) and: = 3 in[2.5 for Corollary 1(jii).

Corollary 2. Let C' be a nonempty closed subset of a convex metric space, V). Let

T:C —

C' be an operator satisfying the quasi-contractive operator [1.15 \&it") # ¢.

Then, forzy € C'and)"° | (1 — oy 0) = oo, the sequencéz, } given by
(i) implicit Mann iteration converges strongly to a unique fixed ppiat F'(T').

(i) implicit Ishikawa iteration converges strongly to a unique fixed ppiat £'(T').

(iii) implicit Noor iteration converges strongly to a unique fixed poirt F'(7T').

(iv) implicit Multistep iteration converges strongly to a unique fixed ppiat F'(T').

Proof

q, = 0in23 witha,,; = o, 7 =2in2.J andi = 1in[1.17

Corollary 2(ii) can be deduced from Corollary 1(ii) by lettipg= ¢, = 1,9, = ¢, = ...

g, = 0in2.3witha,.; = ay,, 8] = 8, r = 2in2.] andi = 1in[1.17.
Corollary 2(iii) can be deduced from Corollary 1i)gt =g, =g, = 1,9, = q

qk_Oan|than1_an,ﬁn1_ﬁn ,ﬂnl_ ff),r_mnandz_llnll‘.
Ifql—qz—qs—...—qk—llnOfTheorenEIlWIthxnl—ozn,ﬁ 1_571),7~—2|n

and: = 1in[L.17, then Corollary 2(iv) is obvious.

Remark 1. Corollary 2(i) is the result of Ciric et al[8].
Corollary 2(ii) can be found in Xue and Zhaifig].

Corollary 2(iii) is the Theorem 9 of Chugh et 46].

Corollary 2(iv) is one of the main results of Wahab and R29J.

We prove the equivalent results of our iterative schemes as follows:

Theorem 2. LetT : C' — C be a mapping satisfying conditipn 1|17 wit{T") # ¢.

following iterations are equivalent:
(i) Forug € C, the implicit Kirk-Mann iteration) 2.2 converges foi.e. u,, — p.

The proof of Corollary 2(i) follows from Corollary 1(i) ifwelet, = 1,q, = ¢, = q, =

Then the

(i) Forv, € C, the implicit Kirk-Ishikawa iteration 2]3 convergespi.e. v, — p.

(iii) Forw, € C, the implicit Kirk-Noor iteratiorj 2.4 converges i9i.e. w,, — p.

(iv) Forz, € C, the implicit Kirk-Multistep iteratio 2]5 converges oi.e. z,, — p.

Proof

We first prove thati) — (ii): Assumeu,, — p, we want to prove that, — p. Employing

[1.17,[2.2 andl 2|3, we have the following estimates
d(un7 Un) =d (W(unfly Tuna T2un7 cee 7Tq1un§ A0y, OUn 1,02, ... 705n,th)7

Un’1s

(1) 2 q1,, .
W (v Tvn, T vy, ..., TP 0y 00, Oty Q2 ey Q)

a1
< o od(tUp—1, Ufll,)l) + Z oy id (Tiun, Tivn)

i=1

<y 0d(Up—1, v 7(11)1 )+ Zam [Z (> a I (d(un,Tiun)) +a'd (up, v,)

7j=1
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This gives:

0 0d(Un 1, Ule—)l) gil st i (2) i=j j
’ = ) a e (d (up, T uy,
> (5) e 7))

2.13 d mny n S . B
(243) dltn,on) = S5 et TS 50 e

and

q2
d(un—th(j,)l) S ﬁn,Od(un—la Un—l) + Z 6n,zd <un—17 T2U£Llll>
i=1

q2 q2
S ﬁn,Od(un—h Un—l) + Z 6n,zd (un—h Tiun—l) + Z ﬁn,zd <Tiun—17 Tlvr(lljl)

i=1 i=1
q2 .
S Bn,Od(unfly 'Unfl) + Z 6n,zd (’U/n,h Tzunfl)
i=1
q2 7 i o A ‘
+ Z ﬁn,i [Z (]) al_]@ (d (un—h TZUn—l)) + azd(un—la Ur(ll_)l)]
i=1 j=1
which implies
(2.14) i1 0) € —20 (o) + 22 g T, )
T —1- ;‘111 ﬁn,ial ’ 1 - ?il ﬁn,ial 7
® B N\ i (d T
+ = 7 . - " n—1» ‘ n—
1 — ;111 B iai JZ1 (j> a 90( (u 1,4 U 1))
Combining 2.1B and 2.14, we have
Qn 0 ﬂn Od(un—la vn—l) qil ﬁnz ;
d ny Yn S : - 7 - 3 : -d n—aTz n—
(tm, On) 1 - ;‘11:1 Oy ;0 { 1 - 311 Bn,ia’ 1- 311 B iat (u S 1)
2 B N i (d -
+ = 7 ; N " n—1s ! n—
1-3% B, ]:21 (j) a 90( (U 1,4 1))
q i .
i=1 Yn,i "\ 4iip (d T
+ 1 ;1;1 ozm-ai p (j) a " ( (Um Un))

This further implies

q2 7

Qn,0 Z':l Bn id(un—l,T Un—l)
d(U,, v < n,00n.0 — (U1, Uy e a .
( ™ ”) = (-2, ana)(A-32 Bniat) ( n—1 %n 1)+ (1-7L o iat)(1-3272, B sat)

