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ABSTRACT. In this paper we introduce the new class of operators for whichT 2 ≥ −T ∗2 acting
on a complex Hilbert spaceH. We give some basic properties of these operators. we study the
relation between the class and some other well known classes of operators acting onH.
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1. I NTRODUCTION

Throughout this paper,B (H) denotes to the algebra of all bounded linear operators acting on
a complex Hilbert spaceH. If T ∈ B (H) thenT ∗ is its adjoint andT = A + iB is its cartesian
decomposition. Many classes of operator inB (H) are defined according to the relation between
T andT ∗, for exampleT is normal if TT ∗ = T ∗T ; self- adjoint if T ∗ = T ; skew-adjoint if
T ∗ = −T ; positive if T ∗ = T and〈Tx, x〉 ≥ 0 for all x ∈ H, and skew-normal ifT 2 = T ∗

2
;

quasinormal ifTT ∗T = T ∗T 2; projection if T 2 = T = T ∗. For an operatorT ∈ B (H) if
‖Tx‖ = ‖x‖for all x ∈ H (or equivalentlyT ∗T = I), thenT is called an isometry;T is called
unitary if TT ∗ = T ∗T = I. An operatorT onH is called hyponormal ifTT ∗ ≤ T ∗T .

In this paper we consider operator inB (H) for whichT 2 ≥ −T ∗
2
. In section two we study

some of the basic properties of operators. In section three we study sum of two operators and
the direct sum and the tensor product. In section four we study the relation between the class
and some other previously studied classes of operators inB (H).

2. SOME BASIC PROPERTIES

We start this section by a characterization of operators for whichT 2 ≥ −T ∗
2
.

Proposition 2.1. If T = A + iB, thenT 2 ≥ −T ∗
2

if and only ifA2 ≥ B2.

Proof. By direct calculations we have

T 2 = (A + iB)2

= A2 −B2 + i (AB + BA)

and
T ∗

2

= A2 −B2 − i (AB + BA) .

We obtain,
T 2 + T ∗

2

= 2
(
A2 −B2

)
≥ 0,

which implies thatA2 ≥ B2.

Proposition 2.2. If T ∈ B(H) such thatT 2 ≥ 0 thenT 2 ≥ −T ∗
2
.

Proposition 2.3. LetT, S ∈ B(H) are unitarily equivalent and ifT 2 ≥ −T ∗
2
, then soS.

Proof. By assumption, there is a unitary operatorU ∈ B(H) such thatS = U−1TU , which
implies that

S∗ = U∗T ∗
(
U−1

)∗
= U∗T ∗ (U∗)−1 .

Thus we have

S2 =
(
U−1TU

) (
U−1TU

)
= U−1T 2U
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and
−S

∗2

= −U∗T ∗2 (U∗)−1 .
SinceU is unitary(U−1 = U∗) and using the fact thatT 2 ≥ −T ∗2 we conclude that

U−1T 2U ≥ −U∗T ∗2 (U∗)−1 .

ThusS2 ≥ −S
∗2

.

3. DIRECT SUM AND TENSOR PRODUCT OF TWO OPERATORS

In this section, we study the sum of two operators, and the direct sum and the tensor product.

Proposition 3.1. If T 2 ≥ −T ∗
2
andS2 ≥ −S

∗2
such thatTS = −ST .

Then
(T + S)2 ≥ − (T + S)∗

2

.

Proof. SinceTS = −ST thenTS + ST = 0 which implies that

(T + S)2 = T 2 + S2,

and
(T + S)∗

2

= T ∗
2

+ S∗
2

.

T 2 ≥ −T ∗
2
andS2 ≥ −S

∗2
implies

T 2 + S2 ≥ −
(
T ∗

2

+ S∗
2
)

.

Since(T + S)2 = T 2 + S2 and−
(
T ∗

2
+ S∗

2
)

= − (T + S)∗
2

, we have

(T + S)2 ≥ − (T + S)∗
2

.

