
The Australian Journal of Mathematical
Analysis and Applications

AJMAA

Volume 13, Issue 1, Article 7, pp. 1-22, 2016

HYPONORMAL AND k-QUASI-HYPONORMAL OPERATORS ON
SEMI-HILBERTIAN SPACES

OULD AHMED MAHMOUD SID AHMED AND ABDELKADER BENALI

Received 13 April, 2016; accepted 25 May, 2016; published 20 June, 2016.

MATHEMATICS DEPARTMENT, COLLEGE OF SCIENCE, ALJOUF UNIVERSITY, ALJOUF 2014,
SAUDI ARABIA,

sididahmed@ju.edu.sa

MATHEMATICS DEPARTMENT, FACULTY OF SCIENCE, HASSIBA BENBOUALI UNIVERSITY
OF CHLEF, B.P. 151 HAY ESSALEM, CHLEF 02000, ALGERIA.,

benali4848@gmail.com

ABSTRACT. LetH be a Hilbert space and letA be a positive bounded operator onH. The semi-
inner product〈u | v〉A := 〈Au | v〉, u, v ∈ H induces a semi-norm‖. ‖A onH. This makesH
into a semi-Hilbertian space. In this paper we introduce the notions of hyponormalities andk-
quasi-hyponormalities for operators on semi Hilbertian space

(
H, ‖ . ‖A

)
, based on the works

that studied normal, isometry, unitary and partial isometries operators in these spaces. Also,
we generalize some results which are already known for hyponormal and quasi-hyponormal
operators. An operatorT ∈ BA(H) is said to be(A, k)-quasi-hyponormal if(

T ]
)k

(
T ]T − TT ]

)
T k ≥A 0 or equivalently A

(
T ]

)k
(

T ]T − TT ]

)
T k ≥ 0.
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1. INTRODUCTION AND PRELIMINARIES RESULTS

Throughout this manuscript,H denotes a complex Hilbert space with the inner product〈. | .〉 ,
B(H) is the Banach algebra of all bounded linear operators defined onH andB(H+ is the cone
of all positive (semidefinite) operators ofB(H),i.e.;

B(H)+ = {A ∈ B(H) : 〈Au | u〉 ≥ 0 ∀ u ∈ H } .

For everyT ∈ B(H), N (T ),R(T ) andR(T ) stand for, respectively, the null space, the range
and the closure of the range ofT and its adjoint operator byT ∗. In addition, ifT, S ∈ B(H) then
T ≥ S means thatT − S ≥ 0. Given a closed subspaceM of H, PM denotes the orthogonal
projection ontoM.

GivenA ∈ B(H)+, we consider the semi-inner product〈 . | . 〉A : H×H −→ C defined by

〈 u | v 〉A = 〈 Au | v 〉 ∀ u, v ∈ H.

Naturally, this semi-inner product induces a semi-norm,‖ . ‖A, defined by

‖u‖A =
(
〈Au | u〉

) 1
2 =

∥∥∥A
1
2 u

∥∥∥ .

It is easily seen that‖ . ‖A is a norm onH if and only if A is injective operator,and the semi-
normed space

(
B(H

)
, ‖ . ‖A) is complete if and only ifR(A) is closed.

The above seminorm induces a seminorm on the subspaceBA(H) of B(H)

BA(H) := { T ∈ B(H)/ ∃ c > 0 : ‖Tu‖A ≤ c‖u‖A ∀ u ∈ H }.
Indeed, ifT ∈ BA(H) then

‖T‖A := sup
{ ‖Tu‖A

‖u‖A

, u ∈ R(A), u 6= 0
}

< ∞.

Moreover
‖T‖A = sup{|〈Tu | v〉A|; u, v ∈ H, : ‖u‖ ≤ 1, ‖v‖ ≤ 1 }.

Operators inBA(H) are called A-bounded operators.

Foru, v ∈ H, we say thatu andv areA-orthogonal if〈u | v〉A = 0.

Definition 1.1. [3] For T ∈ B(H), an operatorS ∈ B(H) is called anA-adjoint of T if for
everyu, v ∈ H

〈Tu | v〉A = 〈u | Sv〉A,

i.e.,AS = T ∗A.

If T is anA-adjoint of itself, thenT is called anA-selfadjoint operator
(
AT = T ∗A

)
.

Remark 1.1. It is possible that an operatorT does not have anA-adjoint, and ifS is anA-
adjoint ofT we may find manyA-adjoints; in fact ifAR = 0 for someR ∈ B(H), thenS + R
is anA-adjoint ofT .

The set of allA-bounded operators which admit anA-adjoint is denoted byBA(H). By Douglas
Theorem ( see [9, 11]) we have that

BA(H) =
{

T ∈ B(H) / R(T ∗A) ⊂ R(A)
}
.

If T ∈ BA(H), then there exists a distinguishedA-adjoint operator ofT , namely,the reduced
solution of equationAX = T ∗A, i.e., A†T ∗A. We denote this operator byT ]. Therefore,
T ] = A†T ∗A and

AT ] = T ∗A, R(T ]) ⊂ R(A) and N (T ]) = N (T ∗A).
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Note that in whichA† is the Moore-Penrose inverse ofA. For more details see [3, 4] and [5].

In the next proposition we collect some properties ofT ] and its relationship with the seminorm
‖ . ‖A. For the proof see [3] and [4].

Proposition 1.1. LetT ∈ BA(H). Then the following statements hold.

(1) T ] ∈ BA(H), (T ])] = PR(A)TPR(A) and(T ])])] = T ].

(2) If S ∈ BA(H) thenTS ∈ BA(H) and(TS)] = S]T ].

(3) T ]T andTT ] areA-selfadjoint.

(4) ‖T‖A = ‖T ]‖A = ‖T ]T‖
1
2
A = ‖TT ]‖

1
2
A.

(5) ‖S‖A = ‖T ]‖A for everyS ∈ B(H) which is anA-adjoint ofT.

(6) If S ∈ BA(H) then‖TS‖A = ‖ST‖A.

The classes of normal, quasinormal, isometries, partial isometries, quasi-isometry andm-
isometries on Hilbert spaces have been generalized to semi-Hilbertian spaces by many authors
in [2, 3, 4, 5, 12, 16, 17, 19, 20, 24] and other papers.

Definition 1.2. Any operatorT ∈ BA(H) is called

(1) A-normal ifTT ] = T ]T (see [20]).

(2) A-isometry ifT ]T = PR(A) (see [3]).

(3) A-unitary if T ]T = TT ] = PR(A) (see [3]).

(4) A-quasinormal ifTT ]T = T ]T 2 (see [18]).

(5) (A, m)-isometry if∑
0≤k≤m

(−1)m−k

(
m

k

) ∥∥T ku
∥∥2

A
= 0⇐⇒

∑
0≤k≤m

(−1)m−k

(
m

k

)
T ]kT k = 0 (see[17] ).

Definition 1.3. ( [20] ) Let T ∈ B(H). TheA-spectral radius and theA-numerical radius ofT
are denoted respectivelyrA(T ) andwA(T ) and defined by

rA(T ) = lim sup
n−→∞

‖T n‖
1
n
A

and
wA(T ) = sup

{
|〈Tu | u〉A| , u ∈ H , ‖u‖A = 1

}
.