+ an,OZgilﬁn,i _ Zz i aifj(p (d(u . iy 1))
(l_qu an,iaz)(l_zgilﬁn,ial) J=1 j neh n

LD A .
@19 rmee [T () e e @)
Since{a,;}, {Bn:} C [0,1] anda € (0,1), then
Ay, OﬁnO
2.16 — — <[1—(1—a)(l—a,
( ) (1 _ qul Oén’ial)<1 _ gil ﬁn7ia2) — [ ( a’)( (a4 ,0)]
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Moreso,u,, — p andF(T') # ¢, it follows that
d (tn, T'n) < d (u,p) +d (T'p, T'uy)

d (tt, p +Z( > (d(p.T'p)) + a'd (p, un)

= (1 + a")d (up,p) — 0

which implieslim,, ., d(u,, T"u,) = 0, by the property ofp, we havey (d (u,,, T"u,)) = 0
andy (d(uy—1, T'u,—1)) = 0. Applying lemma 2 to inequality 2.15, puttifng 2|16 in mind, we
getlim,, . d (uy,,v,) = 0.

Furthermore, sincbm,,_.., u,, = p, then

d(vy, p) < d(vn, up) + d(un,p) — 0

Hencelim,, ., v, = p.
For (ii) — (ii): Assume that,, — p, then, with the aid df 1.37, 2.3 ahd 2.4, we can deduce
the following:

_ (1) 2 .
d(vn,w,) =d (W( TUn, T0n, oo, T 0, 0y Q1 A2y ey Qg )

Un—1>
1) 2 1 .
W( wy,~ 17Twn7T wn7~--aTq wn7an0>an,17an,2a"~7an,q1)
i
< an0d< Up— 17 _'_ E :anl Un’Tw”)

< apod(@M, wl)) + Zam [Z <) a' I (d (vn, T'v,)) + a'd (v, w,)

j=1 i

This gives
(1) q1 i .
a”0d< Uy~ 17w 71) Z':l 8 77% ? o .
2.17) d < : - a7 (d (vn, T,
227) dlvn,wn) < TS~ TS o Z j) @ e (d(vn o))
Again, we have

d(vr(lela wq(1121) =d <W(Un 1, Tvy(l )17 T2U£1217 s 7TQ2U1(1121; ﬁn,07 ﬁn,la /Bn,2> s 7ﬁn,q2)7

W( i)lﬂwazl)lvTQ () "7TQ1w£Ll—)1;ﬁn07ﬁn,laﬁn,2v--'7ﬁn,q1)>

< Bod(vp—1,w +Z@m (Tl T fﬁl)

TP > (;-> o ()

v (o) l,w,glzl)] _

This implies:
(2.18)
(2) q2 ( .
n @ Brnod(vn—1,w,,”;) i=1 Pni Ly i 1 i, (1)
d(v, 21, wy, 71) < 1= 5% B + 1-32 3,.a le j a7 (d (UanJTUnfl))
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and

d(vn 1, W () )<7n0d<vn 1, Wp— 1 +Z/ynz (Un laTZ ) )

=1
<7n0d(vn 1, Wp—1 +Z’Ynz Up— I;Tvn 1 +27n2 (TUn laTZ (2)>
=1 i=1

q3
S FYn,Od(Un—lu wn—l) + Z ’Yn,zd (Un—la Tivn—l)
i=1

q3 7 .
+ Z Vnji [Z (;) a7 (d (vne1, T'vp—1)) + a'd(v,—1, wff_)l)]
=1

which implies

q3
2.19) d(v, . w?,) < 0 d(vy_1. w,_ =L (g, g, T,
( ) (U 17w - ) — 1_ il I’Ynzaz (U 17w 1)+ 1_ i l,ynza/z (U 1, v 1)

Zi:l Yni ! i\ i i
' 1 =38 i JZ J a7 (d (va-1, T'vn-1))
Using[2.18 anf 219 i 2.7, we have

d Qn0 671,0 /Yn 0
(Un’ wn) 1-— qu 1 (0778 za/ - fLlil ﬁ'ﬂqiai 1 - i= 1 Tn, laz

q3 ) a3 ) ! ) o ;
= ”:Z d (vp1, o) + 1_Z’Zq§ T [Z (;) a' o (d (vn—bT’“n—l))”
i=1 n,z

.t
=1 7n7la j=1

© 21 o z 2 B I (1) i ;
+ 67”, d (Un 17T Up— 1) +1 — gil ﬁn,i@i jz:; (]) a 2 (d (Un—laT Un—l))
b S () (1 0 )
1 — i:1 an,zai ] a ¥ Un, Up,

j=1

d(”n 1, Wn— 1)

By simplifying further, we have

(2.20)
Oénoﬁno%o
d(vnawn) = : d(vnflawnfl)
(1 =270 amaal) (1= 3252, Braa’) (1 = 322 Ynaal)
OénOBnOZ':lfYni
O Luizl d (vn_1, T,
AT, @)L= 520 )1 = 5y ) o)
anoﬁnozqi1’7ni : <Z) _ ;
+ = .’ . ) a o (d(vy—1, T v, —
(1—2211:1 v at) (1 — Zqilﬁmaz)(l_ ;Jil Vi) ; ] a <P( (U 1,4 1))
anOZ%lﬁnz i anozqzlﬁnz
1= d e ,Tl e 1=
PSS, ana) (1= 555 ) O L0 TS (1= 5, )
i l ai_jgo (d(vn_l Tivn_l)) + qulam i Z ai_jgp (d(vn Tivn))
— j ) 1 o q1 - oy, Zaz = j )
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Since{ayi}, {Bni}, {1} C[0,1] anda € (0, 1), then

