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ABSTRACT. In this work, we obtain some new generalized weighted trapezoid and Griss type
inequalities on time scales for parameter functions. Our results give a broader generalization
of the results due to Pachpatte in][14]. In addition, the continuous and discrete cases are also
considered from which, other results are obtained.
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1. INTRODUCTION

In 2003, Pachpatte [14] obtained the following versions (see also [10, 11] for the original
versions) of the trapezoid and Griss type inequalities:

Theorem 1.1.Let f : [a,b] — R be continuous offu, b] and differentiable or{a, b), whose
derivativef’ : (a,b) — R is bounded orta, b). Then

570 - @) - L= [ e

Theorem 1.2.Let f, g : [a,b] — R be continuous offi, b] and differentiable orfa, b), whose
derivativef’, ¢’ : (a,b) — R are bounded offa, b). Then
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whereE(z) = 1(b—a)* + <:c - ““’) for z € [a, b].

In 1988, Hilger [3] introduced the concept of time scale as a unifier between the continuous
and discrete calculus. Since then, many researchers have been able to extend known classical
integral inequalities to time scales (see for example [4, 5, 7] 8, 9]). In 2009, Ngb and Liu
[12] gave a sharp Griss inequality on time scales. For the sake of this work, we present the
following results of Liu and Tuna [6] which are generalizations of the trapezoid and Gruss type
inequalities on time scales.

Theorem 1.3.Let0 < k£ < 1,g: [a,b] — [0, 00) be continuous and positive and [a,b] — R
be differentiable such that®(¢t) = ¢(t) on [a, b]. Suppose also that b,s,t € T, a < b, and
f : [a,b] — R is differentiable. Then the following inequality holds

(1= k)(£20) = F2(@)) + k(f(o(@) F6) = F(o(0)f(a))

SO f@ | fe®) = fe@)] [
v e [ atvsem)a
—%%ﬁé%?/g@vw%mAt

M(N+M) [*( [° alAs
: ﬁ@@Atcz<é‘at”A>At

where
ﬂtQ{M@éu@M®+kMﬂ»seMﬁ,
h(s) — M@yu1—mmm»seuﬂ,
M = sigb fA(t)‘ < ooand N = s<111<)b fA(a(t))‘ < 00
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Theorem 1.4.Let0 < k < 1,¢ : [a,b] — [0, 00) be continuous and positive ahd [a,b] — R
be differentiable such that*(t) = g(¢) on[a, b]. Suppose also that, b, s, € T, a < b, and
p,q : la,b] — R are differentiable. Then the following inequality holds

21— k) ( / bg(t)At) ( / bp(t)q(tmt)
wr [ {q@) [( / tg<s>A5>p<a> + ( / bg(S)A5>p(b)]
( / t g(s)As)q(a)—i— ( /t b g(s)As)q(b) }At
- [( / bq(tmt> ( / bg<t>p<o<t>>m) + ( / bp(tw) ( / bg(t)q(a(t»m)
< [ (Plat) + @bio)) ( [ Ist s>\As) At

+ p(t)

where
St {h(s) _ §<1 — k)h(a) + k:h(t)), s € la,t),
h(s) — (kh(t) + (1 — k;)h(b)), s € [t,b],
P = S<L1[<)b pA(t)‘ <ooand @ = s<11[<)b qA(t)‘ < 00.

Recently, Xu and Fang [15] introduced a technique of parameter functions. In light of this,
they obtained a new Ostrowski type inequality for parameter functions. Inspired by this tech-
nique and the idea used inl [6], we prove another version of the trapezoid and Griss type in-
equalities for parameter functions via a new weighted Peano Kernel.

The paper is arranged as follows: In Secfipn 2, we recall necessary results and definitions in
time scale theory. Our results are formulated and proved in S¢gtion 3.

2. PRELIMINARIES

We start by presenting the following time scale essentials that will come handy in what fol-
lows. For more on the theory of time scales, we refer the reader to the books of Bohner and
Peterson[1] and Bohner and Petersan [2].

