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1. INTRODUCTION

Leta; > 0,0, >0(i =1,2,--- ,n;n > 2), pandq be two non-zero real numbers such that
pl4+q¢t=1.1fp>1,then
1
n q
=1

if p<1(p+#0), then the inequality irf (1}1) is reversed.

The inequality [(1.1) is called the Holder’s inequality (sele [1]-[2]). For some recent results
which generalize, improve and extend this classical inequality] seel[1]-[4].

To go further into[(1.]1), we define two mappingsand F, by

3=

i=1 i=1

Fr:{(n,k)|n>2k=1,2--- n;neN} - R,
k k p
Z bijq Z aij bz,

Fi (n,k) = Z = J—k :

1<ii<<iz<n CF71 57 p4 b, ¢
=1 j= !

—_

[y

k
1<i<<ivsn Op iy 000 | Sp,

wherep andq be two non-zero real numbers such that + ¢! = 1.
The aim of this paper is to study the propertiesKfand 3, thus obtaining some new
refinements of (1]1).
2. MAIN RESULTS

Theorem 2.1.Leta; > 0,b; > 0(i =1,2,--- ,n;n > 2), pandq be two non-zero real numbers
such thatp™' + ¢=! = 1, and F; be defined as in the first section. We writg (n, k) =

3 bﬂ) (Fy (n, k). We have
=1
(1) Wherp > 1, we get the following finite refinementsfof {1.1)

(2.1) iaibi:Gl (n,n) <Gi(nn—1) <+ <Gi(n,1) = (iaip)p<ibiq)q.

=1
(2) Wherp < 1 (p # 0), the inequalities in[(2]1) are reversed.

Remark 1. Theoreni 2]L is the finite refinements of Holder’s inequality with non-repetitive
sample.

Theorem 2.2.Leta;, b; (i = 1,2,--- ,n;n > 2), p andg be defined as in the Theorém|2.1, and
F, be defined as in the first section. We wiite(n, k) = <Z bﬂ) (Fy (n, k:))%. We have
=1
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(1) Wherp > 1, we get the following infinite refinements|of {1.1)

n

Zaibig < Gy(n,n) <Gy(n,n—1)

<< Gy(nyl) = (iaﬁ’) (ibiq>q.

(2) Wherp < 1 (p # 0), the inequalities in[(2]2) are reversed.

(2.2)

=

Remark 2. Theoren 2.2 is the infinite refinements of Holder’s inequality with repetitive
sample.

3. SEVERAL LEMMAS

In order to prove the above theorems, we need the following two lemmas.

Lemma 3.1. Leta; > 0,b; >0(i =1,2,--- ,n;n > 2), pandq be two non-zero real numbers
such thap~! + ¢~! = 1, and F} be defined as in the first section. We have
(1) Wherp > 1 or p < 0, we get

n p n

Z a;b; Z a;?
(3.1) =1 =R (nn) <F(nn-1)<---<F(nl) =2

> bif > bif

i=1 i=1

(2) Wher0 < p < 1, the inequalities in[(3]1) are reversed.

Proof of Lemma 3]1From the definition of}, since a simple calculation shows that

n p
Z a;b;
(3.2) Fi(nn)= |5 :
> b
=1

n
> ai’
=1
=
> bif
=1

(3.3) Fi(n,1) =

Fork = 2,3,--- ,n, using some elementary identity involved combinatorial numbers, from

(3.7) and|(3.p) in[[6], we can get

k—1
D arbr,
=1

wh,= > o

{r1i,me—1}C{i1, i}

(3.4)

k
J=1
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k
Ty (e
(3.5) ISi < <ig<n {r1, rp—1}C{i1, g} \I=1

= (n—k—i—l) Z (Z ajmbjm>,
1<1< - <Jp—1<n
respectively.

m=1

(1) Whenp > 1 orp < 0, 2P is convex function or{0, +oo) with z. Lett,,

ar,b,, '~ , using Jensen’s inequality of convex function, frgm |(3.3)in [6], we get

= brlqaxn =
N p k-1 k-1 P
Z Qi bij Z bnq Z ar, bm
= B i—1 i=1
Z bijq {7"1,--~,T’k_1}c{7;1 'Lk} ( ) Z Z b'l’lq
i=1 =t =
(3.6) k-1 b
l_zl b’l”lq Z arl Tl
< > ; -
{r1re—13C{dn, ik} ( ) Z Z
j=1 =1
From the definition of; and [3:5){(3.6), we get
k k P
> by 2, aiby,
7=1 Jj=1
F1 (n, k) - Z n k
1<iy < <ip<n CS % > b1 >0 b1
i=1 j=1 !
k1 k=1 P
; bT’lq Z_Z;_ a/le"’l
S Z Z k-1 v =
1< <<ig<n {ri, ,rp—1 }C{i1, i} (k - 1) Cn:1 Z biq Z bmq
3.7 oo
(3.7) k-1 b
(n—k+1) > b1 Zajm m
m=1 =1
= Z n ]C—l
1<.71< <.7k 1<n (k - 1) CS } Z blq Z b'm.q
1=1 m=1
k-1 k-1 P
Z_l bjmq Z_l ajmbjm
— Z m m;—l :Fl (n,k'_].)
1<j1<<jJg—1<n Ok Qqu b] 7

m=1 "
Combination of[(3.R)F(3]3) andl (3.7) yields (B.1)

(2) When0 < p < 1, z? is concave function o0, +oco) with z. Using Jensen’s inequality
of concave function, we get the reverse[of |3.6) (3.7), which implies the revefse of (3.1)
This completes the proof of Lemma B.1
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Lemma 3.2. Leta;, b; (i = 1,2,--- ,n;n > 2), p andq be defined as in the Lemta[3.1, afid
be defined as in the first section. We have
(1) Wherp > 1 or p < 0, we get

n p n
(libi az-p
(38) Z:nl SSFQ(TL7”>§FQ(”7”_1)§SFQ(nul):Zzl :
> bt > bt

i=1 =1

(2) WhernD < p < 1, the inequalities in[(3]8) are reversed.