Qap Oﬁn 07n,0
2.21 4 e <1-(1-a)(l—a,
( ) (]‘ - 231:1 an,iaZ)U- - Zil ﬁn,ial)(]- - ;131 YniQ ) o [ ( a)( “ 70)]

As v, — pandF(T) # ¢, we have that
d (vn, Tivn) <d(vn,p)+d (Tip, Tivn)

d (va,p +Z( ) (d(p, T'p)) + a'd (p, vn)

= (1+a")d (vn,p) — 0

This implieslim,, ., d (v, T'v,) = 0, hence (d (v, T,)) = 0, ¢ (d (un_1, T?u,_1)) = 0.
Application of lemma 2 to inequality 2.20, usipng 2.21 gives,, .« d (v, w,) = 0.
Also, forlim,, ... (v,,p) = 0, then

lim d(wy,,p) < lim d(w,,v,) + lim d(v,, p)

n—oo n—oo n—oo

Thereforelim,, ., d(w,,p) = 0.

For (iii) — (iv): Assume thatim,,_... w, = p, then, by using 1.17, 2.4 ahd 2.5, we can easily
deduce thatim,,_,, =, = p.

Finally, for (iv) — (i): If z,, — p, then by 1.1, 2]2 ar{d 2.5, we have the following estimate:

_ 1) 2 )
d(xm un) - d <W( n 1>Txn7T Tnyoo- 7Tq137m CYn,Oa an,l; an,27 s 7an,q1)7

q1 .
W(“n—la Tuna T Unp,y - - - aT Unp; Qn0, An 1, Ap 2, - - - 7&n,q1))

q1

< od(@) ) 1) + Y d (T, Ty

i=1

< apod(@'? ) un ) Zam [Z () a7 (d(zn, T'zy)) +aid(xn,un)]

This gives

a 0d( n) , Up—1) Z;]; Qni i 1\ iy i
(2.22) d(zp,u,) < 1i ! LLANE T 1 . ; (j) a7 (d(zn, T'z,))

A

a1
i:l Qi i=1 On,i@"

Likewise, by 1.1y anfd 25, we have

Lp_1s n

(Y wny) :d(W( @ e M a0 a0 B, ...,5,3{;2),%_1)

q2
< /67(:())6“115127)17 Up-1) + 257(111) (Tz 511)17 un—l)
i=1
a2 %2 ‘
A )+ 30 (T T) + 300 ()
j i=1

< A )+ 30 lz() i (4 (o0, T4, )) + (520, 1)]
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This becomes
(2.23)
@ (2@ 2 g) i N
d( 7(11)1’,““ 1) < ﬁmO ('%;;hunll) + i=1 ﬁnz [Z (Z) alijQO <d( 2)1’T1 () ))]
j=1

L= i:lﬁr(:gaz 1 - 3215( ot J

Again, using 2.p, we have

d(l;gzz—)lvun—l) :d<W( izg)lvTx;)bTQmEzz—)lw--aqu$512) 'ﬁnOaﬁnhﬁ@) ﬁ ()13)7un—1>

a3
< 622,()@(17237)17 Up—1) + Z@(de (Tz 22)17 Un—1>

=1
q3 q3 ‘
< B ) + 3080 (T2 Ty ) + 7 B (T, )
=1 =1
, 13 AN .
< 824t + 3 ) [z (5) e (a (a2 + ot (5200, 1>]
i=1 j=1
This becomes
(2.24) |
BAd(@? | u, ) ©8Y 0 ®
d(x? | ) < o . LR @ p(d(=P ), T P)))
1_ 3%@%3“1 1- 32157(12,36“ j=1 J

By continuing these process|in R.5 upite- 1, we have

d(xik 11)7Un 1) = d(W(a:n 1,Tx( D 12, ( ) T (k—1),

n—1 » n17

O B B B, un_l)

dk
< 67(11?071)(1(%,1,%,1) + Zﬂfffl)d (TZ ;k 11),un 1)
=1

dk
< ﬁlef(;l)d(xn—laun—l) + Zﬁr(fzil) (TZ 7(1k 11)7Tlun— ) + Zﬁ " 1)d un—la“n—l)
i=1

i

qk .

< 905 Ve 1) + 3 0 [Z (5) e (a (s et
i=1 o\

v (50 )]

This further gives
(2.25)

=D (e @ (k-1) i N '
d(l’(k_l) Un—l) < 5n,0 ( n—1, nfl)_i_ ﬁ (;) al_JQO(d<x(k_l) sz(k—l)))
1

n—1 » _ . . n—1 » n—1
dk (k 1) i qk (k 1) 1
=5 Bn,i a 1= 5 571,1' a’ =
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Combining 2.2R and 2.23, we obtain

LK. RAUF, 20. T. WAHAB AND 3A. ALI

1
a0 571,0 (2)
B [N~ (i W) i (1)
1= n,t 1—) 1
S [ ) e ()
tzh 1 Ynji : i ] d T
+ 1 . q1 " an ZaZ ]Zl j a SO ( (x’ny ITL))

