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ABSTRACT. It is shown that iff is analytic inD = {z : |z| < 1}, with f(0) = f ′(0)− 1 = 0,

then forα > 0, γ > 0, f ′(z)
(f(z)

z

)α−1

≺
(1 + z

1− z

)β(γ)

implies
(f(z)

z

)α

≺
(1 + z

1− z

)γ

,

whereβ(γ) = γ +
2
π

arctan
(γ

α

)
, and thatβ(γ) is the largest number such that this implication

holds.
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1. I NTRODUCTION AND DEFINITIONS

Let S be the class of analytic normalised univalent functionsf , defined inz ∈ D = {z :
|z| < 1} and given by

(1.1) f(z) = z +
∞∑

n=2

anz
n.

The Bazilevǐc functions with logarithmic growthB1(α) ⊂ S defined as follows have been
extensively studied (see e.g. [2, 3, 4]).

Suppose thatf is analytic inD and is given by(1.1). Then forα ≥ 0, f ∈ B1(α), if and
only if,

(1.2) Re f ′(z)
(f(z)

z

)α−1

> 0.

We say that an analytic functionf is subordinate to an analytic functiong, and writef(z) ≺
g(z), if and only if there exists a functionω, analytic inD, such thatω(0) = 0, |ω(z)| < 1 for
z ∈ D, andf(z) = g(ω(z)). Marjono and Thomas [5] discussed subordination in a sector.

We will use the following well-known lemma.

2. L EMMA

The Miller-Mocanu Lemma [1]

Let F be analytic inD andG be analytic univalent in̄D, with F (0) = G(0). If F ⊀ G, then
there is a pointz0 ∈ D andζ0 ∈ ∂D, such thatF (|z| < |z0|) ⊂ G(D), F (z0) = G(ζ0) and
z0F

′(z0) = kζ0G
′(ζ0) for k ≥ 1.

We prove the following theorem for analytic functions, noting its relationship with the Bazile-
vič functionsB1(α) defined in (1.2).

3. THEOREM

Let f be analytic inD, with f(0) = f ′(0)− 1 = 0. Then forα > 0, γ > 0 andz ∈ D,

f ′(z)
(f(z)

z

)α−1

≺
(1 + z

1− z

)β(γ)

implies

(3.1)
(f(z)

z

)α

≺
(1 + z

1− z

)γ

,

where
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(3.2) β(γ) = γ +
2

π
arctan

(γ

α

)
.

Furthermoreβ(γ) is the largest number such that(3.1) holds.

Proof. Write

p(z) =
(f(z)

z

)α

,

so thatp is analytic inD, p(0) = 1 and

p(z) +
zp′(z)

α
=

(f(z)

z

)α−1

f ′(z).

Thus we need to show that

p(z) +
zp′(z)

α
≺

(1 + z

1− z

)β

implies

p(z) ≺
(1 + z

1− z

)γ

,

whenβ = β(γ) is given by (3.2).

Forz ∈ D, leth(z) = [(1+z)/(1−z)]β andq(z) = [(1+z)/(1−z)]γ, so that| arg h(z)| < βπ

2
and| arg q(z)| < γπ

2
.

Suppose thatp ⊀ q. Then from the Miller-Mocanu Lemma, there existsz0 ∈ D andζ0 ∈ ∂D,
such thatp(z0) = q(ζ0), p(|z| < |z0|) ⊂ q(D) andz0p

′(z0) = kζ0q
′(ζ0), for k ≥ 1.

Sincep(z0) = q(ζ0) 6= 0, it follows thatζ0 6= ±1. Thus we can writeri =
1 + ζ0

1− ζ0

for r 6= 0.

Hence

p(z0) +
z0p

′(z0)

α
= q(ζ0) +

kζ0q
′(ζ0)

α
for k ≥ 1.

Differentiatingq(z) we obtain

p(z0) +
z0p

′(z0)

α
=

(
ri− kγ(1 + r2)

2α

)
(ri)γ−1

=
(
ri− kγ(1 + r2)

2α

)
rγ−1

(
cos

(γ − 1)π

2
+ i sin

(γ − 1)π

2

)
.
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Sincecos
(γ − 1)π

2
= sin

γπ

2
, andsin

(γ − 1)π

2
= − cos

γπ

2
, we have

p(z0) +
z0p

′(z0)

α
=

(
ri− kγ(1 + r2)

2α

)
rγ−1

(
sin

γπ

2
− i cos

γπ

2

)
=

rγ−1

2
cos

γπ

2

[
2r − kγ

α
(1 + r2) tan

γπ

2
+ i

(
2r tan

γπ

2
+

kγ

α
(1 + r2)

)]
,

(3.3)

and so taking arguments in (3.3), we obtain

arg
(
p(z0) +

z0p
′(z0)

α

)
= arctan

[(
2r tan

γπ

2
+

kγ

α
(1 + r2)

)
/
(
2r − kγ

α
(1 + r2) tan

γπ

2

)]
≥ arctan

[(
2r tan

γπ

2
+

γ

α
(1 + r2)

)
/
(
2r − γ

α
(1 + r2) tan

γπ

2

)]
:= Φ(r).

Now write Φ(r) = arctan
(U(r)

V (r)

)
, so thatU(r) = 2r tan

γπ

2
+

γ

α
(1 + r2) andV (r) =

2r − γ

α
(1 + r2) tan

γπ

2
.

Next note that sinceΦ′(r)(U(r)2+V (r)2) = V (r)U ′(r)−U(r)V ′(r), it follows thatV (r)U ′(r)−
U(r)V ′(r) = 0 whenr = 1. ThusΦ(r) attains its minimum whenr = 1, and so

Φ(r) ≥ Φ(1)

= arctan
[
(α tan

γπ

2
+ γ)/(α− γ tan

γπ

2
)
]

=
β(γ)π

2
.

Hence

β(γ)π

2
≤ arg

(
p(z0) +

z0p
′(z0)

α

)
≤ π

2
,

which contradicts the fact that|h(z)| < β(γ)π

2
, provided (3.1) holds. This completes the proof

of the positive statement in the theorem.

To show that (3.2) is the largest number such that (3.1) holds, let

p(z) =
(1 + z

1− z

)γ

.

Then from the minimum modulus principle for harmonic functions, it follows that

inf
|z|<1

arg
(
p(z) +

zp′(z)

α

)
is attained at some pointz = eiθ, for 0 < θ < 2π.

Thus withz = eiθ,
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(
p(z) +

zp′(z)

α

)
/
( sin θ

1− cos θ

)γ−1

=
cos

γπ

2
1− cos θ

[
sin θ − γ

α
arctan

γπ

2

+ i
(

sin θ tan
γπ

2
+

γ

α

)]
.

Taking arguments we have

arg
(
p(z) +

zp′(z)

α

)
= arctan

[
(α sin θ tan

γπ

2
+ γ)/(α sin θ − γ tan

γπ

2
)
]
,

and an elementary calculation shows that the minimum value of the right-hand side is obtained
whensin θ = 1.

Thus

arg
(
p(z) +

zp′(z)

α

)
≥ arctan

[
(α tan

γπ

2
+ γ)/(α− γ tan

γπ

2
)
]

=
β(γ)π

2
.

Henceβ(γ) is exact and the proof of the theorem is complete.
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