The Australian Journal of Mathematical
Analysis and Applications

AJMAA

Volume 13 Issue 1, Article 7, pp. 1-22, 2016

HYPONORMAL AND £-QUASI-HYPONORMAL OPERATORS ON
SEMI-HILBERTIAN SPACES

OuLD AHMED MAHMOUD SID AHMED AND ABDELKADER BENALI

Received 13 April, 2016; accepted 25 May, 2016; published 20 June, 2016.

MATHEMATICS DEPARTMENT, COLLEGE OF SCIENCE, ALJOUF UNIVERSITY, AOuF2014,
SAUDI ARABIA,
sididahmed@ju.edu.sa

MATHEMATICS DEPARTMENT, FACULTY OF SCIENCE, HASSIBA BENBOUALI UNIVERSITY
OF CHLEF, B.P. 151 HAY ESSALEM, CHLEF 02000, ALGERIA.,
benali4848@gmail.com

ABSTRACT. LetH be a Hilbert space and Ikt be a positive bounded operator & The semi-

inner productu | v) 4 := (Au | v), w,v € H induces a semi-norm. || , onH. This makesH

into a semi-Hilbertian space. In this paper we introduce the notions of hyponormalitids and
quasi-hyponormalities for operators on semi Hilbertian sgace|| . ||, ), based on the works

that studied normal, isometry, unitary and partial isometries operators in these spaces. Also,
we generalize some results which are already known for hyponormal and quasi-hyponormal
operators. An operatdf € B4(H) is said to bg A, k)-quasi-hyponormal if

(Tﬁ)k <TﬁT - TTﬁ)T’“ >4 0 orequivalently A(Tﬁ)’“ (TﬁT - TTﬁ) " > 0.
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1. INTRODUCTION AND PRELIMINARIES RESULTS

Throughout this manuscript{ denotes a complex Hilbert space with the inner produgt) ,
B('H) is the Banach algebra of all bounded linear operators defindd@amd3(H* is the cone
of all positive (semidefinite) operators B{'H),i.e.;

BH)* ={AcB(H): (Au|u)>0VueH }.

For everyT € B(H), N(T),R(T) andR(T) stand for, respectively, the null space, the range
and the closure of the rangeBfand its adjoint operator B¥*. In addition, if7", S € B(H) then

T > S means thaf’ — S > 0. Given a closed subspade! of H, P, denotes the orthogonal
projection ontaM.

Given A € B(H)", we consider the semi-inner prodyct| . ) , : H x H — C defined by
(ulv),=(Aulv) VuveH.
Naturally, this semi-inner product induces a semi-ngrm| 4, defined by
Jully = ({Au | u))* = | Aba]).

It is easily seen thdf . || , is @ norm on if and only if A is injective operator,and the semi-
normed spac¢B(H), || . ||,) is complete if and only ifR(A) is closed.

The above seminorm induces a seminorm on the subsp&de) of B(H)
BAH) ={T cBH)/Ic>0: |Tul|ls<c|ulja VueH}.
Indeed, ifT" € BA(H) then

HTUH
I 4 = sup { =

ueR(A), u#0} < oo.
Moreover

IT]|.a = sup{|(Tu [ v} al; w,v € H, : flul] < L [jo]f <1}
Operators i3 (H) are called A-bounded operators.

Foru,v € ‘H, we say that: andv are A-orthogonal if(u | v) 4 = 0.

Definition 1.1. [3] For 7' € B(H), an operatolS € B(H) is called anA-adjoint of T" if for
everyu,v € H

(Tu | vys = (u| Sv)a,
ie., AS =T*A.
If T"is an A-adjoint of itself, theri" is called anA-selfadjoint operato(AT = T*A).
Remark 1.1. It is possible that an operat@r does not have arl-adjoint, and ifS is an A-

adjoint of 7" we may find manyA-adjoints; in fact ifAR = 0 for someR € B(H), thenS + R
is an A-adjoint of 7.

The set of allA-bounded operators which admit dradjoint is denoted b8 4 (). By Douglas
Theorem ( see [9, 11]) we have that

Ba(H)={T e B(H)/R(T*A) C R(A) }.

If T € Ba(H), then there exists a distinguisheldadjoint operator ofl’, namely,the reduced
solution of equatiotdX = T*A, i.e., A'T*A. We denote this operator b*. Therefore,
= A'T*A and

AT  =T*A, R(T*) € R(A) and N(T%) = N (T*A).
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Note that in whichAT is the Moore-Penrose inverse 4f For more details segl[3} 4] arid [5].

In the next proposition we collect some propertie§’6faind its relationship with the seminorm
| . ||4. For the proof seé [3] and][4].

Proposition 1.1. LetT € B4(H). Then the following statements hold.
(2) If S € B4(H) thenT'S € Ba(H) and (T'S)* = S*T*.
(3) T*T andTT* are A-selfadjoint.
@) T4 = T = IT*T|3 = ITT*3.
(5) |S]la = ||T%||  for everyS € B(H) which is anA-adjoint of 7"
(6) If S € Ba(H) then||T'S||4 = ||ST|| a-

The classes of normal, quasinormal, isometries, partial isometries, quasi-isometry and
isometries on Hilbert spaces have been generalized to semi-Hilbertian spaces by many authors
in[2,13,/4,5,12] 16, 17, 19, 20, 24] and other papers.