Also, substituté 2.24 info 2.26, we have

1) (2)
Qn.0 ﬁnO ﬂn() (3)
(2.27)  d(zp,u,) < - - ( ’ . ( d(x,” |, Up_1)
1 (.1_1 Qi 1— ;12 . ﬂ(l-) i 5(2) i
i i () 2)
= 1 z
R[S () o 1>>])
q2 i ( )
i= 1 g (1
—ye [ (j) L 17T55n—1)>]>
q1
i=1 Yn,i (
ns T Ty,
R[50ty
By combining 2.2b anfl 2.27, we get
(2.28)
(2 k—1
d(q: U )< anOﬁnO n()) _HBT(MO )d(mnflaunfl)
T (1= ) (1= S8 A (1 - S8 AR 1= B Va
%1ﬁ(k_l) N (k—1) (k 1)
i=1n, i—J i
R[S () ettt
(.1316(2) i ; o ) 1
= d x, Ty ))
1 331ﬁ( o Z (‘]> 1 1 _
(1) i 7
1:1 ﬁn,i ] 1) i (1) ))
d T,
1 — ;]il ﬁfllﬂ)az Z (]) Tp-1 1 |
q1 i
i= 104m [ i
N A
! 1= angal Z (j> (0, 7))
Since{a,;}, {Bff}i} C [0,1] forl = 1(1)k — 1 anda € (0,1), then
(k 1)
(7% n,
o)t A a )
(1 =220 ama’)(1 — z:lﬁn,z-a)"-(l— im1 P @)
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While z,, — pandF(T') # ¢, we have that
d(zn, T'xy) < d(2p,p) +d (T'p, T'xy,)

< d(zy,p) + Z (;) a7 (d(p,T'p)) + d'd (p, z,)

= (1+a")d(zn,p) — 0

We conclude thatim,, .., d (x,, T'z,) = 0 andy (d (z,, T'z,)) = 0, ¢ (d (zn_1, T'Ty_1)) =
0. By the application of lemma 2 to inequalfty 2|28, using 2.29 glues ... d (z,, u,) = 0.
Furthermore, since,, — p, then

0 < lim d(up,p) < lim d(u,,z,) + lim d(z,,p) =0

n—oo

Henceu, — p. This completes the proof.

Corollary 3. LetT : C — C' be a mapping satisfying conditipn 117 witT') # ¢. Then the
following iterations are equivalent:

(i) For zy € C, the Kirk-Mann iteratiorf 1.4 converges toc F(T).

(i) Foruy € C, the implicit Kirk-Mann iteratiorf 2.2 converges toc F(T).

Proof
We prove that(i) — (ii): Assumez, — p, by employing 1.4[ 1.17 ar{d 2.2, we have the
following estimates
d(xn; un) = d (W<xn—17 Txn—lv T2xn—17 oo aqu*rn—l; an,Oa an,lv an,?a s >an,q1)7

2 .
W(unfla T'LLn, T Unp, - - - ’T(Ilun’ an,Ou Ofn,l; an,?a s 7an,q1))

q1
d(l’n, un) S O‘n,Od(:Unflu unfl) + Z an,id (Tixnflu T’Lun)
i=1
= & i i—j i 7
S O[n,[)d(xn—la un—l) + lz:; an,i ; (]) a j(;o (d(wn—la T In—l)) +a d (l'n—la un)
q1 K .
S an,0d<xn—1a un—l) + Z an,i Z (;) ai_j(;o (d(xn—la Tixn—l)) + aid(xn—la mn)

i=1 L j=1

+a'd (zy, un))
Sinced(p, z,) = 0 asn — oo andF(T') # ¢, then
0 S d<$n—1a Tixn—l) S d($n—1ap) + d(pa Tiﬂjn—l) — 0

Hencelim,, ... d(z,_1, T'x,_1) = 0 implieso(d(z, 1, T*z,_1)) = 0.

Therefore,
Qn 0
d<xn7 un) S 1 — ;];1 ozm-ai d(l’n,h un71> + Hn
wherep,, = > 7| a,a'd(z,—1, x,) and by lemma 2 and the fact that

% <[1—=(1-=a)(l—ayp)], we have thatim,, ., d(x,,u,) = 0.
Moreover,d(p, z,,) = 0, it follows that

0 < d(tn, p) < d(tp, ) 4 d(xn,p) — 0
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and this implies thalim,, ... d(u,,p) = 0.
(i) — (i): Assume (ii), that idim,_... u,, = p, then by the conditioh 1.17 and the iterations
[1.4,2.2, we have

2 .
d(unaxn) = d (W(’U/n,h Tun; T Upy o v - 7Tq1un7 Oén,O: Oén,lu an,?a oo 705n7QI>7

W (2pn-1,TTn1, T?Tp_1,...,TTx,_; Qn0s O 1y O 2, - - - ,ozmql))

< pod(Un_1,Tp_1) + ‘121 W id (T, Ty 1)

< 0d(Up—1,Tp-1) + ; Qi ; (j) a7 (d(un, T un)) + a'd (up, xnl)]
q1 K .