Remark 1.2. If T ∈ BA(H) is A-selfadjoint,then‖T‖A = wA(T ) (see [20]).

Theorem 1.2. ( [20] Theorem 3.1)

A necessary and sufficient condition for an operatorT ∈ BA(H) to be A-normal is that
R(TT ]) ⊂ R(A) and‖T ]Tu‖A = ‖TT ]u‖A for all u ∈ H.

We recapitulate very briefly the following definitions. For more details, the interested reader is
referred to [14] and the references therein.

Definition 1.4. ( [14] ) An operatorT ∈ B(H) is said to be

(1) p-hyponormal if(T ∗T )p − (TT ∗)p ≥ 0 for 0 < p ≤ 1.
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(2) p-quasi-hyponormal ifT ∗
(

(T ∗T )p − (TT ∗)p

)
A ≥ 0, 0 < p ≤ 1

(3) k-quasihyponormal operator ifT ∗k(T ∗T − TT ∗)T k ≥ 0 for positive integerk.

(4) (p, k)-quasihyponormal ifT ∗k
(

(T ∗T )p−(TT ∗)p

)
T k ≥ 0, 0 < p ≤ 1 andk is positive integer.

A (p, k)-quasi-hyponormal is an extension ofp-hyponormal,p-quasi-hyponormal andk-quasi-
hyponormal.

The contents of the paper are the following. In Section 1 we set up certain terminology that is
used throughout the this paper and to list some properties which are important for the discussion
of our result. In Section 2 we study the concepts ofA-hyponormal andk-quasihyponormal
operatros and we investigate various structural properties of this classes of operators. Finally,
in Section 3 we consider the tensor product of some classes of A-operators.

2. (A, k)-QUASI-HYPONORMAL OPERATORS IN SEMI-HILBERTIAN
SPACES

(
H, 〈. | .〉A

)
Hyponormal andk-quasi-hyponormal operators on Hilbert spaces have received considerable

attention in the current literature [6, 8, 21] and [23]. From which our inspraton cames.

In this section, we introduce the concept ofA-hyponormal and(A, k)-quasi-hyponormal oper-
ators on semi-Hilbertian spaces.

2.1. A-HYPONORMAL OPERATORS.

Definition 2.1. We say thatT ∈ B(H) is anA-positive ifAT ∈ B(H)+ or equivalently

〈Tu | u〉A ≥ 0 ∀u ∈ H.

We noteT ≥A 0.

Example 2.1. If T ∈ BA(H), thenT ]T andTT ] areA-positive i.e.,

TT ] ≥A 0 and T ]T ≥A 0.

Remark 2.1. An operatorT is A-positive if and only ifA
1
2 T is A

1
2 -positive.

Remark 2.2. We can define a order relation by

T ≥A S ⇐⇒ T − S ≥A 0.

Remark 2.3. Inequality de Cauchy-Schwarz forA-positive operator.

It T ∈ B(H) is A-positive, then∣∣〈Tu | v〉A
∣∣2 ≤ 〈Tu | u〉A〈Tv | v〉A for all u, v ∈ H.

The following lemma is useful for our study.

Lemma 2.1.LetT, S ∈ B(H) such thatT ≥A S and letR ∈ BA(H). Then following properties
hold

(1) R]TR ≥A R]SR.

(2) RTR] ≥A RSR].

(3) If R is A-selfadjoint thenRTR ≥A RSR.
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Proof. (1) LetT ≥A S. Then we get the following relation for allu ∈ H:

〈
(
R]TR−R]SR

)
u | u〉A = 〈R]

(
T − S

)
R

)
u | u〉A

= 〈AR]
(
T − S

)
Ru | u〉

= 〈R∗A
(
T − S

)
Ru | u〉

= 〈A
(
T − S

)
Ru | Ru〉

≥ 0.

(2) LetT ≥A S. Then we get the following relation for allu ∈ H:

〈
(
RTR] −RSR]

)
u | u〉A = 〈R

(
T − S

)
R]u | u〉A

= 〈AR
(
T − S

)
R]u | u〉

= 〈
(
AR]

)∗(
T − S

)
R]u | u〉

= 〈A
(
T − S

)
R]u | R]u〉

≥ 0.

(3) LetT ≥A S. Then we get the following relation for allu ∈ H :

〈
(
RTR−RSR

)
u | u〉A = 〈R

(
T − S

)
Ru | u〉A

= 〈AR
(
T − S

)
Ru | u〉

= 〈R∗A
(
T − S

)
Ru | u〉

(
sinceR is A− selfadjoint

)
= 〈A

(
T − S

)
Ru | Ru〉

≥ 0.

Definition 2.2. An operatorT ∈ BA(H) is said to beA-hyponormal ifT ]T −TT ] is A-positive
i.e.,T ]T − TT ] ≥A 0 or equivalently

〈
(
T ]T − TT ]

)
u | u〉A ≥ 0 for all u ∈ H.

We start by our first result which provides a characterization ofA-hyponormal operators.

Proposition 2.2. LetT ∈ BA(H). ThenT is A-hyponormal if and only if

‖Tu‖A ≥ ‖T ]u‖A for all u ∈ H.

Proof. Assume thatT is A-hyponormal, it follows that for allu ∈ H
〈
(
T ]T − TT ]

)
u | u〉A ≥ 0 =⇒ 〈AT ]Tu | u〉 ≥ 〈ATT ]u | u〉

=⇒ 〈T ∗ATu | u〉 ≥ 〈
(
AT ]

)∗
T ]u | u〉

=⇒ 〈ATu | Tu〉 ≥ 〈T ]u | AT ]u〉
=⇒ ‖Tu‖2

A ≥ ‖T ]u‖2
A.

Conversely assume that‖Tu‖2
A ≥ ‖T ]u‖2

A for all u ∈ H, then we get

‖Tu‖2
A ≥ ‖T ]u‖2

A =⇒ 〈ATu | Tu〉 ≥ 〈T ]u | AT ]u〉
=⇒ 〈T ∗ATu | u〉 ≥ 〈

(
AT ]

)∗
T ]u | u〉

=⇒ 〈AT ]Tu | u〉 ≥ 〈ATT ]u | u〉
=⇒ 〈

(
T ]T − TT ]

)
u | u〉A ≥ 0.
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Proposition 2.3. LetT ∈ BA(H), thenT is A-hyponormal if and only if

T ]T + 2λTT ] + λ2T ]T ≥A 0, for all λ ∈ R.

Proof. Let u ∈ H andλ ∈ R, we have thatT is A-hyponormal if and only if

‖Tu‖A ≥
∥∥T ]u

∥∥
A
⇐⇒ 4

∥∥T ]u
∥∥4

A
− 4 ‖Tu‖4

A ≤ 0

⇐⇒ ‖Tu‖2
A + 2λ

∥∥T ]u
∥∥2

A
+ λ2 ‖Tu‖2

A ≥ 0

⇐⇒
〈
AT ]Tu | u

〉
+ 2λ

〈
ATT ]u | u

〉
+ 2λ2

〈
AT ]Tu | u

〉
≥ 0

⇐⇒
〈(

T ]T + 2λTT ] + 2λ2T ]T
)
u | u

〉
A
≥ 0

⇐⇒ T ]T + 2λTT ] + λ2T ]T ≥A 0.