Definition 1.2. Any operatorl’ € B4(H) is called
(1) A-normal if TT# = T*T (see [20]).
(2) A-isometry if T*T = P4 (seel3]).
(3) A-unitary if T*T' = TT* = Pr5; (seel3]).
(4) A-quasinormal ifl' T*T = T#T? (see[18]).
(5) (A, m)-isometry if
i 2 i
> (=t (k) [T ul, = 0= ) (1) k(k>Tﬁka =0  (see[l?]).
0<k<m 0<k<m
Definition 1.3. ( [20] ) Let T € B(H). The A-spectral radius and thé-numerical radius of’
are denoted respectively (7') andw,(T') and defined by

1
ra(T) = limsup |77 %

and
wa(T) =sup{ (Tu|u)a|l, veH |ul,=1 }.

Remark 1.2. If T' € Ba(H) is A-selfadjoint,then|T’|| , = wa(T) (see[20].

Theorem 1.2.([20] Theorem 3.1
A necessary and sufficient condition for an operafore B(H) to be A-normal is that

R(TT*) C R(A) and || T*Tu|| 4 = || TT u|| 4 forall u € H.

We recapitulate very briefly the following definitions. For more details, the interested reader is
referred tol[14] and the references therein.

Definition 1.4. ( [14] ) An operatorT’ € B(H) is said to be
(1) p-hyponormal if(T*T)? — (TT*)? > 0for0 < p < 1.
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(2) p-quasi-hyponormal if™* <(T*T)p — (TT*)p>A >0, 0<p<1
(3) k-quasihyponormal operatorit*(T*T — TT*)T* > 0 for positive integek.
(4) (p, k)-quasihyponormal if ((T*T)P—(TT*)P) T+ >0, 0 < p <1 andk is positive integer.

A (p, k)-quasi-hyponormal is an extensionhyponormal p-quasi-hyponormal ank-quasi-
hyponormal.

The contents of the paper are the following. In Sedfion 1 we set up certain terminology that is
used throughout the this paper and to list some properties which are important for the discussion
of our result. In Sectioh]2 we study the conceptsdehyponormal and:-quasihyponormal
operatros and we investigate various structural properties of this classes of operators. Finally,
in Sectior{ B we consider the tensor product of some classes of A-operators.

2. (A, k)-QUASI-HYPONORMAL OPERATORS IN SEMI-HILBERTIAN
SPACES (M, (.| .),)

Hyponormal and:-quasi-hyponormal operators on Hilbert spaces have received considerable
attention in the current literaturel[6,/8,/121] and![23]. From which our inspraton cames.

In this section, we introduce the concept4hyponormal and A, k)-quasi-hyponormal oper-
ators on semi-Hilbertian spaces.

2.1. A-HYPONORMAL OPERATORS.
Definition 2.1. We say thafl’ € B(H) is anA-positive if AT € B(H)* or equivalently
(Tu|uys >0 Yu € H.

We noteT" >4 0.

Example 2.1.1f T € Ba(H), thenT*T andTT* are A-positive i.e.,
TT*>,0 and T°T >, 0.

Remark 2.1. An operatorT’ is A-positive if and only ifA2T is A%-positive.

Remark 2.2. We can define a order relation by
T>,5<—=T-5>40.

Remark 2.3. Inequality de Cauchy-Schwarz fef-positive operator.

It T € B(H) is A-positive, then

[(Tu | v)a|* < (Tu| u)a(Tv | v)a forall u,v e H.
The following lemma is useful for our study.

Lemma2.1.LetT, S € B(H) suchthatl’ >, S andletk € B4(H). Then following properties
hold

(1) R*TR >4 R'SR.
(2) RTR* >, RSR".
(3) If R is A-selfadjoint thenrRT'R >4 RSR.
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Proof. (1) LetT >4 S. Then we get the following relation for all € H:
(R'TR— R*SR)u |u)a = (RYT - S)R)u|u)a
(ARY(T — S)Ru | u)
(R*A(T — S)Ru | u)
= (A(T — S)Ru | Ru)
> 0.
(2) LetT >, S. Then we get the following relation for all € H:
((RTR* — RSR)u|u)a = (R(T —S)R'u|u)a
= (AR(T — S)R*u | u)
(AR (T — S)R*u | u)
= (A(T — S)R*u | Rtu)
> 0.

(3) LetT >4 S. Then we get the following relation for all € H :
((RTR—RSR)u|u)a = (R(T — S)Ru|u)a
(AR(T — S)Ru | u)
R*A(T — S)Ru | u) (sinceR is A — selfadjoin}
= (A(T - S)Ru | Ru)
0.

Y]

Definition 2.2. An operatofT’ € B,(H) is said to bed-hyponormal if*T — TT* is A-positive
e, TT — TT* >, 0 or equivalently

(T*T = TT")u | u)a >0 forall u e H.
We start by our first result which provides a characterizatiod-bfyponormal operators.

Proposition 2.2. LetT € B4(H). ThenT is A-hyponormal if and only if
| Tw||4 > ||T*u||4 forall u e H.