< A od(Up—1,Tp-1) + ;am ; (;) a7 (d(un, T'uy))

+a' (d(un, un—1) + d (Wp—1, Tp-1))]

This implies

q1 q1 i .
d(tp, ) < Zanviaid(un_l,xn_l) + Zam [Z (;) a7 o(d(un, Tun)) + a'd(u,, un_l)]
=0 i=1 =

j=1
While u,, — pandF(T) # ¢, it follows that
d (un, T'un) < d(up,p) +d (T'p, T'uy,)

< d (up,p) + Z (;) a7 (d(p,T'p)) + a'd (p, uy)

= (1+ a")d (up,p) — 0

which implieslim,, ... d(u,, T"u,) = 0, d(t,_1, T"u,—1) = 0 ande (d (u,, T*u,)) = 0. By
lemma 2 and the facty,, o + >, ana’ =1 — (1 —a)(1 — ano) < 1, we can deduce that
limy, o0 d (Up, ) = 0.

More so,lim,,_.o, u, = p, then

Hencelim,, .. z, = p.

Corollary 4. LetT : C' — C be a mapping satisfying conditipn 1]15 witfT") # ¢. Suppose
all initial guess are the same, then the following iterative schemes are equivalent:

(i) The Kirk-Mann iteration converges jpc F(T)).
(i) The implicit Kirk-Mann iteration converges o€ F(T).
(iii) The Kirk-Ishikawa iteration converges toc F'(T).
(iv) The Kirk-Thianwan iteration convergesos F (7).
(v) The implicit Kirk-Ishikawa iteration converges toc F(T)).
(vi) The Kirk-Noor iteration converges o€ F(T).
(vii) The Kirk-sp iteration converges foc F (7).
(viii) The implicit Kirk-Noor iteration converges o€ F (7).
(ix) The Kirk-Multistep iteration converges toc F(T').
(X) The Kirk-Multistep-SP iteration convergespa F(T)).
(xi) The implicit Kirk-Multistep iteration converges toe F (7).
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Corollary 5. LetT : C' — C be a mapping satisfying conditipn 1|15 witfT") # ¢. Suppose
all initial guess are the same, then the following iterations are equivalent:

(i) The implicit Mann iteration converges toc F(T).

(i) The implicit Ishikawa iteration converges jpoc F(T).
(iii) The implicit Noor iteration converges ipc F (7).
(iv) The implicit Multistep iteration converges toc F'(T').

Theorem 3. LetC be a non-empty closed subset of a generalized convex metric(Spa¢él’)
andT be a self map of' satisfying the quasi-contractive condition 1.17 withl") # ¢. Then,
for zo € X andp € F(T'), the sequencér,, } defined by

(i) 2.9 is T-stable.
(i) 2.3 is T-stable.
(iii) [2.4is T-stable.
(iv) 2.5 is T-stable.

Proof
We prove Theoret|3(iii) as follow: Letu,} € C be an arbitrary sequence and
lete, = d (wn, W(vn—1, T, T?Up, . .., TP U5 oy Q1 Qs - - 5 Qg ), Where

a2
Up—1 = W(wnfla Tvnfla TQUnfla o 7quvn71; ﬁn,Oa ﬁn,l: ﬂn,Qa LR 7ﬁn,q2)7 Z ﬁn,i =1
i=1

a3
2 . E —
Wp—-1 = W(un—la Twn—la T Wp—1, - - 7Tq1wn—1a Tn,05 Yn,1s Vn,2s - - - a’quz)) Yni = 1
=1

Letlim, . ¢, = 0 and using conditiop 1.17 fgr € F(T), we have

2 .
d (un,p) < d (un, W (-1, T, T U, .o, T U Qi gy Qi 1y Q2 - - - ,an,ql))

2 .
+d (W(vn_l, T, T U, - ., TP U O, O 1, Q2,4 - - - ,ozn,ql),p)
51

S €n + an,Od (Un—lvp) + Z an,id (Tzunap)
=1
51

S €n + amOd (Un—lap) + Z an,iaid (unap)

i=1

This becomes,

ano €n

2.30 d(u,,p) < : n—1,P) +
(2.30) (D) < g ) T
But
(231) d (Un,l,p) < ﬁn,O d (wnflap) + o :

T 1= B 1->%, B ia
and

fyn,o €n

(2.32) d (w,_y,p) < d (Un—1,p) +

— a3 a3 i
1- Zi:l Tn,i@' 1- Zi:l Tn,i@"
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Insertind 2.3]L and 2.82 info 230 gives

Qno ﬁn 0 Tn,0
d Um S : . ’ - ’ d ’U/ni y
( p) 1 _ quil an,ial (1 _ Z'Lqil ﬁn7’ia’l (1 _ Z?il ’ynﬂ;a;l ( 1 p)

(2.33)

€n €n €n
+ )+
- Zz 1 In, ’Lal) 1— Z;Zil /Bn,iaz) 1— Zz 1 On zaz

By applying 2.12 t¢ 2.33, we have
(2.34)

_I_

En
un? p aTL Za un— 7p + B . . .
(Z ) nE) (1 =38 ymaa’) (1= 302 Braal) (1= 30 ayal)

Sincelim,, .« €, = 0, then by lemma 2, we have thai,, ., d (u,,p) = 0.

Conversely, iflim,, .o d (u,,p) = 0 for p € F(T), then, by quasi-contractive conditipn 1].17,
we have thatim,, .. €, = 0.

Therefore, the iterative scheine]2.4 is T-stable.

The proof of Theorer|3(i) and (i) is easily seen in Theofém 3(iii).

Remark 2. The stability results for Theorelm 3 (i), (ii) and (iv) are obvious since by Thelorem 2,
the implicit Kirk-type iterations are equivalent.