Proposition 2.4. Let T ∈ BA(H) is A-hyponormal, then‖Tu‖A =
∥∥T ]u

∥∥
A

if and only if(
T ]T − TT ])u ∈ N (A).

Proof. Assume that‖Tu‖A =
∥∥T ]u

∥∥
A

. A simple computation shows that

‖Tu‖A =
∥∥T ]u

∥∥
A

=⇒
〈(

T ]T − TT ]
)
u | u

〉
A

= 0.

SinceT ]T − TT ] is A-positive we have for allv ∈ H by theA-Cauchy Schwarz inequality
(Remark 2.3);∣∣〈(T ]T − TT ])u | v

〉
A

∣∣2 ≤ 〈(
T ]T − TT ]

)
u | u

〉
A

〈(
T ]T − TT ]

)
v | v

〉
A

= 0.

Hence,
〈(

T ]T − TT ]
)
u | v

〉
A

= 0 ∀ v ∈ H and this implies thatA
(
T ]T − TT ]

)
u = 0.

Conversely ifA
(
T ]T − TT ]

)
u = 0 it is clear that

〈(
T ]T − TT ]

)
u | u

〉
A

= 0 and hence

‖Tu‖A =
∥∥T ]u

∥∥
A

.

Theorem 2.5. Let T ∈ BA(H) such thatN (A) in invariant subspace forT . The following
statement hold:

(1) T andT ] areA-hyponormal if and only if‖Tu‖A =
∥∥T ]u

∥∥
A

, ∀ u ∈ H.

(2) If A is injective thenT anT ] areA-hyponormal if and only ifT is A-normal.

Proof. (1) Assume thatT andT ] areA-hyponormal.We have(
T ]T − TT ]

)
≥A 0 and

(
(T ])]T ] − T ](T ])]

)
≥A 0.

SinceN (A) in invariant subspace forT we haveTPR(A) = PR(A)T andPR(A)A = APR(A) =

A. Therefore in view of the fact that(T ])] = PR(A)TPR(A) we have for allu ∈ H〈(
(T ])]T ] − T ](T ])]

)
u | u

〉
≥A 0 ⇐⇒

〈(
PR(A)TPR(A)T

] − T ]PR(A)TPR(A)

)
u | u

〉
A
≥ 0

⇐⇒
〈(

AP 2
R(A)

TT ] − AT ]TP 2
R(A)

)
u | u

〉
≥ 0

⇐⇒
〈(

ATT ] −
(
T ]T

)∗
A

)
u | u

〉
≥ 0

⇐⇒ TT ] ≥A T ]T.

It follows that
T ]T ≥A TT ] ≥A T ]T
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and hence

‖Tu‖A ≥
∥∥T ]u

∥∥
A
≥ ‖Tu‖A .

Conversely, assume that‖Tu‖A =
∥∥T ]u

∥∥
A

∀ u ∈ H. From which it is clear thatT is
A-hyponormal and

〈(
T ]T − TT ]

)
u | u

〉
A

= 0 ∀ u ∈ H.

Now, we have

0 =
〈(

T ]T − TT ]
)
u | u

〉
A

=
〈
A

(
T ]T − TT ]

)
u | u

〉
=

〈(
T ]PR(A)TPR(A) − PR(A)TPR(A)T

]
)
u | u

〉
A

=
〈(

T ]
(
T]

)] −
(
T ]

)]
T ]

)
u | u

〉
A

=
∥∥T ]u

∥∥2

A
−

∥∥(T ])]u
∥∥2

A
.

Thus,T ] is A-hyponormal.

(2) If we assume thatT andT ] areA-hyponormal, it follows that‖Tu‖A =
∥∥T ]u

∥∥
A
∀ u ∈ H.

Applying Proposition 2.4 and taking into accountA is injective we see thatT ]T − TT ] = 0.
We clearly haveT is A-normal.

Conversely, ifT is A-normal, we haveT ] is A-normal ( [20], Corollary 3.2 ) and henceT and
T ] areA-hyponormal. The proof is complete.

Theorem 2.6.LetT ∈ BA(H) is A-hyponormal, thenrA(T ) = ‖T‖A.

Proof. Let u ∈ R(A), u 6= 0. SinceT ∈ BA(H) belongs to theA-hyponormality class, then
we have

‖Tu‖2
A = 〈Tu | Tu〉A = 〈|AT ]Tu | u〉 = 〈A

1
2 T ]Tu | A

1
2 u〉

≤ |A
1
2 T ]Tu‖‖A

1
2 u‖

= ‖T ]Tu‖A‖u‖A

≤ ‖T 2u‖A‖u‖A

divided by‖u‖2
A we obtain

‖Tu‖2
A

‖u‖2
A

≤ ‖T 2u‖A‖u‖A

‖u‖2
A

=
‖T 2u‖A

‖u‖A

.

This,is tern, implies

‖T‖2
A ≤ ‖T 2‖A.

Since we know that forT ∈ BA(H),∥∥T 2
∥∥

A
= sup

{ ∣∣〈T 2u | v
〉

A

∣∣ , ‖u‖A ≤ 1, ‖v‖A ≤ 1
}

and therefore, we have∣∣〈T 2u | v〉A
∣∣ =

∣∣〈Tu | AT ]v〉A
∣∣ ≤ ‖Tu‖A

∥∥T ]v
∥∥

A
≤ ‖T‖A

∥∥T ]
∥∥

A
‖u‖A ‖v‖A .

This shows that ‖T 2‖A ≤ ‖T‖
2
A .

So we have ∥∥T 2
∥∥

A
= ‖T‖2

A .
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Take any integern ≥ 1. Observe that

‖T nu‖2
A = 〈T nu | T nu〉A =

〈
T ∗AT nu | T n−1u

〉
=

〈
T ]T nu | T n−1u

〉
A

≤
∥∥T ]T nu

∥∥
A

∥∥T n−1u
∥∥

A

≤
∥∥T n+1u

∥∥
A

∥∥T n−1u
∥∥

A
, ∀ u ∈ H,

which implies

‖T n‖2
A ≤

∥∥T n+1
∥∥

A

∥∥T n−1
∥∥

A
,

and hence
‖T n‖A

‖T n−1‖A

≤ ‖T n+1‖A

‖T n‖A

.

Combining this with the equality above, a simple induction argument yields

‖T n‖A = ‖T‖n
A for n = 1, 2, ....

Consequently

rA(T ) = lim sup
n−→∞

‖T n‖
1
n
A = ‖T‖A .

Theorem 2.7. Let T ∈ BA(H) be anA-hyponormal operator such thatN (A) is a invariant
subspace forT . Then the following properties hold

(1) T − λ is A-hyponormal for allλ ∈ C.

(2) If (T − λ)u0 = 0 for u0 ∈ H, thenT ]u0 = λPR(A)u0.

(3) If Tu = λu andTv = µv with λ 6= µ then〈u | v〉A = 0.