Definition 2.1. A time scal€T is an arbitrary nonempty closed subseRofThe forwardjump
operatoro : T — T and backwardump operatorp : T — T are defined by (¢) := inf{s €
T:s>t}fort € Tandp(t) :=sup{s € T : s < t} fort € T, respectively. Clearly, we

see thabt(t) > tandp(t) < tforallt € T.If o(t) > t, then we say that is right-scattered,
while if p(t) < t, then we say that is left-scattered. 1 (t) = ¢, thent is called right dense,

and if p(t) = t thent is called left dense. Points that are both right dense and left dense are
called dense. The sét* is defined as follows: ifT has a left scattered maximum, then

Tk = T — m; otherwiseT* = T. Fora, b € T with a < b, we define the intervdh, b] in T by

la,b] = {t € T : a <t < b}. Open intervals and half-open intervals are defined in the same
manner.
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Definition 2.2. The functionf : T — R, is called differentiable at € T*, with delta derivative
f2(t) € R, if for any givene > 0 there exist a neighborhodd of ¢ such that

[F(o(t) = f(s) = FA®)(0(t) = 5)| < elo(t) — 5|, Vs € U.
If T =R, thenf2(t) = Cbtd—iw, and if T = Z, thenf2(t) = f(t + 1) — f(¢).

Theorem 2.1.Let f,g : T — R be two differentiable functions @atc T*. Then the product
fg: T — Ris also differentiable at with

(f9)2(t) = f2(Dg(t) + fla(t)g™(t) = f(t)g> (1) + F2(t)g (o (t))-
Definition 2.3. The functionf : T — R is said to bed—continuous if it is continuous at all
dense pointg € T and its left-sided limits exist at all left dense points T.

Definition 2.4. Let f be ard—continuous function. Theq: T — R is called the antiderivative
of f onT if it is differentiable onT and satisfieg®(t) = f(t) for anyt € T*. In this case, we
have

b
| s = g(6) - gla).
Theorem 2.2.1f a,b,c € Twitha < ¢ < b, « € Rand f, g are rd—continuous, then

() 1700+ g(D)A = [ FOAL+ [T g()A

iy J* f(t At =a [P f(t)AL

(iii) f FO)At=— [ f(t)At

(V) [, f()AL= [ FOAL+ [7 f(t)At

v) ‘f 7(0) At) < [P1f@ |Atforal|te [a, B].

Wi) J; F(£)g™(t) At = (fg)(b) — — [i FAg(o () At
Definition 2.5. Let h;, : T? — T, k € N be functions that are recursively defined as
ho(t,s) =1
and

t
his(t,s) = / hi(T,8)AT, forall s,t €T.

WhenT = R, then for alls,t € T,

(t—s)"
k!

3. MAIN RESULTS

hk(t, S) =

For the proof of our main results, we will need the following lemma due to Nwaeze [13].

Lemma 3.1(A weighted generalized Montgomery Identity)etv : [a, b] — [0, 00) be
rd—continuous and positive and : [a,b] — R be differentiable such that*(¢) = v(¢) on
[a, b]. Suppose also that b, s,t € T, a < b, f : [a,b] — Ris differentiable, and) is a function
of [0, 1] into [0, 1]. Then we have the following equation

1+9(1 —2)\) — 77/J(>\)f(t) 4 P(A) f(a) + (1 ; P(1—=X) f(b)} /a v(t)At

b b
(3.1) :/ K(s,t)fA(s)As+/ u(s) f(o(s))As,
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where

w(s) — (wla w(b)—w(a) s a
32) ]q&ﬂ{ (5) E(>+wm @) s e fa,1),

wa) + (1+ (1= X)054D) s € [t
3.1. A weighted trapezoid type inequality on time scales.

Theorem 3.2.Letv : [a,b] — [0,00) be continuous and positive and : [a,b] — R be
differentiable such that®(t) = v(t) on [a,b]. Suppose also that, b,s,t € T, a < b, f :
la,b] — R is differentiable, and) is a function of{0, 1] into [0, 1]. Then we have the following
inequality

1+(1 _2)\) — () (fQ(b) _ f2(a)) _ % /aby(s)(f(a(s)) -+ f(a2(5))>As
+¢uxﬂ@+fww»)+ﬂ;¢ﬂ—ﬁﬂ(ﬂ®+f@@ﬁ(ﬂm_fwﬂ

M(N+M) [*( [° ) )
= [Pu(t)At / (/ K s 9)A )At’

whereK (s, t) is given by)M = sup

fA(t)‘ <ooand N = sup

13 o) < o,

Proof. From Lemma 3]1, we have
L+9(1=A) =N
5 1)
1 b A
:fabu(t)At/a K(s,t)f2(s)As
1 b
+fabv(t)At/a v(s)f(o(s))As
(3.3) _MMﬂ®+ﬂ;wﬂ—MUw[
and
T+ =) =¥\
5 f(o(t))
— 1 ’ A
_ffu(t)At/a K(s,t)f%(o(s))As
1 b 9
+ fab V(t)At/a v(s)f(o*(s))As
(3.9) _ Wfo(@) + (1 =91 = N) o (b)

2
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Adding Equationg(3]3) and (3.4), we get

PPN =0 () 4 (o)

1

i 5 V(lt)At /ab”(s> (f(U(S)) + f(az(S)))As

. o) (f(@) + Fo(@) + (1 =61 = X)) (F0) + f(o(0)))
. - : .