The following Theorem discusses the data dependence results of our iterative schemes.

Theorem 4. Let C' be a closed subset of a generalized convex metric spdce, W) and T’

be a self map of” into itself satisfyind 1.17 wita’ < a € (0,1), i € N and letS be an
approximate operator df’. Supposdz,},{u,} C C are two iterative sequences associated
to T', S respectively, wheréz,, } is the iteratior] 2.5 andu,, } is given as:

(2.35)
up S = W, Tl TPl T B0 B B )
ul = W) ) T T B0 B B B0
up, = Wi(u ;)1,Tun, T?u,, ..., T%uy,; Q05 Qs Qs o Qpgy ); M > 1

whered" " a,; =1, > 6& 1, am,ﬁffl 0,1),1=1,2,...,k—1,with)> (1 — a,0) =
Then, for any givem > 0, p € F( ),q € F(S)andk € N we have
ke

d < 0,1
(p,q) < A= e a€(0,1)
Proof
By Definition 3, Theorem|2,]3, iterative schemeg .5, 2.35 and condlition 1.17, we have
d(wnaun) - d<W( n)lv T"L‘na T2xn7 s ,quf[‘n; On0,n.1, O{71,27 ce aan,lh)?
W( 21)17 T'U,n, T2un7 S quun; (079 ,05 (079 NEl (079 29 000y an,ql))

<an0d( 1, n 1 —1—2047“@(1 Ty, Sy, )

=1

q1
< amod(x;l_)l, uﬁ}_)l) + Z Qg (d(Tia:n, S'w,) + d(S'w,, S’un))

i=1

<an0d( 17 n 1 +Zanz

€+ Z ( ) (d (20, S'w,)) + a'd(, 1)
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which implies

(2.36)
O a i .
anOd( Lp_1; Up— 1) Z =1 Oni [ i— i i
d ny n < . N " d n?Sl n
(:C Y ) - 1_ i:l an,ial + 1_ qllanzaz 6_'_; j “ gp( (:C o ))
Also, usind 2.b anf 2.35, we can easily obtain the followings:
(2.37)
AR | u? ) 2 B LN hoa
d(z (1)17u511)1)< e — + T 6+Z<') a7y (d $5121=Sl$£131
1=, 80a 1-%8, 4 =1V ( ( >)
(2.38)
5(2())d(x(3—)1au(3_)1) q;ﬁ@) : AN 9 g
d(xfz ,u,(f_) ) < = - T+ T e+ () a o (d 1:51_) ,Sla:g_)
S S B T re e | L))
(2.39)
By, uy) 1 B SN i (g gin®
a2y < 0o P (5 (1) i (4 (a2, 5
1 1 1_ @':157(31)“1 1— gil T(L3l)az ]2 J < ( 1 1))
up to
k—2 k—1 k—1 k 2)
2D -2 < @So G 1>>+ SR B
Tt o Un1 ) S qu1ﬂ(k2i Z!Ik1(k2¢
(2.40) e
T\ i—i k—2) i (k—2
(€+Z<j>a s (o <mxw>>)
j=1
k—1 k 1
d($(k ) (k- 1)) ﬁr(z,() )d(l”n—laun—l) LR e
(2 41) n—1 »%n—1 = 1 gilﬁfllfi—l)ai 1— qkl (k 1) o

(£ (et
j=1

Combining inequalities 2.36-2.41, we have

(2.42)
d( ) < Oén,o HT(L%()) /67(12,()) . 67(Llf[)_1)d('rn 1y Up— 1)
S TN a1 - ?ﬂQQM1— © g% 1— Y, g% Vg
qk ﬁ(k 1) '
e > () o (1 (0 54)) ) -
- =1
+ ﬁ e—l—i(i) a <d<x2 Sigl? ))
1 _ Z]il /B(Z)G,Z ]:1 ] n—1» n—1
6 e—l—i(i) a g (d(ml Sigl! ))
1 zqg . /6(1) ]:1 ] n—1 n—1
SL Oy ~ (1) ;
+1— I e—l—z j a ”go(d(xn,an))
i n,t =1
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By further simplifying 2.42, we get

(2.43)
1 2 k—1)
d(l’ Y ) anO Br(z,()) 67(1,[)) . 6( (xn 1, Up— 1)
T EL e -2 gl 1 - B 0 12 A el
L o X D v
L=k onaa’ 1 — Pl ﬁ( ai 1= @(11’6;1)&@.
X (e + Z <Z) a g <d (xflk:ll), Sixik_ll)») 4.
=N
(1) a g2
QO 5n il 5
* 1— quooz at’ . Op 5 (2)
i=1 ¥n,i@" 1 — ﬁ — @

NG imj i
X(”;(JC‘ o (4 (ws )))
o ?215(1) NP 1) i ()
+ 1— Zg;l an,ial _ ﬁ(l) <€‘|‘ Z (]) a ]SD (d (3371—175 xn—1>)>

J=1

q1 i .
& 10%1 t i—j i
= "oy al <6 2 (]) a' o (d(zn, S a:n)))

j=1

Applying[2.29 tq 2.433, we have

Qn0
d(xnaun) < 11— (1 — Oéno) d(xn 1, Un 1)

1 - ﬁgco Y ~ i\ (k—1) (k—1)

i @ A (A 555 | +
j=1
-6 S EAYE 2 gi (2
(2.44) T ﬁ?%)a (e + Zl ( ; ) @ (d (o2, 522, )

