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2 MOCHAMMAD IDRIS, HENDRA GUNAWAN AND ERIDANI

1. INTRODUCTION

We begin with the definition of Bessel-Riesz operators.¥ofr 0 and0 < « < n, we define
Lo (2) = [ Kao (o= 9) 1 ),

foreveryf € L} (R"), p > 1, where K,, , (z) := (HW Here,l, , is calledBessel-Riesz
operatorand K, , is calledBessel-Riesz kerneThe name of the kernel resembles the product
of Bessel kernel and Riesz kernel [13]. While the Riesz kernel captures the local behaviour, the
Bessel kernel take cares the global behaviour of the function. The Bessel-Riesz kernel is used
in studying the behaviour of the solution of a Schrédinger type equation [8].

Fory = 0, we havel, o = 1,,, known asfractional integral operator®r Riesz potentia[2].
Around 1930, Hardy and Littlewoodl[5] 6] and Sobolevi[11] have proved the boundedness of
1, on Lebesgue spaces via the inequality

[ fHLq <C ||f||Lp,

for every f € L” (R"), wherel < p < 2 and1 = - — 2. HereC denotes a constant which

may depend on, p, ¢, andn, but not onf
Forl < p < ¢, the(classical) Morrey spacé?? (R™) is defined by

LPAR") = {f € Lipe R") + [fll oo < 00},

1/p
where||f||pa := sup rr/a71/p) <f|z—a|<r |f(x)|de> . For these spaces, we have an
r>0,a€R™

inclusion property which is presented by the following theorem.
Theorem 1.1.For 1 < p < ¢, we haveL? (R") = L% (R") C L[> (R") C L9 (R").

On Morrey spaces Spanrie [10] has shown aniB bounded form/P+# (R™) to LF2:% (R™)
forl<p<q <2 p% = pi — 2, and_- L — L _ o Fyrthermore, Adams[1] and Chiarenza

and Frascé |2] reproved it and obtalned a st}onger result which is presented below.

5

Theorem 1.2.[Adams, Chiarenza-Frasca] If < a < n, then we have
[ o f | zo2ar < CHfHWu

for everyf € LPt (R™) wherel < p; < ¢ < 2, p—2 = pil (1—22), and 12 = qil -2,

For¢ : RT™ — R andl < p < oo, we define thegeneralized Morrey space
LP? (R") := {f € L}, (R") : || fll o < 00},

1/p .
where||f||ps == sup o5 (,% Jiomaper LF@) dx) . Here we assume thatis almost
r>0,acR™

decreasing ant/?(t) is almost decreasing, so thasatisfies theloubling conditionthat is,
there exists a constaft such that:, < ¢’ 7”) < C whenever < <2.

In 1994, Nakai[[9] obtained the boundedness[,pffrom Lff’1 % (R") to LP>¥ (R™) where
l<p <2 L ==L—2and[" v g(v)dv < Cro¢(r) < Cy(r) for everyr > 0. Nakai's

a’ p2 p1

result may be viewed as an extension of Spanne’s. Later on, in 2009, Gunawan and Eridani [3]
extended Adams-Chiarenza-Frasca’s result.

Theorem 1.3.[Gunawan-Eridani] If [~ £ W gy < Co (r), andg(r) < Cr? for everyr > 0,
<< -, 1<p <7, 0<a<n, then we have

p1
ol paw < C I fl Lo
for everyf € LP1? (R") wherep, = 5’“ 5 andy(r) = G(r)P/P2 > 0,
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The proof of the boundedness 6f on Lebesgue spaces, Morrey spaces, or generalized
Morrey spaces, usually involvétardy-Littlewood maximal operatpwhich is defined by

Mf(x) SBg§|B|/|f )| dy,
for every f € L} (R") where|B| denotes the Lebesgue measure of the Bak= B(a,r)
(centered att € R™ with radiusr > 0). It is well known that the operata¥/ is bounded on
LP (R™) for 1 < p < oo [12,/13] and also on Morrey spacég&? for 1 < p < ¢ < oo [2].

Next, we know that/, . is guaranteed to be bounded on generalized Morrey spaces because
K., (z) < K,(x) for everyz € R". The boundedness @, on Lebesgue spaces can also be
proved by using Young’s inequality, as shown(in [7].