Proof. SinceT
(
N (A)

)
⊂ N (A), we have that

PR(A)T = TPR(A) and APR(A) = PR(A)A = A

(1) It suffice to prove that
(
T − λI

)(
T − λI

)] ≥A

(
T − λI

)](
T − λI

)
. In fact(

T − λI
)(

T − λI
)]

=
(
T − λI

)(
T ] − λPR(A)

)
= TT ] − λTPR(A) − λT ] + |λ|2PR(A)

≥A T ]T + λPR(A)T − λT ] + |λ|2PR(A)

≥A

(
T − λI

)](
T − λI

)
.

(2) From (1) we have‖
(
T − λI

)
u‖A ≥ ‖

(
T − λI

)]‖A for all u ∈ H.

If
(
T − λI

)
u0 = 0 then

‖
(
T ] − λPR(A)

)
u0‖A = 0.

This implies that
(
T ] − λPR(A))u0 ∈ N (A). On the other hand

R(T ] − λPR(A)) ⊂ R(A) = N (A)⊥.

Hence,

(T ] − λPR(A)

)
u0 = 0.
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(3)

〈Tu | v〉A = 〈u | T ]v〉A =⇒ λ〈u | v〉A = 〈u | µPR(A)v〉A
=⇒ λ〈u | v〉A = 〈u | µAPR(A)v〉
=⇒ λ〈u | v〉A = µ〈u | v〉A
=⇒ (λ− µ)〈u | v〉A = 0

As λ 6= µ, it follows that〈u | v〉A = 0.

Corollary 2.8. LetT ∈ BA(H) is A-hyponormal such thatN (A) is a invariant subspace forT
and letu ∈ H : ‖u‖A = 1. Then∥∥(

T − λ
)n

u
∥∥

A
≥

∥∥(
T − λ

)
u
∥∥n

A
for all λ ∈ C.

Proof. Since theA-hyponormal is translation invariant, we may assume thatλ = 0.

It is obvious that

‖Tu‖2
A = 〈Tu |; Tu〉A = 〈AT ]Tu | u〉 = 〈A

1
2 T ]Tu | A

1
2 u〉

≤ |A
1
2 T ]Tu‖‖A

1
2 u‖

= ‖T ]Tu‖A‖u‖A

≤ ‖T 2u‖A.

Analogously, we obtain for any positive integern

‖T nu‖2
A ≤ ‖T n+1u‖A‖T n−1u‖A.

To prove the corollary,we will use the induction onn. For n = 1, trivial. For n = 2, again it
holds. Now assume that the result is true for any positive integern ≥ 1. We show that it holds
for n + 1.

From the inequality‖T nu‖2
A ≤ ‖T n+1u‖A‖T n−1u‖A and the inductions hypothesis,we have

‖Tu‖2n
A

‖Tu‖n−1
A

≤ ‖T n+1u‖A

‖Tu‖n−1
A

,

it follows that
‖Tu‖n+1

A ≤
∥∥T n+1u

∥∥
A

.

Hence by indication the result follows.

Corollary 2.9. LetT ∈ BA(H) is A-hyponormal such thatN (A) is a invariant subspace forT
and letλ, µ ∈ C, λ 6= µ for which there exist(un)n and(vn)n ∈ H : ‖un‖A = ‖vn‖A = 1.If∥∥(

T − λ
)
un

∥∥
A
−→ 0 and

∥∥(
T − µ

)
vn

∥∥
A
−→ 0 asn −→∞

then
〈un | vn〉A −→ 0 asn −→∞.

Proof. Since theA-hyponormal is translation invariant it is obvious that∥∥(T − λ)]un

∥∥
A
−→ 0 and

∥∥(T − µ)]vn

∥∥
A
−→ 0 asn −→∞.

It is an immediate consequence of the following equalities(
λ− µ

)
〈un | vn〉A =

(
λ− µ

) 〈
un | µPR(A)vn

〉
A

= 〈(T − λ)un | vn〉A +
〈
un |

(
T ] − µPR(A)

)
vn

〉
A

= −
〈(

T − λ
)
un | vn

〉
A

+
〈
un | (T − µ)]vn

〉
A
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that

〈un | vn〉A −→ 0 asn −→∞.

Consider two normal (resp.hyponormal) operatorsT and S on a Hilbert space. It is know
that in general,TS is not normal (resp. not hyponormal). In the following theorems, we give
some conditions for which the product of operators will be normal and hyponormal on semi-
Hilbertian spaces.

Theorem 2.10.LetT andS ∈ BA(H) areA-normal operator, thenTS andST areA-normal
if the the following statements hold

(1) STT ] = TT ]S,

(2) TSS] = SS]T.

Proof. Suppose that the conditions (1) and (2) hold. It is known that for anyT, S ∈ BA(H),
TS ∈ BA(H) and

(
TS

)]
= S]T ]. SinceT andS areA-normal, we have for allu ∈ H∥∥(TS)]u

∥∥2

A
=

〈
(TS)]u | A(TS)]u

〉
=

〈
S]T ]u | AS]T ]u

〉
=

〈
S]T ]u, S∗AT ]u

〉
=

〈
SS]T ]u, AT ]u

〉
=

〈
SS]T ]u, T ∗Au

〉
=

〈
TSS]T ]u, Au

〉
=

〈
SS]TT ]u, Au

〉
=

〈
STT ]u,

(
S]

)∗
Au

〉
=

〈
STT ]u, ASu

〉
=

〈
T ]TSu,ASu

〉
=

〈
TSu,

(
T ]

)∗
ASu

〉
= 〈TSu,ATSu〉 = ‖(TS)u‖2

A .

On the other hand

R(TS(TS)]) = R(SS]TT ]) ⊂ R(SS]) ⊂ R(A), (since S is A− normal).

HenceTS is A-normal operator. A similar argument shows thatST is alsoA-normal opera-
tor.Therefore the proof is complete.

Theorem 2.11. Let T, S ∈ BA(H) are A-hyponormal operators, The following statements
hold:

(1) If ST ] = T ]S thenTS is A-hyponormal.

(2) If TS] = S]T thenST is A-hyponormal.
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Proof. (1) It is known that for anyT, S ∈ BA(H), TS ∈ BA(H) and
(
TS

)]
= S]T ]. Suppose

thatST ] = T ]S. SinceT andS areA-hyponormal, we have for allu ∈ H∥∥∥(
TS

)]
u
∥∥∥2

A
=

〈(
TS

)]
u |

(
TS

)]
u
〉

=
〈
S]T ]u | S]T ]u

〉
A

=
〈
AS]T ]u | S]T ]u

〉
=

〈
T ]u | SS]T ]u

〉
A

≤
〈
T ]u | S]ST ]u

〉
A

=
〈
T ]Su | AT ]Su

〉
≤

∥∥T ]Su
∥∥2

A

≤ ‖TSu‖2
A .

Hence,TS is A-hyponormal operator as required.

Finally, we have to prove statement (2). It is verified by the same way as in statement (1).

2.2. (A, k)-QUASI-HYPONORMAL OPERATORS.

The operatorT ∈ B(H) is k-quasi-hyponormal for some positive integerk if∥∥T ∗T ku
∥∥ ≤ ∥∥T k+1u

∥∥, for everyu ∈ H. It can be written asT ∗k
(
T ∗T − TT ∗

)
T k ≥ 0.