Proof. Assume thaf" is A-hyponormal, it follows that for all. € H
(T*T =TT u|uya >0 = (AT*Tu|u) > (ATT*u | u)
= (T"ATu |u) > ((AT") T | u)
— (ATu | Tu) > (T*u | AT u)
= ||Tul} > [ T%ul%-
Conversely assume thiu||% > ||T%u|| for all u € H, then we get
| Tul’y > | T* |y = (ATu | Tu) > (T*u | AT*u)
— (T"ATu | u) > ((AT") T*u | u)
— (AT*Tu | u) > (ATT u | u)
{

— ((T*T — TT")u | u)a > 0.
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Proposition 2.3. LetT € B4(H), thenT is A-hyponormal if and only if
T*T + 20TT* + N*T*T >, 0, forall A € R.
Proof. Letu € ‘H and\ € R, we have thaf is A-hyponormal if and only if
|Tull, > || TH||, <= 4||T*|’, — 4[| Tul’, <0

= || Tully + 22 || T, + A2 || Tul > 0

— (AT'Tu | u) 42X (ATT u | u) + 2)° (AT*Tu | u) > 0

= ((T*T +2)TT" + 2X°T*T)u | u) , > 0

& T'T+2\TT? + N°T'T >, 0.
|
Proposition 2.4. Let T € B4(H) is A-hyponormal, therj|Tu|, = |T%u|, if and only if
(T*T — TT*)u € N(A).
Proof. Assume thaf{Tul| , = ||T*ul| ,. A simple computation shows that

I Tull, = ||T*|| , = ((T*T = TT")u | u), = 0.

SinceT*T — T'T* is A-positive we have for all € H by the A-Cauchy Schwarz inequality
(RemarK 2.B);

[(T*T — TTHu | 0), | < ((T*T — TT*)u | u) , ((T*T — TT*)v | v) , = 0.
Hence,((T*T — TT*)u | v) , =0 Vv € H and this implies thatl (T*T" — TT*)u = 0.
Conversely ifA(T*T — TT*)u = 0 itis clear that (T*T" — TT*)u | u) , = 0 and hence

ITully = | T5ull , -
|

Theorem 2.5.LetT € B4(H) such thatN'(A) in invariant subspace fof". The following
statement hold:

(1) T andT* are A-hyponormal if and only if T'u|| , = || T*u|| ,. Vu € H.
(2) If A is injective therl” an T* are A-hyponormal if and only if” is A-normal.

Proof. (1) Assume thal” and7"* are A-hyponormal.We have

(T*T — TT*) >4 0 and ((T*)*T* — THT*)*) >4 0.
Since/N (A) in invariant subspace fdfF we havel' Prrzy = Preayl and PrgyA = APgy =

A. Therefore in view of the fact thdf*)* = Pz =y Pray We have for altu e H

(TP =TT )u | u) 240 = ((PegnT PrenT* = T*PrgaT Prog)u | u) 20

= (AP TT: — AT'TPE s)u | w) > 0
— ((ATT"— (T*T) A)u | u) >0
= TT'>,TT.

It follows that
T >, TT! >, T'T
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and hence
I Tull, > || T*ul| , = I Tull, -

Conversely, assume th#'u, = ||T%u||, V u € H. From which it is clear thaf is
A-hyponormal and (T*T — TT%)u | u) , =0 Y u € H.
Now, we have
0 = (T'T =TT u|u), = (A(T*T — TT")u | u)
= (7" Pre T Pregay — Prea T P [ w) |

— < (T%( Tjj T”) T u | u>
= |75l = 1Tl

Thus,T* is A-hyponormal.

(2) If we assume thaf and7™ are A-hyponormal, it follows thafi T'u|| , = HTﬁuHA VueH.
Applying Proposition) 24 and taking into accoutitis injective we see thaf*T" — TT* = 0.
We clearly havel’ is A-normal.

Conversely, ifl" is A-normal, we havd™ is A-normal ([20], Corollary 3.2 ) and hen@&and
T* are A-hyponormal. The proof is complets.

Theorem 2.6.LetT € B4(H) is A-hyponormal, them(T') = ||T|| 4.

Proof. Letu € R(A), u # 0. SinceT € B4(H) belongs to thed-hyponormality class, then
we have

(Tu| Tu) g = (|AT*Tu | w) = (A2T"Tu | A2u)
(A2 T*T ||| Az

1 T*T ] allul| 4

< (7%l allull 4

17wl

IN

divided by||u||% we obtain
[ Tulld _ (T%ullallulla _ [|T%ula

fullZ = MlullZ s

This,is tern, implies
IT[% < 17| a-
Since we know that fof" € B4 (H),
|72y = sup { [{T*ufv) | llully <1, folly < 1}
and therefore, we have

[(T?u | v)a| = [(Tu | AT*0)a| < | Tull o [|T50]] o < ITUL )T lulla 0]l -

This shows that ||7?||, < ||T|% -
So we have
|7°

L= ITIL -
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Take any integen > 1. Observe that

1T ull’y = (T"u|T ), = (T*AT"u | T" 'u) = (T*T"u | T" ),
T T al| |7 ]
[rtall 7l ¥ wen,

IAIA

which implies
1T < (|7 1T

and hence
[ s e 1
[y PR VAL P
Combining this with the equality above, a simple induction argument yields

|7, = 7|y for n=1,2,....
Consequently
ra(T) = limsup [[T"(|5 = |74 -

Theorem 2.7.LetT € Ba(H) be anA-hyponormal operator such that'(A) is a invariant
subspace fofl’. Then the following properties hold

(1) T — Xis A-hyponormal for all\ € C.