Theorem 1.4.[7] For v > 0 and0 < a < n, we havek, ., € L' (R") whenevern+:_
——. Accordingly, we have

<t <
(03

||[owf||Lq < HKowHLtHfHLP
foreveryf € L” (R") wherel < p < t/, - 1= + L

naq

Using the boundedness of Hardy-thtIewood maximal operator, we also know thait
bounded on Morrey spaces.

Theorem 1.5.[7] For v > 0 and0 < a < n, we have
H[a,'nyL"?’q? <C HKa,'yHLtHfHLT’l’ql

for everyf € LPv9 (R") wherel < p; < ¢4 < t/, n+f;_a <t < A p—2 +1= —1 + % and
Li1=2141
q2 q1

In 1999, Kuratzet al. [8] proved the boundedness bf - 1, , on generalized Morrey spaces
whereW is a multiplication operator. A similar result to Kurata’'s can be found in [3]. In the
next section, we shall reprove the boundednesk, ofon generalized Morrey spaces using a
Hedberg-type inequality and the boundedness of Hardy-Littlewood maximal operator on these
spaces.

Theorem 1.6. (Nakai) Forl < p < oo, we have
[ M flles < C|fllLee,
for everyf € LP? (R").

Our results show that the norm of Bessel-Riesz operators is dominated by the norm of their
kernels on (generalized) Morrey spaces.

2. MAIN RESULTS
Fory > 0 and0 < a < n, one may observe that the kerr€l , belongs to Lebesgue spaces
LY(R") whenever_»— < ¢t < -, where

(2k R) (a—n)t+n
y

~ ||Kaw||§;f
keZ

(see[7]). With this in mind, we obtain the boundednesg.,0f on generalized Morrey spaces
as in the following theorem.
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Theorem 2.1.Lety > 0 and0 < o < n. If ¢(r) < Cr? for everyr > 0, ‘;fl < B < —aq,
1<p <t, andn+:_a <t < =, then we have

Mo fllzees < ClEapllLell fllzee,

for everyf € Lr¢(R") wherep, = 22 andy(r) = ¢(r)»/72.

Proof. Lety > 0 and0 < a < n. Suppose that(r) < Cr” for everyr > 0, —Z—tl' <f < —a
1<p <t, —L— <t< 2 Takef € LP"*(R") and write

n+y—a
Inof(z) =1 (x) + Ir(x),

for everyr € R" wherel, () := [, “mii=fdy andls () := [, “Too i dy,
R > 0.
Using dyadic decomposition, we have the following estimatdfor
-1 _
= —y* " |f ()]
el < Y dy
kz_oo s R<ja—yl<2Ftin (L4 |2 —y|)

-1 a—n
)
O S GO ey g O
-1 ok R a—n+n/t ok R n/t’
< CoMf(x) Z ( )(14_2/?}%7 )

k=—o0

We then use Holder’s inequality to get

-1 ko) (a—n)t+n 1/t -1 1/t

k=— k=—00

IA

Because we have
— a—n n 1/t a—n n 1/t
( El —(2kR)( " > < (E —(2kR> - ) 1K ar |
t = t ~ avlipt
Pt (14 2kR)” P (14 2kR)”

we obtain|I;(z)| < Cs || Konll . M f (z) RMY.
To estimatel,, we use Holder’s inequality again:

> ZkR
I < d
@) < Z - /QkRglzyKWRIf(y)l ’

nd QkR n/p (/ )l/pl
< ok R)" " P .
< kz: QkR ) 2+ R<[o—yl <2*1R ’f (3/)’ Y
It follows that
. (2¢R)* " e
L@ < Cslflpme Z((ljweb(m) (2*R)

k=0

00 ZkR a—n+n/t oy
< GCo || fllporo Z (O—BTW (QkR)ﬂ-i- v

k=0
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Another use of Holder’s inequality gives

ko) (@—n)t+n 1/t o / 1t

k=0 k=0

(21€R)(a7n)t+n

/ o 27
Becausejt’ +n < 0and)_,-, (L2 R)”