L - Bus NOWw ‘.

o D () e (1w su)
1 —1(1_—%010 0)a <€+ 2 <;) a7 (d (wn, S fn)))
n =1
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This implies
(2.45)
d(l’n, un) S [1 - (1 - a)(l - an,(])] d(xnfly unfl)

R (R () e o
a’ (d (951(12—)1’ Siﬁii)l) >)

(+£0)
R (B0 )
(0

This gives

d(zp,up) < [1—(1—a)(l— ano)]d(@n—1,un_1)

LR (e () e (o (0 540)) ) -
. o) (55 (ase (a (e onn))

A (2 () e e

e (3 () ot

This furthermore implies
(2.47)

Anrttn) < [1 = (1= @)1= )] a1, 1) + L o)

I-a)(l-a)
{/{JE + i (;) at7 |:gp (d(:ﬁﬁlk:ll)7 Sixglk:ll)» Fodo (d(l‘fﬁh 511722,)1))
j=1

+p <d(x$11217 Siéﬁl)) +¢ (d(xn, Szxn))] }

If we leta,, = d(z,,,u,), 7, = (1 —a)(1 — ay,0) and

. i 1\ g [xk—1 O i) : . ]
t, = a—ar [ ke+> ) <j a'™J [ — P <d(xn_1,S xn_1)> + ¢ (d(zy, S xn))} inj2.47.
Then, inequality 2.47 reduces to the form:

(07% S (1 - 7nn)an—l _I' Tntn
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By the property ofp and Theorer]2, we have

k-1
@ (A, S'w)) = 0= o (d(afly, Sl )
=1
Thus, by Lemma 3 and Theor¢rn 1, we conclude that

ke
d(pa Q) < m

Theorem 5. Let C be a closed subset of a generalized convex metric sp#cé, V) and T

be a self map of” into itself satisfying 1.7 with’ < a € (0,1), i € N and letS be an
approximate operator df'. Supposgz,},{u,} C C are two iterative sequences associated
to T', S respectively, wher¢z,, } is the iteratior] 2.4 andw,, } is given as:

n—1 — W(un—17 Tuq(mz—)la T2u£2—)17 s 7Tq3u£2—)1; Yn,05 Vn,15 Yn,25 - - - a'yn,qg); Z Tni = 1

US—)I = W(U,(f_)pT (1) T2 ( "7Tq2 U, - 1;ﬁn07ﬁnlaﬁn27-"7ﬁn,q2); Zﬁn,z =1
=0

q1

1) 2 1y, - .
Up = W( Up ~ 17TumT Upy - - - 7Tq Un; On,0, An, 1, Ap 2, - - - 7an,q1)a Qi = 17 n 2 1
=0

whereay, ;, Bn.i» Yni C [0, 1], With >~ (1 — ay,9) = o0
Then, for any give > 0,p € F(T) andq € F(S), we have

3€
d(p,q) < =2

The proof of this Theorem follows from Theorgmn 4 if we ket= 3.

a€(0,1)

Remark 3. (i) The data dependence results for implicit Kirk-Mann and implicit Kirk-Ishikawa
iterations follow from Theorei 4. (ii) The data dependence results for implicit type iterations
can be easily deduced from Theorgm 4 ghd 5.

3. COMPARISON OF FASTNESS AMONG I TERATIVE SCHEMES

We compare our iterative schemes with other iterations in the literature by using the following
Example.

Example 1. Let7T : [0,1] — [0,1] andTx = g with initial guessz, # 0 and fixed poinp = 0

: 4 2
usingay, o = 5,% =1- N Qp i = ﬁfffi = N foreachi,n > 25andqg; =g =¢ = ... =

qk = 2.

For the implicit Kirk-Mann iteration (IKM), we have

4 1 1
Tn = W(xnflvTxnv T2xn; Qn0, An 1, OCn,Q) = <1 - %) Tp—1+ %l’n + mxn
This implies
IKM 2\/_ - 2vr -8
r=25 r
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Also, the implicit Kirk-Ishikawa iteration (IKI), we have

. 2\/_—8 (1)
"o /n—3 !
with
2/n —8
m711—1:2\/—_3‘%1*1
Hence,
2y —8\° m 2y =8\’
JIKD = (Y22 2 = Voo
k) = (377=5) o= 11 (3773 =

Similarly, implicit Kirk Noor iteration (IKN) implies

3 n 3
2o (IKN) = 2\/_—_8 T, 1 = H M Zo
2\/n—3 o 2\/r —3
While the implicit multistep Kirk iteration (IMK) gives

z.(IMK) = ] (—) o
r=25 2\/F -3
Now, using Definition 2, we compare the implicit Kirk type iterations as follows: For 4,

we have
|gz:n(||vn<)—0|_liI 2,1 — 8 H_ﬁ b b
|, (IKN) =0 — 12 \2y/r —3 i 27 — 3
with

n 5 k—3 n 1 k—3
n— oo — n—0o0 T

r=25 r=25
24 25 n—-2 n—1\3 24
— ( lim =.22... : lim == —0, Vk >4
(nl—{go 25 26 n—1 n ) (nlj{; n) ’ -

Remark 4. The implicit multistep Kirk iteration (IMK) converges faster than the implicit Kirk
Noor iteration (IKN) fork = 4,5, .. ..