(2) If (T — Nug = 0 for ug € H, thenT uy = Xpm)uo
(3) f Tu = AuandTv = pv with A # pthen(u | v)4 = 0.
Proof. SinceT(/\/’(A)) C N(A), we have that

(1) It suffice to prove tha(T — M) (T - )\])ti >4 (T - )\])ﬁ(T — AI). In fact

(T = M) (T =) = (T =) (T* — XPrzy)
=TT~ XTPgigy — ATF + |\*Prgg
>4 TT+)\PR(AT AT* + |\ Prgay

>4 (T — ADHT - AD).

(2) From (1) we havé{ (T — AT)ul[4 > (T — AI)||4 forall u e H.
If (T — AI)uo = 0 then

This implies tha{T* — AP 57)u0 € N'(A). On the other hand

R(T* — XPrzy) C R(A) = N(A)*".

Hence,
(T* — APgzy)uo = 0.
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(3)
(Tu | v)a = (u| Ty = Mu [ v)a = (u | BPrv) 4
= Mu|v)a= <u|ﬁAPWU>
— Mu|v)a=p{u|v)a
= A—p){ulv)a=0

As \ # u, it follows that(u | v)4 = 0. &

Corollary 2.8. LetT € B4(H) is A-hyponormal such thak/(A) is a invariant subspace fdf
andletu € H: |lul]|, =1. Then

(7= X)"u||, > (T = N)u|". forall AecC.
Proof. Since theA-hyponormal is translation invariant, we may assume hat0.

It is obvious that
ITul%, = (Tul|;Tu)s = (AT Tu | u) = (A2T*Tu | A2u)

< JARTHT||| Al
= | T*Tul|allu]l o
< 7%l a.

Analogously, we obtain for any positive integer
17"l < 17" | all T el
To prove the corollary,we will use the induction en Forn = 1, trivial. Forn = 2, again it

holds. Now assume that the result is true for any positive integerl. We show that it holds
forn + 1.

From the inequality| 7"u ||} < || 7™ u||4||T" " u|| 4 and the inductions hypothesis,we have
(Tl _ 117" ulla
[vad e Vel e

it follows that
||Tu||2Jrl < ||T”+1uHA.

Hence by indication the result follows.

Corollary 2.9. LetT € B4(H) is A-hyponormal such thak/(A) is a invariant subspace fdF
and let), u € C, \ # p for which there existu,,), and(v,), € H : ||un|l4, = lloall 4, = L.If

HT /\un —>OandH(T—,u)vn — 0 asn — o

I 1

then
(Up | vp) 4 — 0 @SN — 0.

Proof. Since theA-hyponormal is translation invariant it is obvious that

17 = Al
It is an immediate consequence of the following equalities

()\ — u) (Un | Vn), = ()‘ - “) <u” | P R(A)Un >A

= (T = N | 0y + (n | (TF = TPz vn )
= —((T=Nun | va) , + (un | (T = p)fon)

—>OandH (T — ) UnHA—>0 asn — o0.
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that

(up | v) 4 — 0 @SN — 0.

Consider two normal (resp.hyponormal) operatérand S on a Hilbert space. It is know
that in general]'S is not normal (resp. not hyponormal). In the following theorems, we give
some conditions for which the product of operators will be normal and hyponormal on semi-
Hilbertian spaces.

Theorem 2.10.Let7T and S € B4(H) are A-normal operator, therf’S and ST are A-normal
if the the following statements hold

(1) STT* = TT*S,

(2) TSS* = SST.

Proof. Suppose that the conditions (1) and (2) hold. It is known that for@any € Ba(H),
TS € B(H) and(T'S)* = S#T%. SinceT andS are A-normal, we have for alk € H

(TS)u | A(TS) u)
ST | AS*T*u)
SETH, S*ATﬂu>
SS* T, ATﬁu>
SSTH, T*Au>
TSS T, Au>
SS*TT u, Au)
STTu, (Su)* Au>
STT u, ASu>

T*T Su, ASu>
TSu, (Tﬂ)* ASu>
TSu, ATSu) = ||(TS)ull? .

[(@S)yull, =

I I
N N N

I
A~ N

I
PO NN

I
~

|
PR

—~

On the other hand

R(TS(TS)*) = R(SS*TT*) c R(SS*) Cc R(A), (since Sis A — normal).

HenceT'S is A-normal operator. A similar argument shows t54t is also A-normal opera-
tor.Therefore the proof is complete.
|

Theorem 2.11.LetT,S € Ba(H) are A-hyponormal operators, The following statements
hold:

(1) If ST* = T*S thenT'S is A-hyponormal.
(2) If TS* = S*T thenST is A-hyponormal.
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Proof. (1) Itis known that for anyl’, S € Ba(H), T'S € B4(H) and(TS)ti = S*T*. Suppose
that ST* = T*S. SinceT andS are A-hyponormal, we have for all € H

| (Ts)ﬁuHi = ((T9)u | (TS)'u) = (S*T*u | $T%u),
(AS*T | S*Thu) = (Thu | SS*TH)

< (T*u| SﬁSTﬁu>A = (T*Su | AT*Su)
< TSl
< | TSull}.