Multiplying (8.5) by f2(¢) and using Theorefn 2.1 gives

1491 — ) P(A )(

)20
fby /Kst o (3))>As
AU <s>(f< (5)) + 1(0%(s))) As

’ f; v(t)At
(@) + S(o(a) + 1 =01 = 0) (F0) + Fo0))

(3.6) 5 FA).
Now, integrating|[(3.6) offz, b], we have
1+’(/)( )_1/}()‘) (fQ(b)—fZ(a))
1
fbytAt/f [/Kst ((s)))As At
f(b) = f(a)
o 9 [ (st0(6) + 0% >>) 5
bN)(fla) + flo(a)) ) + (1 = (1= X)) (f(b) + f(o(b))
(3.7) — ( ) 5 ( ) (f(b) - f(a)>-
This implies
LA =N =) (o o) TO) = F@) [0 e a0 A
- (120) - () P / (5)(f(o(s)) + [(0*(s))) A
YN (@) + flo(a)) + (1 = w1 =) (£0) + o)
o ) 5 ( >(f(b) ~ /(@)

(3.8)

At.

ot [ 0] Ko (0 o)
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Taking the absolute value of both sides [of [3.8) and using item (v) of Theorém 2.2, we get
the desired resuly

Corollary 3.3. For T = R in Theoreny 3]2 we get

L0 =N =0 oy o) SO = Fl@) [P
: (Fo - @) = F s [
L Y@ (=N IO (1) 50
M2 b b
(39) S faby(t)dt/a (/a ‘K(S,t)}dS)dt,

wherev(t) = w'(t) on[a,b],and M = sup
a<t<b

f’(t)‘ < .

Corollary 3.4. For w(t) = t, we have that/(¢) = 1. Using this, the inequality in Theorem B.2
becomes

PR (- ) - LG [ (st ¢ son) s

o) (f(@) + Flo(a) + (1 i ¥ (76) + 1o 0) (£)~ f(a))

< W/b [h2 (a,a+¢<A)b_Ta> + ho (t,a—l—@/)(/\)b;a)

e <t>a+(1+¢(1—A))b_Ta) + hy (b,a+(1+¢(1—)\))b;a)

+

At

for all A € [0,1] such thata + ¢(A) %% anda + (1 + ¢ (1 — \))%2 are inT, and
tela+yvN)52a+ (1+9(1—N)5%] . Here,

s—(a+v(N)5), s [75)
K(S’t)_{s—(a—f—(l—l—l/}l— beay) s e [t,0),

fA(t)‘ <ooand N = sup
a<t<b

M = sup fA(a(t))‘ < 00.

a<t<b
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Proof. Here, we only need to justify the right hand side of the inequality. We proceed as follows.

/\Kst|A&_/WK3t]A&+/]Ksth&

:/a s—(aJr@/)( )= ) As+/b s—<a+(1+¢(1—/\))b;a> As
:/:W)b;a s (ar o5 s
+/at+w>b2a 5 (a+¢( )b2“> As
v f R (a+ v -0 5 as
" /;Wl_mb_; o= (ar o=t ) as
=/l,,<) o= (52|
N I
R e
B e G
—h2<aa+@/}() 2 (v o5
bl (et o= )25 ) (ot (e 50

Hence, the result follows

Corollary 3.5. Takingy(\) = A, in Corollary[3.4 above yields

- 0(r20 - @) - =IO (o) + o) as

A(f(@) + 1) + J;(U(a)) + /(o)) (109 - 1) ‘

+
b—a b—a
ho | t A

M(N + M) [*
= b—a l [
b

+ hy (t,a—i—(?—)\) ;a>+h2 <b,a+(2—A)b;a)

At
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for all A € [0,1] such thatu + A2 anda + (2 — )22 are in T, and
tela+A5%a+(2- N5, Here,