S ||Koz,’y||tLt, we obtain
I ()] < Cr1Kanll e | fll oo BPRY.
Summing the two estimates, we obtain
Lo f ()] < Csl| Koyl (Mf(x)Rn/t, + ||f”Lp1,¢R”/t,+ﬂ

for everyz € R". Now, for eachr € R, chooseR > 0 such thatR® = ||%f(m)¢. Hence we get
LP1:
a Hedberg-type inequality fak, ., f, namely

oo F(@)] < Coll K 111 520 F () 212,

andr > 0, we have

Now putp, :=

1/p2 1—p1/ 1/p2
(/ ‘ Ilmf(:v)lmdx) < Coll K I 11577 (/| ‘ |Mf<x>|mda:) .
z—al<r z—al<r

We divide both sides by(r)P1/P2rm/P2 to get

P2 1/102
(Jfioagey Mo F @) )
W (r)rn/ee
wherey(r) := ¢(r)P1/P2, Taking the supremum overc R™ andr > 0, we obtain
1 1 1
Moy Flliras < Coo WK g IF 12" IM A5

By the boundedness of the maximal operator on generalized Morrey spaces (Nakai's Theorem),
the desired result follows/,  f || zrsw < C || Kaqylltl fllzere- B

(1/p2)
1—p1/p2 <f|m_“|<7“ |Mf(m)|p1d:17)
< o[ Kop eI 1]

Lp1:9 ¢(T)p1/]?2rn/p2 ’

We note that from the inclusion property of Morrey spaces, we have

st S ||Ko¢,'yHLt,t = ||K0¢7’Y||Lt

wheneverl < s < t, e <t <. Nowwe wish to obtain a more general result for the

boundedness df, ., by using the fact that the kernél, , belongs to Morrey spaces.

1K e

Theorem 2.2.Lety > 0 and0 < o < n. If ¢(r) < CrP for everyr > 0, -2 < 3 < —aq,
1<p <t,——— <t< = thenwe have

n+y—a
Haq Fllrw < CllBaqllzee | fllrs,

for everyf € L (R") wherel < s < f, p, = 225, andu (1) = ¢ ()" /",
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Proof. Lety > 0 and0 < a < n. Suppose thap(r) < Cr” for everyr > 0, —z—t' <f < —a,

1

1 <p <t, —L— <t< 2. Asin the proof of Theore@.l, we havg . f(z) :=

n+y—o
I (x) + Iy(z) for everyz € R™. Now, we estimatéd; using dyadic decomposition as follow:

-1

lz —y|* " |f (v)]
I (z) < / dy
L@l < 3 n G4l

k=—0o0
—1 a—n
(2"R) /

C — d

1 k;m (1 + ZkR)'y QkR§|m_y|<2k+1R |f (y)l y
-1 a—n+n/s (s 5\ /s
_ (2R) (2R)
- CQMf (:L‘) Z (1+2kR)’y )

k=—00

wherel < s < t. By Hoélder’s inequality,

-1 k) (@a—n)s+n 1/s _1 1/s
|1 (z)] < CoM f () ( Z %?TR)W) ( Z (QkR)n) )

k=—o00 k=—o00

IN

(2kR> (a—n)s+n

We also have ", ! B Ty

S f0<|z\<R Kfm (l‘) dz, so that

Los M f (z) RY.

|Il ($)| S Cng (I) (/ K;W (fl';) d[[’) Rn/s’ S 03 ||Ko¢7fy
0

Next, we estimaté, by using Holder’s inequality. As in the proof of Theorgm|2.1, we obtain

|]2 (q})| < (4 i @kR—W (QkR)n/P/l (/ |f <y>|p1 dy) Vo
o (1 "’ 2kR)'Y QkR§|mfy|<2k+lR

k=0

<|z|<R

It thus follows that

1/s
nd (2kR)a ¢(2kR) (kaR§|xfy\<2k’+1R dy>
1L (z)] < CE)HfHLPI*‘f’Z (1+2FR) (2kR)n/s

k=0
1/s
n/t' (f2kR§\r—y|<2k+1R KO@’Y(‘T - y)dy>
(QkR)n/s—n/t

< Gsllfllzore Z ¢(2kR) (QkR)
k=0

/s

K3, (o—y)dy)'
Because(r) < O and st Mgt i) g e,

s foreveryk =0,1,2,...,
we get

s > (25R) "

k=0
| £l pors RERMY.