By analogy with this, we could define the(A, k)-quasi-hyponormal operators in indefinite inner
product spaces.

Definition 2.3. An operatorT ∈ BA(H) is said to be(A, k)-quasi-hyponormal if

(T ])k
(
T ]T − TT ])T k ≥A 0,

wherek is a positive integer.

It is convenient to write it as

A(T ])k
(
T ]T − TT ])T k ≥ 0.

Remark 2.4. (1) (A, 1)-quasi-hyponrmal isA-quasi-hyponormal.

(2) From Lemma 2.1, it is clear that everyA-hyponormal operator is(A, k)-quasi-hyponormal.

(3) Every(A, k)-quasi-hyponormal operator is(A, k + 1)-quasi-hyponormal operator.

Example 2.2. The following example shows thatT is (A, k)-quasi-hyponormal normal opera-
tor that is neitherA-normal norA-hyponormal.

LetA =

 1 0 0
0 1 0
0 0 2

 andT =

 1 0 −1
0 0 0
0 0 0

 ∈ B(C3). It easy to check that

A ≥ 0,R(T ∗A) ⊂ R(A)and T ] =

 1 0 0
0 0 0
−1

2
0 0

 , T ]T 6= TT ]and ‖Tu‖A 6≥ ‖T ]u‖A.

is neitherA-normal norA-hyponormal.
Moreover

T ]k
(
T ]T − TT ]

)
T k =

 1 0 −1
0 0 0
0 0 0

 ≥A 0.

SoT is (A, k)-quasi-hyponormal normal operator of all positive integerk.
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In the following theorem we give characterization of(A, k)-quasi-hyponormal operators.

Theorem 2.12.LetT ∈ BA(H). ThenT is (A, k)-quasi-hyponormal if and only if

‖T ]T ku‖A ≤ ‖T k+1u‖A.

Proof.

(T ])k
(
T ]T − TT ])T k ≥A 0 ⇐⇒ 〈A

(
(T ])k

(
T ]T − TT ])T k

)
u |u〉 ≥ 0

⇐⇒ 〈A(T ])k+1T k+1u | u〉 ≥ 〈A(T ])kTT ]T ku | u〉
⇐⇒ 〈T ∗k+1AT k+1u | u〉 ≥ 〈T ∗kATT ]T ku | u〉
⇐⇒ 〈AT k+1u | T k+1u〉 ≥ 〈T ]T ku | AT ]T ku〉
⇐⇒ ‖T k+1u‖2

A ≥ ‖T ]T ku‖2
A.

Lemma 2.13.LetT ∈ BA(H) be an(A, k)-quasi-hyponormal,then

‖T ku‖2
A ≤ ‖T k+1u‖A‖T k−1u‖A for all u ∈ H.

Proof.

‖T ku‖2
A = 〈T ku | T ku〉A

= 〈AT ku | T ku〉
= 〈T ∗AT ku | T k−1u〉
= 〈AT ]T ku | T k−1u〉
= 〈A

1
2 T ]T ku | A

1
2 T k−1〉

≤
∥∥A

1
2 T ]T ku

∥∥∥∥A
1
2 T k−1u

∥∥
= ‖T ]T ku‖A‖T k−1u‖A

≤ ‖T k+1u‖A‖T k−1u‖A.

In the following propositions, we give some conditions for which the product of operators will
be(A, k)-quasi-hyponormal on semi-Hilbertian spaces.

Proposition 2.14. Let T, S ∈ BA(H) are A-quasi-hyponormal operators. Then the following
properties hold

(1) If S(T ]T ) = (T ]T )S and(ST )2 = S2T 2, thenTS is A-quasi-hyponormal.

(2) If T (S]S) = (S]S)T and(TS)2 = T 2S2, thenST is A-quasi-hyponormal.

Proof. (1) For allu ∈ H, we have that∥∥(TS)]TSu
∥∥

A
=

∥∥S]T ]TSu
∥∥

A
=

∥∥S]ST ]Tu
∥∥

A

≤
∥∥S2T ]Tu

∥∥
A

≤
∥∥T ]TS2u

∥∥
A

≤
∥∥T 2S2u

∥∥
A

=
∥∥(TS)2u

∥∥
A

(2) Same prove.

AJMAA, Vol. 13, No. 1, Art. 7, pp. 1-22, 2016 AJMAA

http://ajmaa.org


HYPONORMAL AND k-QUASI-HYPONORMAL OPERATORS ON SEMI-HILBERTIAN SPACES 13

Proposition 2.15.LetT, S ∈ BA(H) are (A; k)-quasi-hyponormal operators for some positive
integerk ≥ 2. The following statements hold

(1) If T ]T kS = ST ]T k and T jSj = (TS)j for j ∈ {k, k + 1},thenTS is (A ; k)- quasi-
hyponormal.

(2) If S]SkT = TS]Sk and SjT j = (ST )j for j ∈ {k, k + 1},thenST is (A; k)- quasi-
hyponormal.

Proof. (1) For allu ∈ H we have∥∥(TS)](TS)ku
∥∥

A
=

∥∥S]T ]T kSku
∥∥

A
=

∥∥S]SkT ]T ku
∥∥

A

≤ ‖Sk+1T ]T ku‖A (since S is (A; k)− quasi-hyponormal

≤
∥∥T ]T kSk+1

∥∥
A

≤
∥∥T k+1Sk+1u

∥∥
A

(sinceT is (A; k)− quasi-hyponormal)

=
∥∥(TS)k+1u

∥∥
A

.

Thus,TS- is (A; k)-quasi-hyponormal.

(2) Using the same argument as in (1) we get the desired result.

3. TENSOR PRODUCTS OFk-QUASI-HYPONORMAL OPERATORS IN
SEMI-HILBERTIAN SPACES

Let H⊗H denote the completion, endowed with a reasonable uniform crose-norm, of the
algebraic tensor productH⊗H of H with H. Given non-zeroT, S ∈ B(H), let T ⊗ S ∈
B(H⊗H) denote the tensor product on the Hilbert spaceH⊗H, whenT ⊗ S is defined as
follows

〈T ⊗ S(ξ1 ⊗ η1)| (ξ2 ⊗ η2)〉 = 〈Tξ1| ξ2〉〈Sη1| η2〉.
The operation of taking tensor productsT ⊗ S preserves many properties ofT, S ∈ B(H), but
by no means all of them. Thus, whereasT ⊗ S is normal if and only ifT andS are normal
[13], there exist paranormal operatorsT andS such thatT ⊗ S is not paranormal [1]. In [10],
Duggal showed that if for non-zeroT, S ∈ B(H), T ⊗ S is p-hyponormal if and only ifT and
S arep-hyponormal. Thus result was extended top-quasi-hyponormal operators in [14] .

In the following study we will prove a necessary and sufficient condition forT ⊗ S to beA-
normal,A-hyponormal andA-quasi-hyponormal, whereT andS are both non-zero operators.

Recall that(T ⊗ S)∗(T ⊗ S) = T ∗T ⊗ S∗S and so, by the uniqueness of positive square
roots,|T ⊗ S|r = |T |r ⊗ |S|r for any positive rational numberr.From the density of of the
rationales in the reals, we obtain|T ⊗ S|p = |T |p ⊗ |S|p for every positive real numberp.
Observe also that

A⊗B = (A⊗ I)(I ⊗B) = (I ⊗B)(A⊗ I).