Hence,T'S is A-hyponormal operator as required.
Finally, we have to prove statement (2). It is verified by the same way as in statemant (1).

2.2. (A, k)-QUASI-HYPONORMAL OPERATORS.

The operatofl’ € B('H) is k-quasi-hyponormal for some positive integeif
| T*T*u|| < ||T**ul|, for everyu € H. It can be written ag™* (T*T — TT*)T* > 0.

By analogy with this, we could define tkie, k)-quasi-hyponormal operators in indefinite inner
product spaces.

Definition 2.3. An operatorT’ € B4(H) is said to bg A, k)-quasi-hyponormal if
(THH(T'T — TTHT* >4 0,
wheref is a positive integer.
It is convenient to write it as
A(THM(T'T — TTHT* > 0.
Remark 2.4. (1) (A, 1)-quasi-hyponrmal isi-quasi-hyponormal.
(2) From Lemma 2]1, itis clear that evefyhyponormal operator i§4, k)-quasi-hyponormal.
(3) Every(A, k)-quasi-hyponormal operator (g, £ + 1)-quasi-hyponormal operator.

Example 2.2. The following example shows thAtis (A, k)-quasi-hyponormal normal opera-
tor that is neithe-normal nor A-hyponormal.

1 00 1 0 -1
LetA = 0 | andT = € B(C?). It easy to check that
2

0 1 0
0 0 0
1 00
A>0,R(T*A) CcR(Aand T* = | 0 0 0 |,T*T # TT*and | Tul|la 2 ||T%ul| 4.
00

is neitherd-normal nor A-hyponormal.
Moreover

10 -1
T*(T*T — TTHT" = (0 0 ) >4 0.
00

SoT is (A, k)-quasi-hyponormal normal operator of all positive intedger
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In the following theorem we give characterization(df, k)-quasi-hyponormal operators.
Theorem 2.12.LetT € B4(H). ThenT is (A, k)-quasi-hyponormal if and only if
T T ulla < 1T ul|a.

Proof.

(THM(T*T — TTHT* >4 0 < (A((T’i)’“(TﬁT — TTﬁ)Tk>u |u) >0
(AT T | u) > (A(THTT*T | )
<T*k+1ATk+lu | ) > <T*I<:ATTﬁTku | u)
(AT* Yy | TR > (TR | AT T u)
Tl = (| T ul .

HMH

1
Lemma 2.13.LetT € B4(H) be an(A, k)-quasi-hyponormal,then

| T*u|? < |75 | 4| T ulla forall u e H.
Proof.

1Tl Thu | T*u)a

AT u | T u)
T* AT u | TF )
AT THu | T u)
(A2 TRy | AzTH 1)
[ AR T T u | AT
IT* T ul| Al Tl 4
1T ul | 4l T

{
{
{
{

IA Il

IN

In the following propositions, we give some conditions for which the product of operators will
be (A, k)-quasi-hyponormal on semi-Hilbertian spaces.

Proposition 2.14. Let T, S € B4(H) are A-quasi-hyponormal operators. Then the following
properties hold

(1) If S(T*T) = (T*T')S and (ST)? = S?T?, thenT'S is A-quasi-hyponormal.
(2) If T(S*S) = (S*S)T and(T'S)? = T%S2, thenST is A-quasi-hyponormal.
Proof. (1) For allu € H, we have that

|(TS)'TSul|,

| S*T* T Su|| , = ||S*ST Tul| ,
|S*T*Tuf|

| T*TS%u]],

725l ,

= [[(T9)%]],

IN AN INA

(2) Same proven
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Proposition 2.15.LetT, S € Bo(H) are (A; k)-quasi-hyponormal operators for some positive
integerk > 2. The following statements hold

(L) f T*T*S = ST*T* and T7S7 = (TS)? for j € {k,k + 1},thenTS is (A ;k)- quasi-
hyponormal.
(2) If S*SAT = TS*S* and SIT7 = (ST)! for j € {k,k + 1},thenST is (4; k)- quasi-
hyponormal.

Proof. (1) For allu € H we have

[(TSHTS)ul|, = [|S*TT*S ||, = ||S*S*T* T )|,
< ||SFFIT T )|, (since S is (A; k) — quasi-hyponormal
< TSt
< || T S* ||, (sinceT is (A; k) — quasi-hyponormal
= (@)l

Thus,T'S- is (A; k)-quasi-hyponormal.
(2) Using the same argument as in (1) we get the desired rgsult.

3. TENSOR PRODUCTS OFk-QUASI-HYPONORMAL OPERATORS IN
SEMI-HILBERTIAN SPACES

Let H®H denote the completion, endowed with a reasonable uniform crose-norm, of the
algebraic tensor produd{®@H of H with H. Given non-zerdl',S € B(H),letT ® S €
B(H®H) denote the tensor product on the Hilbert spzte?, whenT & S is defined as
follows

(T ® S @m)| (€2 ®@ns)) = (T& ] €)(Sm| ns)-
The operation of taking tensor produdisz S preserves many propertiesBfS € B(H), but
by no means all of them. Thus, wheréés S is normal if and only if7" and S are normal
[13], there exist paranormal operatdrsaand.S such thatl’ ® S is not paranormal [1]. In [10],
Duggal showed that if for non-zefB, S € B(H), T ® S is p-hyponormal if and only ifl" and
S arep-hyponormal. Thus result was extendegbtquasi-hyponormal operators in [14] .