Proposition 3.2. If T 2 ≥ −T ∗
2
andS2 ≥ −S

∗2
, then

(T ⊕ S)2 ≥ − (T ⊕ S)∗
2

and
(T ⊗ S)2 ≥ − (T ⊗ S)∗

2

.

Proof. Let x = x1 ⊕ x2 be an element ofH ⊕H, then

(T ⊕ S)2 x = (T ⊕ S)2 (x1 ⊕ x2)

=
(
T 2 ⊕ S2

)
(x1 ⊕ x2)

= T 2x1 ⊕ S2x2

≥
(
−T ∗

2
)

x1 ⊕
(
−S∗

2
)

x2

= −
(
T ∗

2 ⊕ S∗
2
)

(x1 ⊕ x2)

= − (T ⊕ S)∗
2

x.

Thus(T ⊕ S)2 ≥ − (T ⊕ S)∗
2

.
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Also,

(T ⊗ S)2 x = (T ⊗ S)2 (x1 ⊗ x2)

=
(
T 2 ⊗ S2

)
(x1 ⊗ x2)

= T 2x1 ⊗ S2x2

≥
(
−T ∗

2
)

x1 ⊗
(
−S∗

2
)

x2

= −
(
T ∗

2 ⊗ S∗
2
)

(x1 ⊗ x2)

= − (T ⊗ S)∗
2

x.

Thus(T ⊗ S)2 ≥ − (T ⊗ S)∗
2

, which completes the proof.

4. RELATION BETWEEN THE CLASS OPERATORS FOR WHICH T 2 ≥ −T ∗
2
AND SOME

OTHER CLASSES OF OPERATORS IN B(H)

Proposition 4.1. If T ∈ B(H) is hermitian operator, such thatT 2 ≥ −T ∗
2
. ThenT is skew-

normal.

Proof. SinceT 2 ≥ −T ∗
2
andT is hermitian, the last inequality implies thatT 2 ≥ 0. ThusT 2 is

positive, thenT 2 = (T 2)
∗

= (T ∗)2. ThusT is skew-normal.

Proposition 4.2. If T ∈ B(H) is skew-adjoint such thatT 2 ≥ −T ∗
2
. ThenT = 0.

Proof. Let T ∈ B(H) is skew-adjoint and letT = A+iB be its cartesian decomposition. Since
T is skew-adjoint(T = −T ∗) which implies thatA = 0, thusA2 = 0. SinceT 2 ≥ −T ∗

2
then

be Proposition 2.1,B2 ≤ 0 butB2 ≥ 0 which impliesB2 = 0.
SinceB is hermitian thatB = 0. ThusT = 0.

Proposition 4.3. If T 2 ≥ −T ∗
2
and T is idempotent, thenT + T ∗ is positive.

Proof. SinceT 2 ≥ −T ∗
2
, sinceT is idempotent(T 2 = T ) which impliesT ∗

2
= T ∗, then

T 2 ≥ −T ∗
2
impliesT ≥ −T ∗. HenceT + T ∗ ≥ 0. ThusT + T ∗ is positive.

Corollary 4.4. If T 2 ≥ −T ∗
2
andT is similar to an idempotent. ThenT + T ∗ is positive.

Proof. Since any operator similar to an idempotent is idempotent, thenT is idempotent. The
result now follows immediately from Proposition 4.3.

In [4] the author introduced the class of subprojection operators inB(H) : T ∈ B(H) is
called a subprojection ifT 2 = T ∗. The class of all subprojections is denoted byS (H).

Proposition 4.5. If T 2 ≥ −T ∗
2
andT ∈ S (H), thenT + T ∗ is positive.
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Proof. SinceT ∈ S (H), thenT 2 = T ∗ which implies thatT ∗ ≥ −T . ThusT + T ∗ ≥ 0, hence
T + T ∗ is positive.

Proposition 4.6. If T 2 ≥ −T ∗
2
andT is orthogonal projection. ThenT is positive.

Proof. SinceT 2 ≥ −T ∗
2
andT is orthogonal projection(T 2 = T = T ∗) which impliesT ≥

−T , thenT ≥ 0. ThusT is positive.
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