_ s (a+252), s € o),
K(s,t) = {S_ (a+(2—N)52), s €[t b,
M= s, P < oo

Remark 3.1. If we takeX = 0 andT = R, Corollary[3.% reduces to Theor¢m]1.1.
Corollary 3.6. For the case wheffl = Z, Theoreny 3]2 becomes

fA(t)‘ < ooand N = sup

a<t<b

LU= =00 (g _ o) - LD =S @) ZV (s + 1)+ £5+2)
o)
+¢Qmﬂ@+fm+n)+u2¢uA»(ﬂ®+f®+D)Ow>ﬂ®>
SA@—+M§<2‘K825 )
s;ay(s) t=a s=a

wherev(t) = w(t + 1) — w(t) onfa, b, M = sup ‘f(t +1) = f(1)] < 0o and

a<t<b—1

N = sup ‘f(t+2)—f(t~|—l)‘ < oo

a<t<b—1

3.2. A weighted Gruss type inequality on time scales.

Theorem 3.7.Letv : [a,b] — [0,00) be continuous and positive and : [a,b] — R be
differentiable such that®(t) = v(t) on [a, b]. Suppose also that, b, s,t € T, a < b, p,q
la,b] — R is differentiable, and) is a function of{0, 1] into [0, 1]. Then we have the following
inequality

(ku—m—wu0(13®AQ<lﬂwmwAQ
+w»mw+u;¢u—»mw(L;®AQ(lz@AQ
+w»«@+ugwu—»mw<Lg®AQ(lg@AQ
—l%@(ln@mwmmﬁm—13m<13@ad»mﬁm

S/ab<P|CI()|+Q|p </ }K5t|AS)At

whereK (s, t) is given by)P = sup

pA(t)‘ < oo and ) = sup
a<t<b

qA(t)‘ < 0.
a<t<b
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Proof. Applying Lemmg 3.1L to the differentiable functiopsindg, we obtain

L+l — X)) — (A b
2 ab,, t At/ Ks ;1/( )At/ V(s)plo(s))As
P (M)p( — (1= A)p(b)
(3.10) _ . ,
and
Lo =) = 9N = ! b s s ! bl/s o(s))As
5 q<f>—f;,/mt/az<< DA+ i v
(3.11) _ YWala) + (1 =¥ = V) g(b)
2

Multiplying (8.10) byq(¢) and [3.11) by (¢) and then adding the resulting identity gives

<1+¢ (1=2) - )p (®)q(?)
fbv(ltAt q(t /Kst 5)As + p(t) /Kst A(s)As
+ o [ mloonns +n) [ visaoonas
(3.12) _ $pla) + (1 = (A = M) p) oy $Nale) A=A = V) a®)

2
Now integrating[(3.1}2) ofz, ] amounts to

This implies that
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0+w1—>—wu0(/w<> )( )
[ (/Kst )AH/ (/bK )

w»m>+u;wa— </V AO(Zq@AQ
(3.13) ~ Y (Ngla) + (1 ; P - (/b At) (/bp(t)At>

Rearranging, taking absolute value on both side$ of [3.13) and using item (v) of THeofem 2.2
yields

At.

Hence, the result follows

AJMAA Vol. 14, No. 1, Art. 4, pp. 1-13, 2017 AJMAA


http://ajmaa.org

12 EzE RAYMOND NWAEZE

Corollary 3.8. For the case whefff = R, Theorenj 3]7 becomes

(ku—»—¢uw(LiwmQ([ﬂwmww>
+w»mw+a;wu—wm@(Lgﬁmg(lg@ﬁ)
+w»«@+u;wu—»mw<11ﬂmg(lg@ﬁ)
—[Zm([ﬁwm@w)ﬁ—1%m<liwmw@>ﬁ

gL%m«n+@m (/IKstwﬁﬁ

wherev(t) = w'(t) on[a,b], P = sup |p (t)) < ooand () = sup

a<t<b a<t<b

Corollary 3.9. For the case wheffl = Z, Theorenj 3]7 amounts to

s o)
)z
(o)

P(Np(a) + (1= (1 = N) (
o0 om0 o St o)

Z Pla(®)| + Qlp(t) )(sZ\Kst )

t=a

q’(t)‘ < 00.