In the following study we will prove a necessary and sufficient conditiori/foy S to be A-
normal A-hyponormal andi-quasi-hyponormal, wherg and.S are both non-zero operators.

Recall that(T' @ S)*(T' ® S) = T*T ® S*S and so, by the uniqueness of positive square
roots|7’ ® S|" = |T|" ® |S|" for any positive rational number.From the density of of the
rationales in the reals, we obtalii ® S|P = |T|P ® |S|P for every positive real numbaer.
Observe also that
AB=(A®)I®B)=(I®B)(A®1I).

The following elementary results on tensor products of operators will be used often (and
without further reference) in the sequék ® S; = T, ® S if and only if there exists a scalar
d # 0 such thafl; = dT; andS; = d~'S,. If T, andS, (k = 1,2) are positive operators, then
T, ® S, = T, ® S, if and only if there exists a scaldr> 0 such thafl; = d7, andS; = d=15,.
The proofs to these results are to be found in the papers by Hou [13] and Stochel [22].

Lemma 3.1. LetT}, S, € B(H), k = 1,2 and LetA, B € B(H)", suchthatl} >4 T, >4 0
andS; >p S >3 0, then

(Ty ® 1) >asp (To @ S2) >aep 0.
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Proof. By Assumptions we have
(AT\u| u) > (ATou | u) > and(BSiv | v) > (Syv|v) >0 YVu, v € H.
It follows that
(AThu | u)(BSiv| v) > (ATyu | u))(BSsv | v),
and hence
(ATy ® BS1(u®v) |u®v) > (AT, ® BSs(u @ v) | u ® v).
Or equivalently
(A9 B)(T1 ®S1)(u@v) [uwv) > (A B) (T ® S)(u®v) |u®v).
SinceA ® B is positive,we deduce that
(T ®S)(u®v) |[uewv) 2(A®B) (Ty® %) (uev) |udwv).

The following proposition is an extension of Proposition 2.2[in/ [22] to the concept-of
positivity.

Proposition 3.2. Let T}, T,, 51, S, € B(H) and letA, B € B(H)" such thatT}, is A- positive
and S;. is B-positive fork = 1,2. If 177 # 0 and S; # 0,then the following conditions are
equivalents

(1) To ® Sy >aep Th ® Si
(2) there existgl > 0 such thatdT, >4 T; andd~1S, >5 5.
Proof. 1 = 2. Since;
Ty ® 8y >aep 11 ® S1 <= AT, ® BSy > AT\ ® BS,.

As AT, andBS), are positive operators, we deduce form [22], Proposition 22t there exists
a constant/ > 0 such that

dAT2 > AT1 and d_lBSQ > BS;.
On the other hand
dAT, > AT — A(dT2 — Tl) >0« dIly >, T,

and
dilBSQ > BS| <— B(dilsg — Sl) >0 <= dilsg >p 5.
2 = 1. This implication follows form Lemmp 3] 1z

The following theorem gives a necessary and sufficient conditiofi ferS to be a(A ® B, k)
quasi-hyponormal operator wh&hand.S are both nonzero operators.

Theorem 3.3.Let A, B € B(H)*. If T' € B4(H) and S € Bg(H) are nonzero operators, then
the following properties hold.

(1) T® S'is (A ® B)-normal if and only ifl" is A-normal andS is B-normal.
(2) T ® Sis (A ® B)-hyponormal if and only if" is A-hyponormal ands' is B-hyponormal.

3) T ® Sis (A ® B)-quasi-hyponormal if and only iI" is A-quasi-hyponormal and is
B-quasi-hyponormal.
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Proof. (1) Assume thaf is A-normal andS is B-normal operators. Then

(T®S)(Tos) = (Tes) (T s
= TT'® SS*
T'T ® S*S

— (Tos) (TwS9).

Which implies thatl’ ® S is A ® B-normal operator.

Conversely, assume that® S is A ® B-normal operator.We aim to show thatis A-normal
andS is B-normal. Sincél’ ® S is aA ® A-normal operator, we have

(T®S)is (A®B) —normal <= (T®S (T®S)=(T"®S)(T®S)
— T'T®S'S="TT"%SSs"
<« Fd>0:TT=dTT" and S*S = d~'SS*

Passing td|.|| , we have that
IT*T )| = d|TT||l4 and [|S*S]||5 = d"[|SS%|.

Since||T*T|| 4 = || TT#|| 4+ and||S*S| s = ||SS*|| 5 it follows thatd = 1 .
HenceT is A-normal andS is B-normal.
(2) Assume thai’ is A-hyponormal and is B-hyponormal operators. Then

Tos)(Tes) = (T"esS)(TeSs)
= T'Tesis
>aon TT'® 5S4 = (T®S)(T®S).

Which implies thafl’ ® S is A ® B-hyponormal operator.

Conversely, assume that® S is A ® B-hyponormal operator.We aim to show thats A-
hyponormal and is B-hyponormal. Sincd” ® S is aA ® A-hyponormal operator, we obtain

(T®S)is(A® B) —hyponormal <= (T ® S)*(T®S) >aep (T @ S)(T ® S)*
= T'T®SS* >s0p TT* ® SS*.