The following elementary results on tensor products of operators will be used often (and
without further reference) in the sequel:T1 ⊗ S1 = T2 ⊗ S2 if and only if there exists a scalar
d 6= 0 such thatT1 = dT2 andS1 = d−1S2. If Tk andSk (k = 1, 2) are positive operators, then
T1⊗S1 = T2⊗S2 if and only if there exists a scalard > 0 such thatT1 = dT2 andS1 = d−1S2.
The proofs to these results are to be found in the papers by Hou [13] and Stochel [22].

Lemma 3.1. Let Tk, Sk ∈ B(H), k = 1, 2 and LetA, B ∈ B(H)+, such thatT1 ≥A T2 ≥A 0
andS1 ≥B S2 ≥B 0, then (

T1 ⊗ S1

)
≥A⊗B

(
T2 ⊗ S2

)
≥A⊗B 0.
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Proof. By Assumptions we have

〈AT1u| u〉 ≥ 〈AT2u | u〉 ≥ and〈BS1v | v〉 ≥ 〈S2v| v〉 ≥ 0 ∀ u, v ∈ H.

It follows that
〈AT1u | u〉〈BS1v| v〉 ≥ 〈AT2u | u〉〉〈BS2v | v〉,

and hence
〈AT1 ⊗BS1(u⊗ v) | u⊗ v〉 ≥ 〈AT2 ⊗BS2(u⊗ v) | u⊗ v〉.

Or equivalently〈(
A⊗B

)(
T1 ⊗ S1

)
(u⊗ v) | u⊗ v

〉
≥

〈(
A⊗B

)(
T2 ⊗ S2

)
(u⊗ v) | u⊗ v

〉
.

SinceA⊗B is positive,we deduce that〈(
T1 ⊗ S1

)
(u⊗ v) | u⊗ v

〉
≥(

A⊗B
) 〈(

T2 ⊗ S2

)
(u⊗ v) | u⊗ v

〉
.

The following proposition is an extension of Proposition 2.2 in [22] to the concept ofA-
positivity.

Proposition 3.2. Let T1, T2, S1, S2 ∈ B(H) and letA, B ∈ B(H)+ such thatTk is A- positive
and Sk is B-positive fork = 1, 2. If T1 6= 0 and S1 6= 0,then the following conditions are
equivalents

(1) T2 ⊗ S2 ≥A⊗B T1 ⊗ S1

(2) there existsd > 0 such thatdT2 ≥A T1 andd−1S2 ≥B S1.

Proof. 1 =⇒ 2. Since;

T2 ⊗ S2 ≥A⊗B T1 ⊗ S1 ⇐⇒ AT2 ⊗BS2 ≥ AT1 ⊗BS1.

As ATk andBSk are positive operators, we deduce form [22], Proposition 2.2) that there exists
a constantd > 0 such that

dAT2 ≥ AT1 and d−1BS2 ≥ BS1.

On the other hand

dAT2 ≥ AT1 ⇐⇒ A(dT2 − T1) ≥ 0 ⇐⇒ dT2 ≥A T1

and
d−1BS2 ≥ BS1 ⇐⇒ B

(
d−1S2 − S1

)
≥ 0 ⇐⇒ d−1S2 ≥B S1.

2 =⇒ 1. This implication follows form Lemma 3.1.

The following theorem gives a necessary and sufficient condition forT ⊗ S to be a(A⊗B, k)
quasi-hyponormal operator whenT andS are both nonzero operators.

Theorem 3.3.LetA, B ∈ B(H)+. If T ∈ BA(H) andS ∈ BB(H) are nonzero operators, then
the following properties hold.

(1) T ⊗ S is (A⊗B)-normal if and only ifT is A-normal andS is B-normal.

(2) T ⊗ S is (A⊗B)-hyponormal if and only ifT is A-hyponormal andS is B-hyponormal.

(3) T ⊗ S is (A ⊗ B)-quasi-hyponormal if and only ifT is A-quasi-hyponormal andS is
B-quasi-hyponormal.
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Proof. (1) Assume thatT is A-normal andS is B-normal operators. Then(
T ⊗ S

)(
T ⊗ S

)]
=

(
T ⊗ S

)(
T ] ⊗ S]

)
= TT ] ⊗ SS]

= T ]T ⊗ S]S

=
(
T ⊗ S

)](
T ⊗ S

)
.

Which implies thatT ⊗ S is A⊗B-normal operator.

Conversely, assume thatT ⊗ S is A ⊗ B-normal operator.We aim to show thatT is A-normal
andS is B-normal. SinceT ⊗ S is aA⊗ A-normal operator, we have

(T ⊗ S) is (A⊗B)− normal ⇐⇒ (T ⊗ S)](T ⊗ S) = (T ] ⊗ S])(T ⊗ S)

⇐⇒ T ]T ⊗ S]S = TT ] ⊗ SS]

⇐⇒ ∃ d > 0 : T ]T = dTT ] and S]S = d−1SS]

Passing to‖.‖A we have that

‖T ]T‖A = d‖TT ]‖A and ‖S]S‖B = d−1‖SS]‖B.

Since‖T ]T‖A = ‖TT ]‖A and‖S]S‖B = ‖SS]‖B it follows thatd = 1 .

HenceT is A-normal andS is B-normal.

(2) Assume thatT is A-hyponormal andS is B-hyponormal operators. Then(
T ⊗ S

)](
T ⊗ S

)
=

(
T ] ⊗ S]

)(
T ⊗ S

)
= T ]T ⊗ S]S

≥A⊗B TT ] ⊗ SS] =
(
T ⊗ S

)(
T ⊗ S

)]
.

Which implies thatT ⊗ S is A⊗B-hyponormal operator.

Conversely, assume thatT ⊗ S is A ⊗ B-hyponormal operator.We aim to show thatT is A-
hyponormal andS is B-hyponormal. SinceT ⊗ S is aA⊗ A-hyponormal operator, we obtain

(T ⊗ S) is (A⊗B)− hyponormal ⇐⇒ (T ⊗ S)](T ⊗ S) ≥A⊗B (T ⊗ S)(T ⊗ S)]

⇐⇒ T ]T ⊗ SS] ≥A⊗B TT ] ⊗ SS].

By Proposition 3.2 we have that there existsd > 0 such that
d T ]T ≥A TT ]

and

d−1S]S ≥B SS]

a simple computation shows thatd = 1 and hence

T ]T ≥A TT ] and S]S ≥B SS].

Therefore,T is A-hyponormal andS is B-hyponormal.
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(3) Assume thatT is A-quasi-hyponormal andS is B-quasi-hyponormal operators. Then(
T ⊗ S

)]2(
T ⊗ S

)2
=

(
T ]2 ⊗ S]2

(
T 2 ⊗ S2

)
= T ]2T 2 ⊗ S]2S2

≥A⊗B

(
T ]T

)2(
S]S

)2 (
by Lemma 3.1

)
≥A⊗B

(
T ]T ⊗ S]S

)2

≥A⊗B

((
T ⊗ S

)](
T ⊗ S

))2

.