|I2<x)| < 07”Kcm|

Lsit

< Gsl[Kay
From the two estimates, we obtain

e (@] S CollKaall e (MI@R + 170 R,

st

Mf(z)
”fHLPl»Cf)

/2 Mf ()7

P1,¢

for everyz € R". Now, for eachr € R”, chooseR > 0 such that® =

. Hence we get

|Ia,'yf (x)| < Cy HKCW

Ls,t
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Putp, := f_ﬁlﬁ. For arbitrarya € R andr > 0, we have

1/p2 1—p/ 1/p2
(/ ‘ IIa,yf(x)lpgdx> < Co | Kanllpon £ (/| | IMf(w)|p1drc) .
T—a|l<r r—a|<r

Divide both sides by (r)”*/?? yn/72 and take the supremum oveE R™ andr > 0 to get

1—
Mo limsw < Cro | Kanll o IF 12 IMFIEES

wherey)(r) := ¢(r)P*/P2, With the boundedness of the maximal operator on generalized Morrey
spaces (Nakai’'s Theorem), we obtain

H]%’YfHLPzﬂl} < prﬁ HKowHLs,t ||f||LT’1’¢ )

as desiredp

Note that by Theorefn 2.2 and the inclusion of Morrey spaces, we recover Thieoiem 2.1:

Mo fll oo < C MBanll e 1 fll s < C NEagllpe [l gore -

We still wish to obtain a better estimate. The following lemma presents that the Bessel-Riesz
kernels belong to generalized Morrey spdcé€ (R™) for somes > 1 and a suitable functios.

Lemma 2.3. Suppose tha > 0 and0 < o < n. If 0 : R™ — R satisfies
/ r(a—n)s—i—n—ld,r S CO_S(R)RTL
0<r<R

for everyR > 0, thenk,, , € L>? (R").

Proof. Suppose that the hypothesis holds. It is sufficient to evaluate the integral around 0. We
observe that
|x|(a—n)s

K (z)dx = / L ___dr<C ple-mstn=lg. < Co*(R)R".
lz|<R ) wi<r (14 [2])7* 0<r<R #)
We divide both sides of the inequality by () R" and takes'"-root to obtain
1/s
<f|m|§R Kgﬂ(m)dz) < Cl/s
o(R)R™s - '
Now, taking the supremum ovét > 0, we have
1/s
(ﬁxlgz% Kjw(x)dx> 3
su 0.
i o(R)R"/

HenceK, , € L>?(R"). 1

for

Ls,a

s ()da 1/s
By the hypothesis of Lem .3 we also obté{??’k‘x‘ﬁ"”““’*K”’Zﬁs)d ) < | Ko r
o(2R)(2FR) ~ ’

oo s k k ny\1l/s
every integek andR > 0. Moreover,(zk‘1K:&§?RI)?/E2 &) S Ko s holds for every

R > 0. One may observe that< s < jl‘nh;fél) for everyR, > 1. Foro(R) = R~/ this
inequality reduces tb < s < ¢.
We shall now use the lemma to prove the following theorem.
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Theorem 2.4. Suppose that : R* — R* satisfies the doubling condition ardr) < Cr—«
for everyr > 0, so thatk,, , € L*7 (R") for 1 < s < —2—, where0 < a < nandy > 0. If

¢(r) < Cr” for everyr > 0, where—= < 3 < —a, then we have

H[a foLpzw < Cpmﬁ HKOW Ls:o HfHLPm

for everyf e LPt% (R™), wherel < p; < 2, p, = ﬂfﬁia and(r) = ¢(r)r/rz,

Proof. Lety > 0 and0 < o < n. Suppose that : R™ — R* satisfies the doubling condition
ando(r) < Cr~« for everyr > 0, such thatk,, € L*? (R") for 1 < s < -"—. Suppose also
that¢(r) < CrP for everyr > 0, where—pﬂ1 < B < —a,1<p < 2. Asinthe proof of
Theorenj 211, we writé, ., f (x) := I () + I, () for everyz € R". As usual, we estimatg
by using dyadic decomposition:

[z —y[" " |f ()]
I (z)] < / dy
| ' ( )| k—zoo 2k R<|z—y|<2k+1R (1 + ’% - y’)’)’
—1 k a—n
(2"R)
o P iz / a
' ZOO (1+2~R) 2kRg|x—y|<2k+1R|f(y)| ¢

h=—
-1 a—n+n/s n/s’
(2¢R) 2R

k=—o00

IN

By using Hoélder inequality, we obtain

~1 ko) (a—n)s+n\ /s /g 1/s'
1y (2)] < CoM £ (@) ( 3 —(?1]?2’63)% ) (Z (m)n) .

k=—oc0 k=—0oc0

1 (QkR)(a—n)s-HL < )
But Zszoo W ~ f0<\x|<R Ka’,y (Z‘) dz, and so we get

CoM f (x) (/ K, (z) d;z:) R/
0<|z|<R

Co || Kapllpew M [ (x) 0 (R) R

Cs HKa,v“Ls,rf Mf (JZ) R"™.

Next, we estimaté, as follows:

L) < ci <2kR)M/ )l
P = (1+2kR)7 2k R<|z—y|<2F+1R I

|11 ()]

IN

<
<

3 sz /7 1/p1

o (] i)
4 ,CZ; sz ) ( kBl yl B |f ()™ dy
1/s
< G/l i @ R)" 6 (2R) (2*B)" (Josnciyicaroindy)
= 5 LP1:® i (1 + QkR)’Y (QkR)"/s
1/s

> 6 LP1>® k=0 o (QkR) (2kR)n/s
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K§ A (@—y)dy

BecausefQ’“R<'”:J(2<:;l(§kR)n < || Kan .- for everyk =0,1,2, ..., we obtain
- n—a+3
@) < CollKanllpeo 1o Y (2°R)
k=0

< (7 ||Kaﬁ| L5:0 HfHLm«b Rnot8,
It follows from the above estimates fér and/; that
o (@)] < Cs [ Kol oo (MF (2) R + (| f]] o B+)

for everyz € R". Now, for eachr € R", chooseR > 0 such that?” = ||%f(x)¢ , Whence
LP1>

a—n)/B 14 (n—a
oo I F1B A p (e

|Ia,'yf (x)| < Cy HKCW

Putp, := ﬁfﬁl_a. For arbitrarya € R* andr > 0, we have

1/p2 _ (1/p2)
(/ | Ila,yf(x)lmdﬂf) < Co | Kanll o 111577 (/| | IMf(w)|’”dw) .
r—a|<r r—a|l<r

Divide the both sides by (r)"/?* /72 to get

(ﬁ%GIQ ‘Ia,'yf(l')‘dex> " _ (f\x,am, |fa,vf(x)|p2dx) 1/p2

Y (1) rn/p2 Sy
1—p1/p2 (‘fu*a|<r |Mf<$)|p1dm>

Lr19 G(r)p1/p2pn/p2 ’

(1/p2)

< GollKagllra- £

wherey(r) := ¢(r)P1/P2. Finally, take the supremum overc R andr > 0 to obtain

1—
o fllzraw < CrollKanllee L1 0s M SIS

LP1:¢°
Because the maximal operator is bounded on generalized Morrey spaces (Nakai’'s Theorem),
we conclude thaMIaﬁfHLPzW < Cp1,¢||Ka,7| | fllzoie- B

Ls,a

Ls:o

3. CONCLUDING REMARKS

The results presented in this paper, namely Theofemp 2]1, 2.2, and 2.4, extend the results on
the boundedness of Bessel-Riesz operators on Morrey spaces [7]. Similar to Gunawan-Eridani’s
result forl,, Theorem.2, a@A ensures fhat: L (R") — LP>4"''" (R"). Notice
that if we haves : Rt — R* such that fort € e s ) thenR~/* < &(R) holds for
every R > 0, then Theorem 2}4 gives a better estimate than Theprgm 2.2. Now, if we define
o(R) := (1+ R"/") R~"/* for somet; > ¢, then| Ky, ;.o < [Kanl;..- By Theorenj 2
and the inclusion property of Morrey spaces, we obtain

VoSl < CllEanllzoollfllme
< C||Kanllpst| fllzeie
< ClEanllpell fllzese-
We can therefore say that Theorem|2.4 gives the best estimate among the three. Furthermore,

we have also shown that, in each theorem, the norm of Bessel-Riesz operators on generalized
Morrey spaces is dominated by that of Bessel-Riesz kernels.
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