By Propositior) 3.2 we have that there exiéts 0 such that
dT'T >, TT!
and
d—1S%S >p5 SS*
a simple computation shows that= 1 and hence
T°T >, TT* and S*S >p SS°

ThereforeI" is A-hyponormal andb' is B-hyponormal.
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(3) Assume thaf" is A-quasi-hyponormal anfl is B-quasi-hyponormal operators. Then
Tes)?(Tes)’ = (TPes?(T?es?)
_ 22 ® g2 g2
>ae (T'T)?(S%S)” (by Lemmd 3]
>a0n (T ® °S)°

2
2 A®B ((T® S)WT@S)) :
Which implies thatl’ ® S is A ® B-quasi-hyponormal operator.

Conversely, assume that® S is A ® B-quasi-hyponormal operator.We aim to show thas
A-quasi-hyponormal anfl is B-quasi-hyponormal. SincE® S is aA ® A-quasi-hyponormal
operator, we have

T®S is A® B — quasi-hyponormal
= (TeS5)*(T®5)" 25 (TeSHT®S))*
= (TPT*® S”S?) >495 (T'T)* ® (S%5)?)
from Propositiori 32 it follows that there exists> 0 such that
d T2T? >, (T*T)*

and
4715182 > 5 (545)°
We need only to prove that= 1. In fact it is clear that
2 2
(3.1) ||| < afrere|, < anri = af o)
On the other hand, we have
|T*"Tu|, = (T"Tu|T*Tu), = ((T*T)" AT*Tu | u)
_ i) 2
= ((T*1)"u | u)

< [T )]y [l 4 -

2
A

(since T*T is A — selfadjoint)

This implies that
sup HTﬁTuHZS sup H(TﬁT)ZUHA

lulla=1 lul a=1
and hence

(3:2) Iy < Tyl
Combining([3.1)) and(3.2)) we obtain that
[Ty, < dfr Ty,

Henced > 1. A similar argument shows that
[(52)2[1, < d7H[[(S*9)?] -
Thus,d = 1 and hencé is A-quasi-hyponormal anfl is B-quasi-hyponormalg

From above theorem, we can get the corollary, its proof easy can be omitted.
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Corollary 3.4. Let A, B € B(H)". If T' € B4(H) and S € Bg(H) are nonzero operators,
thenT ® S € Bagp(H®H) is (A® B, k)-is quasi-hyponormal if and only i is (A, k)-quasi-
hyponormal ands is ( B, k)-quasi-hyponormal operator.

Proposition 3.5.1f 7', S € B4(H) are A-normal, theril'S® T, TS® S, ST®T andST® S €
Baga(HRH) are A @ A-normal if one of the following assertions holds:

(1) STT* =TT*S and TSS* = SS*T,
(2) ST*T =T*TS and TS'S = S*ST.
Proof. If we assume that the condition (1) is satisfied, then the desired results follows form
Theoren 2.b and Theorem B.3 (1).
If the condition (2) is satisfied, we have by a simple computation that
(TSeT) (TSeT) = (ST'eT)(TSeT)
= (S'T'TS) ® (T*T)
= S'ST'T @ T*T
= SS*TT*@TT*
= TSS'T*@TT*
— (TSeT)(TSeT).

Hence, 'S @ T must beA ® A-normal operator. A similar argument shows th&t® S, ST T
andST ® S are alsoA ® A-normal operators. The proof is complege.

Proposition 3.6. If 7,5 € B4(H) are A-hyponormal, theld'S @ T,7S ® S, ST ® T and
ST ® S € Baga(H®H) are A @ A-hyponormal if the following assertions hold:

(1) STT* = TT!S.
(2) TS*S = S*ST.
Proof. Assume that the conditions (1) and (2) are hold. Sificand S are A-hyponormal, we
have
(TS T) (TS T) = (ST o T (TS © T) = (S'T'TS) ® (T'T).
SinceT*T >, TT* it follows from Lemmg 2.1l that
S*T*TS >4 S*TTHS = SPSTT? = TS*ST* >, TSS*T* = TS(TS)*
Thus,
SUTETS >, TS(TS) >4 0
and

TT >, TTH >4 0
Lemmd 3.1 implies that
(TS @T) (TS ®T) > 404 TS(TS) @ TT! = (TS @ T) (TS © T)".
In the same way, we may deduce the A-hyponormality of'S® S, ST ®@T andST® S. 1

Proposition 3.7.1f T', S € Ba(H) are A-quasi-hyponormal, thehSQT, TSRS € Bagas(HOH)
are A ® A-quasi-hyponormal if the following assertions hold:

(1) ST = TS,
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(2) STT! = TT"S,
(3) TS!S = S*ST.