Which implies thatT ⊗ S is A⊗B-quasi-hyponormal operator.

Conversely, assume thatT ⊗ S is A⊗ B-quasi-hyponormal operator.We aim to show thatT is
A-quasi-hyponormal andS is B-quasi-hyponormal. SinceT ⊗S is aA⊗A-quasi-hyponormal
operator, we have

T ⊗ S is A⊗B − quasi-hyponormal

⇐⇒
(
T ⊗ S

)]2(
T ⊗ S

)2 ≥A⊗B

(
(T ⊗ S)](T ⊗ S)

)2

⇐⇒
(
T ]2T 2 ⊗ S]2S2

)
≥A⊗B

(
(T ]T )2 ⊗ (S]S)2

)
from Proposition 3.2 it follows that there existsd > 0 such that

d T ]2T 2 ≥A

(
T ]T

)2

and

d−1S]2S2 ≥B

(
S]S

)2

We need only to prove thatd = 1. In fact it is clear that

(3.1)
∥∥∥(

T ]T
)2

∥∥∥
A
≤ d

∥∥T ]2T 2
∥∥

A
≤ d ‖T‖4

A = d
∥∥T ]T

∥∥2

A
.

On the other hand, we have∥∥T ]Tu
∥∥2

A
=

〈
T ]Tu | T ]Tu

〉
A

=
〈(

T ]T
)∗

AT ]Tu | u
〉

=
〈(

T ]T
)2

u | u
〉

A

(
since T ]T is A− selfadjoint

)
≤

∥∥(T ]T )2u
∥∥

A
‖u‖A .

This implies that
sup
‖u‖A=1

∥∥T ]Tu
∥∥2

A
≤ sup
‖u‖A=1

∥∥(T ]T )2u
∥∥

A

and hence

(3.2)
∥∥T ]T

∥∥2

A
≤

∥∥(T ]T )2
∥∥

A
.

Combining(3.1) and(3.2) we obtain that∥∥(T ]T )2
∥∥

A
≤ d

∥∥(T ]T )2
∥∥

A
.

Henced ≥ 1. A similar argument shows that∥∥(S]S)2
∥∥

A
≤ d−1

∥∥(S]S)2
∥∥

A
.

Thus,d = 1 and henceT is A-quasi-hyponormal andS is B-quasi-hyponormal.

From above theorem, we can get the corollary, its proof easy can be omitted.
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Corollary 3.4. Let A, B ∈ B(H)+. If T ∈ BA(H) and S ∈ BB(H) are nonzero operators,
thenT ⊗S ∈ BA⊗B(H⊗H) is (A⊗B, k)-is quasi-hyponormal if and only ifT is (A, k)-quasi-
hyponormal andS is (B, k)-quasi-hyponormal operator.

Proposition 3.5. If T, S ∈ BA(H) areA-normal, thenTS⊗T, TS⊗S, ST ⊗T andST ⊗S ∈
BA⊗A(H⊗H) areA⊗ A-normal if one of the following assertions holds:

(1) STT ] = TT ]S and TSS] = SS]T,

(2) ST ]T = T ]TS and TS]S = S]ST .

Proof. If we assume that the condition (1) is satisfied, then the desired results follows form
Theorem 2.5 and Theorem 3.3 (1).

If the condition (2) is satisfied, we have by a simple computation that(
TS ⊗ T

)](
TS ⊗ T

)
=

(
S]T ] ⊗ T ]

)(
TS ⊗ T

)
=

(
S]T ]TS

)
⊗

(
T ]T

)
= S]ST ]T ⊗ T ]T

= SS]TT ] ⊗ TT ]

= TSS]T ] ⊗ TT ]

=
(
TS ⊗ T

)(
TS ⊗ T

)]
.

Hence,TS⊗T must beA⊗A-normal operator. A similar argument shows thatTS⊗S, ST⊗T
andST ⊗ S are alsoA⊗ A-normal operators. The proof is complete.

Proposition 3.6. If T, S ∈ BA(H) are A-hyponormal, thenTS ⊗ T, TS ⊗ S, ST ⊗ T and
ST ⊗ S ∈ BA⊗A(H⊗H) areA⊗ A-hyponormal if the following assertions hold:

(1) STT ] = TT ]S.

(2) TS]S = S]ST.

Proof. Assume that the conditions (1) and (2) are hold. SinceT andS areA-hyponormal, we
have (

TS ⊗ T
)](

TS ⊗ T
)

=
(
S]T ] ⊗ T ]

)(
TS ⊗ T

)
=

(
S]T ]TS

)
⊗

(
T ]T

)
.

SinceT ]T ≥A TT ] it follows from Lemma 2.1 that

S]T ]TS ≥A S]TT ]S = S]STT ] = TS]ST ] ≥A TSS]T ] = TS(TS)]

Thus, 
S]T ]TS ≥A TS(TS)] ≥A 0

and

T ]T ≥A TT ] ≥A 0

Lemma 3.1 implies that(
TS ⊗ T

)](
TS ⊗ T

)
≥A⊗A TS(TS)] ⊗ TT ] =

(
TS ⊗ T

)(
TS ⊗ T

)]
.

In the same way, we may deduce theA⊗A-hyponormality ofTS⊗S, ST ⊗T andST ⊗S.

Proposition 3.7. If T, S ∈ BA(H) areA-quasi-hyponormal, thenTS⊗T, TS⊗S ∈ BA⊗A(H⊗H)
areA⊗ A-quasi-hyponormal if the following assertions hold:

(1) ST = TS,

AJMAA, Vol. 13, No. 1, Art. 7, pp. 1-22, 2016 AJMAA

http://ajmaa.org


18 OULD AHMED MAHMOUD SID AHMED AND ABDELKADER BENALI

(2) STT ] = TT ]S,

(3) TS]S = S]ST.

Proof. Assume that the conditions (1),(2) and (3) are hold. SinceT andS areA-quasi-hyponormal,we
have (

TS ⊗ T
)]2(

TS ⊗ T
)2

=
(
(TS)]2 ⊗ T ]2

)(
(TS)2 ⊗ T 2

)
=

(
S]2T ]2 ⊗ T ]2

)(
S2T 2 ⊗ T 2

)
= S]2T ]2T 2S2 ⊗ T ]2T 2

Since

(3.3) T ]2T 2 ≥A

(
T ]T

)2

it follows form Lemma 2.1 that

(3.4) S]2T ]2T 2S2 ≥A S]2
(
T ]T

)2
S2.

From equalities(3.3) and(3.4) we deduce by using Lemma 2.1 that

S]2T ]2T 2S2 ⊗ T ]2T 2 ≥A⊗A S]2
(
T ]T

)2
S2 ⊗

(
T ]T

)2

≥A⊗A T ]T
(
S]2S2

)
T ]T ⊗

(
T ]T

)
)2

≥A⊗A T ]T
(
S]S

)2
T ]T ⊗

(
T ]T

)2
(by Lemma 2.1 (3)

≥A⊗A

(
TS

)]2(
TS

)2 ⊗
(
T ]T

)2

≥A⊗A

(
(TS)](TS)

)2 ⊗
(
T ]T

)2

≥A⊗A

(
(TS ⊗ T )](TS ⊗ T )

)2
.