M°

+

S oo
= Q

Y(N)gla) + (1= (1= \) <

M@
HHM

wherev(t) = w(t + 1) — w(t) onfa,b], P = sup

a<t<b—1

p(t+1) —p(t)‘ < 0o and

Q= sup |q(t+1) —q(t)‘ < 00.

a<t<b—1

Corollary 3.10. For the case whe(\) = X, w(t) = t andT = R, Theorenj 3]7 boils down to

21— \)(b— a) (/abp(t)q(t)dt> L0 <p2(a) +0(0) (/abq(t)dt>
N Ab — a) <q2(a) +q(b)) ( /abp(t)dt) . ( /abq(t)dt> ( /abp(t)dt>

b 2 2
gl(mwm+QmmDG%ﬁm+m+a§b)w
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Here,
_ b—a
K(s.t) = s (a—i—A 5 ),bs_ [a,t),
s—(a+(2-N%5), seltb],
P = sup p’(t)‘ < oo and () = sup q’(t)) < 00.
a<t<b a<t<b

Remark 3.2. If we take\ = 0, Corollary[3.10 reduces to Theor¢m]|1.2.

REFERENCES

[1] M. BOHNER and A. PETERSONDynamic equations on time scaj&irkhduser Boston, Boston,
MA, 2001.

[2] M. BOHNER and A. PETERSONAdvances in Dynamic Equations on Time Seriiskhduser
Boston, Boston, MA, 2003.

[3] S. HILGER, Ein Magkettenkalkul mit Anwendung auf Zentrumsmannigfaltigkef®®mD. thesis,
Universitat Wirzburg, Wirzburg, Germany, 1988.

[4] B. KARPUZ and U. M. OZKAN, Generalized Ostrowski Inequality on time scaleBjequal. Pure
& Appl. Math, 9(2008), No. 4, Article 112.

[5] W.J.LIU and A. NGO, A new generalization of Ostrowski type inequality on time scAlesSt.
Univ. Ovidius Constantgl 7(2009), No. 2, pp. 101-114.

[6] W. LIU and A. TUNA, Weighted Ostrowski, Trapezoid and Griiss type inequalities on time scales,
J. Math. Inequal.6(2012), No. 3, pp. 281-399.

[7] W. J. LIU, A. TUNA and Y. JIANG, On weighted Ostrowski type, Trapezoid type, Gruss type and
Ostrowski-Gruss like inequalities on time scal&ppl. Anal, 93(2014), No. 3, pp. 551-571.

[8] W. J. LIU, A. TUNA and Y. JIANG, New weighted Ostrowski and Ostrowski-Gruss type inequal-
ities on time scalesAnnals of the Alexandru loan Cuza University-Mathemat£62014), No. 1,
pp. 57-76.

[9] W.J.LIU, A. TUNA and Y. JIANG, Diamondx weighted Ostrowski type and Griss type inequal-
ities on time scaled\ppl. Math. Comput270(2015), pp. 251-260.

[10] D.S. MITRINOVIC, J. E. PEARIC and A. M. FINK,Classical and New Inequalities in Analysis
Kluwer Academic Publishers, Dordrecht, 1993.

[11] D. S. MITRINOVIC, J. E. PEARIC and A. M. FINK, Inequalities Involving Functions and Their
Integrals and DerivativeKluwer Academic Publishers, Dordrecht, 1994.

[12] A. NGO and W. J. LIU, A sharp Griiss type inequality on time scales and application to the sharp
Ostrowski-Gruss inequalitg;ommun. Math. Anal6(2009), No. 2, pp. 33—-41.

[13] E. R. NWAEZE, A new weighted Ostrowski type inequality on arbitrary time scaernal of
King Saud University - Scienc2016, [Online|http://dx.doi.org/10.1016/j.jksus.
2016.09.006 .

[14] B. G. PACHPATTE, On trapezoid and Griss-like integral inequaliiesjkang J. Math34(2003),
No. 4, pp. 365-369.

[15] G. XU and Z. B. FANG, A new Ostrowski type inequality on time scalésMath. Inequal.
10(2016), No. 3, pp. 751-760.

AJMAA Vol. 14, No. 1, Art. 4, pp. 1-13, 2017 AJMAA


http://dx.doi.org/10.1016/j.jksus.2016.09.006
http://dx.doi.org/10.1016/j.jksus.2016.09.006
http://ajmaa.org

	1. Introduction
	2. Preliminaries
	3. Main Results
	3.1. A weighted trapezoid type inequality on time scales
	3.2. A weighted Grüss type inequality on time scales

	References