Proof. Assume that the conditions (1),(2) and (3) are hold. SiheedsS are A-quasi-hyponormal,we
have

(TS T)*(TSeT)* = ((TS)? o T?)((TS)?T?)
= (SPT" @ T%)(S*T° @ T?)
— SﬁQTﬁQTQSQ ® TﬁQTQ

Since

(3.3) 2T >, (T°T)’

it follows form Lemmd 2.1l that

(3.4) SPRTRT2S? >, S92 (TPT)*S2,

From equalities3.3) and(3.4) we deduce by using Lemma 2.1 that
SRTRT2S2 @ TRT? > .0, SP(T'T)S? @ (TPT)”
>aga T'T(SPS*)T'T ® (T'T))2
>a0a TFT(S'S)’THT © (T*T)* (by Lemmg 2L (3)
>a0a (TS)?(TS) @ (T*T)’
>aea (TSHTS))" @ (T°7)°
>aea (TS®@THTS®T))
HenceT'S ® T must be aA ® A-quasi-hyponromal operator. A similar argument shows that
TS ® SisalsoA ® A-quasi-hyponromal operator. The proof is complate.
Proposition 3.8.If T'and S € B4(H) are A-quasinormal, thel'S® T, TS ® S, ST ® T and
ST ® S € Baga(H®H) are A ® A-quasinormal if the following assertions hold:
(1) STT! = TT*S.
(2) TS*S = S*ST.
Proof. Assume that the conditions (1) and (2) are hold. Sihcand S are A-quasinormal,we
have
(TS T) (TS T)(TS®T) = (TS®T)(TS) TS T'T)
= TSS*T*TS @ TTT*
= SS'TT'TS @ TT*T
= SS'TT?S @ TT*T
= SS'STT? @ THT?
= S'SPTT? @ THT?
= (TS)S*T* o T'T?
— (TSeT)(TS®T)”
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Definition 3.1. ( [15] ) Let T, S € B(H).The tensor sum of’ and S is the transformation
THS: H®H — H®H defined by

TBHS=T®I)+(I®S5)
which is an operator itS(HQH).

Lemma 3.9. LetT € B4(H). The following statements hold:
(1) T'is A-normal if and only ifl’ ® I-is (A ® I))-normal or (I ® T') is (I ® A)-normal.

(2) T is A-hyponormal if and only if” ® I-is (A ® I))-hyponormal onI @ T') is (I @ A)-
hyponormal.

(3) T is A-quasi-hyponormal if and only if ® I-is (A ® I))-quasi-hyponormal of/ ® T')
is (I ® A)-quasi-hyponormal.

Basic operations with tensor sum of Hilbert space operators are summarized in the next
proposition. For its proof seg[15] ).

Proposition 3.10.Let 7T, S, Ty, Sy € B(H) k = 1,2 anda, § € C. The following properties
hold:

Q) (a+B)(TES)=alTBES+FTHAS

2 (M+T)B(S1+S) =T8S +T,HS,

B) (BS)(TBS)=T1® S, +T,® 5 + 11T, 8 515,
4) (TBS)* =T8S

©) [[TBS] < T[]+ 51

In the following proposition we generalized the normality7ott S proved in [15] to A-
normality,A-hyponormality and4-quasi-hyponormality.

Theorem 3.11.1f T' € Ba(H) andS € Ba(H) such that\'(A) is invariant for7 and S. The
following properties hold:

(1) if T'and S are A-normal thenl’ 8 S is (A ® A)-normal.
(2) if T'is andS is A-hyponormal ther/” B S is (A ® A)-hyponormal.

(3) if T'and S are A-quasi-hyponormal thef’ H S'is (A ® A)-
guasi-hyponormal.

Proof. (1) Assume thaf’ andS are A-normal. In view of the fact that
TRS=TeH(IeS)=Ie5)(T®I)

we have

(TBS)TES) = Tel+I5)(Tel+I1S)

= (T®I+1&S)(T"® Py + Prgy © 5°)
= T'T ® Prpzy + TPriay © S* + T* © SPrizy + Priay ® SS°
= TT*® Prpgy + TPrizy © S* + TF © SPrzy + Prigy ® S'S
— Tel+I8) (Tel+I®S)
= (TBSNTHBS)

It follows thatT H S is A ® A-hyponormal.
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(2) Firstly, observe that T#T >, TT* andS*S >, SS* then we have following inequalities

(TN (T®I) >aea (TRI1)(TRI)

and
(SO (S®I) >a0a (S®I)(S@I).
Taking into account thame = Py T andSPW = PWS we infer
(TBS)(THS)
= (Tel+IeS (Tel+Ic5)
= (TeD(Tel)+Tel)f(Ies)+(Ios) (Tel)+ (oS (Ies)
>0 (T[T o) +(I08)(Tel)+(Te)Ies) +(Ies)(Ies)
>aon (TRI+I08)(T@I+I®S)

>0 (TES)(THS),

we obtain the desired inequality.

3)
(TBS)P(THS)? = (Tel+I9)*(Tel+Ies)
= <(T®1)”2+2(T®I)ﬁ(1®5)ﬁ+(1@5)”)
<(T®I)2+2(T®I)(I®S)+(I®S)2>.
Since
(To)*(T®I1)’ >i0a ((T®1)ﬁ(T®1)>
and

2
(18 5)2(I® ) > 104 ((1 © 8) (1@ s))
we deduce that

TBSATBS? = ((Te)?+2Tel)f(les)+(Ie S)“Z)

((mf)u (ms)ﬁ) (mz) ; (z®s))>2

(T®5S) (T® S))Q.

(
((T®1)2+2(T®])(I®8) + (I®S)2)
(
(

The proof is complete.
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