HenceTS ⊗ T must be aA ⊗ A-quasi-hyponromal operator. A similar argument shows that
TS ⊗ S is alsoA⊗ A-quasi-hyponromal operator. The proof is complete.

Proposition 3.8. If T andS ∈ BA(H) areA-quasinormal, thenTS ⊗ T, TS ⊗ S, ST ⊗ T and
ST ⊗ S ∈ BA⊗A(H⊗H) areA⊗ A-quasinormal if the following assertions hold:

(1) STT ] = TT ]S.

(2) TS]S = S]ST.

Proof. Assume that the conditions (1) and (2) are hold. SinceT andS areA-quasinormal,we
have (

TS ⊗ T
)(

TS ⊗ T
)](

TS ⊗ T
)

=
(
TS ⊗ T

)(
(TS)]TS ⊗ T ]T

)
= TSS]T ]TS ⊗ TTT ]

= SS]TT ]TS ⊗ TT ]T

= SS]T ]T 2S ⊗ TT ]T

= SS]ST ]T 2 ⊗ T ]T 2

= S]S2T ]T 2 ⊗ T ]T 2

= (TS)]S2T 2 ⊗ T ]T 2

=
(
TS ⊗ T

)](
TS ⊗ T

)2
.
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Definition 3.1. ( [15] ) Let T, S ∈ B(H).The tensor sum ofT andS is the transformation
T � S : H⊗H −→ H⊗H defined by

T � S = (T ⊗ I) + (I ⊗ S)

which is an operator inB(H⊗H).

Lemma 3.9. LetT ∈ BA(H). The following statements hold:

(1) T is A-normal if and only ifT ⊗ I-is (A⊗ I))-normal or(I ⊗ T ) is (I ⊗ A)-normal.

(2) T is A-hyponormal if and only ifT ⊗ I-is (A⊗ I))-hyponormal or(I ⊗ T ) is (I ⊗ A)-
hyponormal.

(3) T is A-quasi-hyponormal if and only ifT ⊗ I-is (A⊗ I))-quasi-hyponormal or(I ⊗ T )
is (I ⊗ A)-quasi-hyponormal.

Basic operations with tensor sum of Hilbert space operators are summarized in the next
proposition. For its proof see( [15] ).

Proposition 3.10. Let T, S, Tk, Sk ∈ B(H) k = 1, 2 andα, β ∈ C. The following properties
hold:

(1) (α + β)(T � S) = αT � βS + βT � αS

(2) (T1 + T2) � (S1 + S2) = T1 � S1 + T2 � S2

(3) (T1 � S1)(T2 � S2) = T1 ⊗ S2 + T2 ⊗ S1 + T1T2 � S1S2

(4) (T � S)∗ = T ∗ � S∗.

(5) ‖T � S‖ ≤ ‖T‖+ ‖S‖.
In the following proposition we generalized the normality ofT � S proved in [15] toA-

normality,A-hyponormality andA-quasi-hyponormality.

Theorem 3.11. If T ∈ BA(H) andS ∈ BA(H) such thatN (A) is invariant forT andS. The
following properties hold:

(1) if T andS areA-normal thenT � S is (A⊗ A)-normal.

(2) if T is andS is A-hyponormal thenT � S is (A⊗ A)-hyponormal.

(3) if T andS areA-quasi-hyponormal thenT � S is (A⊗ A)-
quasi-hyponormal.

Proof. (1) Assume thatT andS areA-normal. In view of the fact that

T ⊗ S = (T ⊗ I)(I ⊗ S) = (I ⊗ S)(T ⊗ I)

we have

(T � S)(T � S)] =
(
T ⊗ I + I ⊗ S

)(
T ⊗ I + I ⊗ S

)]

=
(
T ⊗ I + I ⊗ S

)(
T ] ⊗ PR(A) + PR(A) ⊗ S]

)
= T ]T ⊗ PR(A) + TPR(A) ⊗ S] + T ] ⊗ SPR(A) + PR(A) ⊗ SS]

= TT ] ⊗ PR(A) + TPR(A) ⊗ S] + T ] ⊗ SPR(A) + PR(A) ⊗ S]S

=
(
T ⊗ I + I ⊗ S

)](
T ⊗ I + I ⊗ S

)
= (T � S)](T � S)

It follows thatT � S is A⊗ A-hyponormal.

AJMAA, Vol. 13, No. 1, Art. 7, pp. 1-22, 2016 AJMAA

http://ajmaa.org


20 OULD AHMED MAHMOUD SID AHMED AND ABDELKADER BENALI

(2) Firstly, observe that ifT ]T ≥A TT ] andS]S ≥A SS] then we have following inequalities(
T ⊗ I

)](
T ⊗ I

)
≥A⊗A

(
T ⊗ I

)(
T ⊗ I

)]

and (
S ⊗ I

)](
S ⊗ I

)
≥A⊗A

(
S ⊗ I

)(
S ⊗ I

)
.

Taking into account thatTPR(A) = PR(A)T andSPR(A) = PR(A)S we infer

(T � S)](T � S)

=
(
T ⊗ I + I ⊗ S

)](
T ⊗ I + I ⊗ S

)
=

(
T ⊗ I

)](
T ⊗ I

)
+

(
T ⊗ I

)](
I ⊗ S

)
+

(
I ⊗ S

)](
T ⊗ I

)
+

(
I ⊗ S

)](
I ⊗ S

)
≥A⊗A

(
T ⊗ I

)(
T ⊗ I

)]
+

(
I ⊗ S

)(
T ⊗ I

)]
+

(
T ⊗

)(
I ⊗ S

)]
+

(
I ⊗ S

)(
I ⊗ S

)]

≥A⊗A

(
T ⊗ I + I ⊗ S

)(
T ⊗ I + I ⊗ S

)]

≥A⊗A

(
T � S

)(
T � S

)]
,

we obtain the desired inequality.

(3)

(T � S)]2(T � S)2 =
(
T ⊗ I + I ⊗ S

)]2(
T ⊗ I + I ⊗ S

)2

=

((
T ⊗ I

)]2
+ 2

(
T ⊗ I

)](
I ⊗ S

)]
+

(
I ⊗ S

)]2
)

((
T ⊗ I

)2
+ 2

(
T ⊗ I

)(
I ⊗ S

)
+

(
I ⊗ S

)2
)

.

Since (
T ⊗ I

)]2(
T ⊗ I

)2 ≥A⊗A

((
T ⊗ I

)](
T ⊗ I

))2

and (
I ⊗ S

)]2(
I ⊗ S

)2 ≥A⊗A

((
I ⊗ S

)](
I ⊗ S

))2

we deduce that

(T � S)]2(T � S)2 =

((
T ⊗ I

)]2
+ 2

(
T ⊗ I

)](
I ⊗ S

)]
+

(
I ⊗ S

)]2
)

((
T ⊗ I

)2
+ 2

(
T ⊗ I

)(
I ⊗ S

)
+

(
I ⊗ S

)2
)

≥A⊗A

(((
T ⊗ I

)]
+

(
I ⊗ S

)]
)(

T ⊗ I
)

+
(
I ⊗ S

)))2

≥A⊗A

((
T � S

)](
T � S

))2

.

The proof is complete.
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