Proof of Lemma 3]2From the definition of;, since a simple calculation shows that

> ai’
(3.9) Fy(n,1)=52—.
D b
=1
Fork = 2,3, -, using some elementary identity involved combinatorial numbers, we have

n

k
(3.10) Z a;ib; = C,k_;l Z (Z @i, bij)

i=1 ntk—1 1<i;<-<ip<n \j=1
and
k—1
> > (Zb)
1<in < <ip<n {ry,- rp—1yC{i1, ik} \I=1
(3.11) '

=(n+k-1) > (i ajmbjm)a

1< < <gg—1<n \m=1
where [[3.1]1) can also be obtained fram [2.1) in [8].

(1) Whenp > 1 orp < 0, 27 is convex function or{0, +oo) with z. Lett;, = b;?,2;, =
a;,b;, ", using Jensen’s inequality of convex function, we have

n P k k p
Z (Libz‘ Z bijq Z a’ij bij
i=1 _ J=1 _J=1
n - n k
> bt Isii<-sipsn CS;;—I > bif > bt
i=1 =1 j=1
(3.12) ) ’ )
Z bijq Z CLij bij
< ) = ]_,1 =I5 (n, k).
tsndozisn CLL L b | S0,
=1 j=1

From the definition off; and [3.6),[(3.11), we get
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k k P
Z bqu Z a,l'j bz]
Fy(n, k) = Z : - j k
1 <eSingn O 30| ST, 9
i=1 =1

k—1 k=l g
S by, D anbr,
=1 =1

S Z
1<ih <--<ip< iy (k—1) 0L §n b;? - q
<i1<<ig<n {ry, oy {in, i) (B — 1) n+k_1i—1 i >~ by,
(3.13) B =1

k—1 p

k—1
(7’L + k — 1) Z b'mq Z ajmbjm
m=1 m=1

n k—1
1< <Sieasn (k= 1) Chp b8\ 3 b,
=1 m=1

k—1 k-1 p
> bt >~ a5,bj,
= Y m= el =F(nk—1).
1< Sieasn O R 53 b0\ S by 9
=1 m=1
Combination of[(3.9) and (3.12)-(3]13) yieldls (3.8).
(2) When0 < p < 1, z? is concave function o0, +oco) with z. Using Jensen’s inequality
of concave function, we get the reverse|of (3.12) @and (3.13), which implies the reversg of (3.8).
This completes the proof of Lemrpa B.2.

4. PROOF OF THEOREMS

Proof of Theorem 2]1From the definitions of; andG;, since a simple calculation shows
that

n

(4.1) Gi(n,n) =Y _ab;,

=1

(42) G1 (n, 1) = (i Clip> ' (i bzq> q.

Froma; > 0,b; >0(i =1,2,--- ,n), we have
n n p
a;? Z a;b; n
(4.3) 2L, | = >0, b’ >0.
> b1 > b1 i=1
i=1 i=1
Fork =2,3,--- ,n, we have

(1) Whenp > 1, xv is monotonically increasing ofb, +oo) with x. From ) and3),
with a simple calculation, we get

(4.4) Gy (n,k) <Gy (nk—1).
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Combination of[(4.]1)f(4]2) andl (4.4) yields (R.1).
(2) Whenp < 1 (p #0).

Case 1.0 < p < 1, v is monotonically increasing off), +-o0o) with z. From the reverse of
(3.7) and|[(4.B), smce a simple calculation shows that the reverge pf (4.4).

Case 2:p < 0, z» is monotonically decreasing an, +o00) with z. From .) and.3)
since a simple calculation shows that the reversg of (4.4).
From above two cases, whern< 1 (p # 0), we have

(45) Gl (n7 k) > Gl (77,, k— 1) :

Combination of[(4.]1)[(4]2) andl (4.5) yields the reverseg of|(2.1).
The proof of Theorer 21 is completed.

Proof of Theorerm 2]2rom the definitions of’; andG,, we have

(46) G2 (TL, 1) = (Z (Iip> ! (Z blq> q

i=1
Fork =2,3,---, we have

(1) Whenp > 1, zv is monotonically increasing ofb, +oo) with x. From ) and3),
with a simple calculation, we get

Combination of[(4.6) and (4.7) yields (2.2).
(2) Whenp < 1 (p #0).

Case 1:0 <p <1, v is monotonically increasing of), +-oo) with z. From the reverse of
(3.9) and|[(4.B), smce a simple calculation shows that the reverge pf (4.7).

Case 2:p < 0, z# is monotonically decreasing di, +oc) with 2. From ) and.S)
since a simple calculation shows that the reversg of (4.7).
From above two cases, when< 1 (p # 0), we have

n

(4.8) D b > > Gy(nk) > Ga(nk—1).

=1

Combination of[(4.5) and (4.8) yields the reversef of|(2.2).
The proof of Theorer 2|2 is completed.
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