Also,
|2, (IKN) — 0] ﬁ 24/7 — 8 ﬁ
2, (IKI) =0 L2 \2yr—3) 12 2[ 3
with
o< ] (1= 575) < im 11 (1-3)
r=25 r=25

24 25 n-2 n-1 24
= lim — - —-- =lim — =0

n025 26 n—1 n n—oo 1,

Remark 5. The implicit Kirk Noor iterationz,,(IKN) converges t@ = 0 faster than the implicit
Kirk-Ishikawa iterationz,,(IKI) to p = 0.

Similarly, using Definition 2, we have that

IKI) —
o JzalIKD) =0

BN B
n—oo |z, (IKM) — 0]
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which implies that the implicit Kirk-Ishikawa iteration, (IKI ) converges faster than the im-
plicit Kirk-Mann iterationz,, (IKM ).
For the Kirk-Mann iteration (KM), we have the following estimate:

4 1
Tp = W(an,l,Twn,l, Tanfl; A0, On 1, Oén,Q) = <1 - _) Tpn1+ —=Tp1+ —=

v Vi

2 (KM) = (1 - 7) Ty = 7«11 (1 - QL\/F) @

The estimates for Kirk-Thianwan (KT), Kirk-SP (KSP) and Kirk-Multistep-SP (KMSP) itera-

tions are, respectively,
n 5 2

v

This implies

s T (1= 5)
and T—Qj .
2, (KMSP) = E5 (1 - 7)

We compare Kirk-Mann (KM), Kirk-Thianwan (KT), Kirk-SP (KSP) and Kirk-Multistep-SP
(KMSP) iterations with our iterative schemes as follows:
Again, using Definition 2, we have

|z, (IKM) = 0] (2\/77—8)( 2\/T )

|z, (KM) — 0] 21 —3) \ 27 —5

_ﬁ( Ar — 164/1 )
o 47"—16\/?—1— 15
-1~ 5=w5)
b dr — 6\/_+ 5
with
0<hmH(1— 1 ) hmﬁ( )
nﬂoor % T—16\/_+ 15) = n—oo
24 25 n—2 n-—1 .
— e e e — — lm_:
nﬂoo 25 26 n—1 n n—oo N

Remark 6. The implicit Kirk-Mann iteratione,,(IKM) converges tp = 0 faster than the Kirk-
Mann iterationz,,(KM) to p = 0.

For the comparison of implicit Kirk-Ishikawa iteratian, (IKI ) and Kirk-Thianwan iteration
x,(KT), we have
|z, (IKI) = 0] ﬁ 2,1 — 8 207 \1°
|2, (KT) = 0] 12 [\2vr =3/ \2yr =5
2
- ﬁ ( - 15 )
R 4r —164/r +15
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with

2 2
- 15 - 1
0< limH(l— ) g[hmH<1——>]
[n—>oo o 4r — 16\/7 + 15 n—oo Loo r

2425 n—2 n—1\° 24\ ?
g llm—._...—. — llm_ :O
n—oo 25 26 n—1 n n—oo M

Remark 7. The implicit Kirk-Ishikawa iteratior,, (IKI ) converges faster than the Kirk-Thianwan
iteration z,,(KT).

For the comparison of implicit Kirk-Noor iteratian, (IKN ) and Kirk-SP iteratiorn,,(KSP),

we have . ,
e - 1 (=3) (2755
- [11 (1 4y — 161\5/F+ 15)
with

3 3
- 15 - 1
0< limH(l— ) §[1imH<1——>]
[nﬂoo =25 4r — 167 +15 T s "

024 25 n—-2 n-1\° Co24)\?
= llm—._...—. — llm_ :O

Remark 8. The implicit Kirk-Noor iterationz,, (IKN) has better convergence rate than the
Kirk-SP iterationz,,(KSP).

For the comparison of implicit Kirk-Multistep iteratian, (IKM ) and Kirk Multistep-SP it-
erationz,, (KMSP), we have

e~ 1L[(35=5) (577 )]

=25

n k
e 15
R 4r — 164/ + 15

k k
- 15 - 1
0<|1i 1— < |1 1— -
= [nlnio 11 ( Ar — 16\/F+15> = L%g{)( 7’>]

with

r=25

24 25 n—2 n—1\" _24\"
= lm—-=--- . =(lim — | =0
n—oo 25 26 n—1 n n—oo N
Remark 9. The implicit Kirk-Multistep iteratione,, (IKM) has better convergence rate than the
Kirk Multistep-SP iteration:,,(KMSP) for & > 4.

4. CONCLUSION

We have established and proved strong convergence, equivalency, T-stability, data depen-
dence and convergence rate results for the implicit Kirk-multistep iteration, implicit Kirk-Noor
iteration, implicit Kirk-Ishikawa iteration and implicit Kirk-Mann iteration of fixed points for
the general class of quasi-contractive operators in a generalized convex metriCsp&dé’).
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These iterative schemes are valid as shown by the analytical results; and from the numeri-
cal point of view, they are faster in term of convergence rate than the other iterative schemes
such as: multistep Kirk-SP iteration, Kirk multistep iteration, Kirk-SP iteration, Kirk-Thianwan
iteration, Kirk-Noor iteration, Kirk-Ishikawa iteration, Kirk-Mann iteration, implicit Noor iter-
ation, implicit Ishikawa iteration, implicit Mann iteration and many other iterative schemes of
fixed point in the literature.
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