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2 ANDREAS BOUKAS AND PHILIP FEINSILVER

1. I NTRODUCTION

Based on the notion ofquantum stochastic processdeveloped in [1], a first example ofquan-
tum stochastic calculusin Fock space [16] presented a noncommutative approach extending
classical Itô calculus. Based on vector-valued integrators and integrands,stochastic integrals
were defined via strongL2-limits of matrix elements. Some generalizations of the Lebesgue

integral from scalars to vectors are these:

• Bochner integral [5], [18] (Banach space valued integrand and scalar valued measure)
• Gelfand-Pettis integral [17], [14] (weak sense version of Bochner’s integral)
• Bartle-Dunford-Schwartz integral [4] (scalar valued integrand and vector valued mea-

sure)
• Bartle integral [3] (vector valued integrand and measure).

In this paper, using the Bartle integral, we present a straightforward definition of integrals with
respect to quantum stochastic processes, i.e., families of operators on Fock space, adapted in
a certain sense, with respect to vector valued Stieltjes measures. We focus here on integrators
defined in terms of the generators of the Heisenberg and Finite Difference Lie algebras in Fock
space representation.

2. VECTOR VALUED MEASURES AND BARTLE ’ S INTEGRAL

Let X be a set,F a σ-field of subsets ofX andY a normed linear space. AY -valued
measureon X is a countably additive set functionm : F 7→ Y . If X = [0,∞) andF is
the σ-field of the Borel measurable subsets ofX thenm is called aStieltjes measure. The
semi-variationof m is the extended real-valued set function‖m‖ defined on eachE ∈ F by

‖m‖(E) = sup ‖
k∑

i=1

xim(Ei)‖Y

where the supremum is over all finite partitions ofE into disjoint sets{Ei}k
i=1 ⊂ F , k ∈ N,

and all finite collections of elements{xi}k
i=1 ⊂ B(Y ), the space of bounded linear operators

T : Y 7→ Y , with ‖xi‖B(Y ) ≤ 1. Thevariation of m is the extended real-valued set function
|m| defined on eachE ∈ F by

|m|(E) = sup
J

∑
i∈J

‖m(Ei)‖Y

where the supremum is over all finite families{Ei ; i ∈ J} of disjoint subsets ofF such that
E = ∪i∈JEi. If X is a topological space and for eachE ∈ F givenε > 0 there exist a compact
setK and an open setG such thatK ⊂ E ⊂ G and for everyE ′ ∈ F with K ⊂ E ′ ⊂ G,
‖m(E)−m(E ′)‖Y < ε thenm is calledregular. If f : [0,∞) 7→ Y whereY is a normed space
and[a, b] ⊂ [0,∞) then thetotal variationV b

a (f) of f on [a, b] is defined by

V b
a (f) = sup

Π
VΠ(f)

where
Π = {a = t0 < t1 < ... < tn−1 < tn = b}

is a partition of[a, b] and

VΠ(f) =
n−1∑
i=0

‖f(ti+1)− f(ti)‖Y
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BARTLE INTEGRATION IN L IE ALGEBRAS 3

If V b
a (f) <∞ for all [a, b] ⊂ [0,∞) thenf is said to bewith finite variation. To each functionf

with finite variation there corresponds [10] a unique countably additive regular Stieltjes measure
mf with finite variation, such that for alla, b ∈ R

mf ([a, b]) =f(b+)− f(a−) , mf ([a, b)) = f(b−)− f(a−)

mf ((a, b]) =f(b+)− f(a+) , mf ((a, b)) = f(b−)− f(a+)

If Y is a Banach space andm is a Stieltjes measure then asimple functionf : X 7→ B(Y ) is a
function of the form

f =
n∑

i=1

fi χEi

wheren ∈ N, Ei ∈ F , ‖m‖(Ei) < ∞, fi ∈ B(Y ) for eachi andEi ∩ Ej = ∅ if i 6= j. If
E ∈ F andf is a simple function then theintegral of f overE is defined by∫

E

f(s)m(ds) =
n∑

i=1

fim(E ∩ Ei)

A sequencefn : X 7→ B(Y ) is said toconverge inm-measureto a functionf : X 7→ B(Y )
if for eachε > 0, ‖m‖

(
{s ∈ X / ‖fn(s)− f(s)‖B(Y ) ≥ ε}

)
→ 0 asn → ∞. A function

f : X 7→ B(Y ) ism-measurableif it is the limit in m-measure of a sequence of simple func-
tions. Such a functionf is Bartlem-integrable overX if there is a sequence{fn}∞n=1 of simple
functions such that:

• fn → f in m-measure
• The sequence{λn}∞n=1 of integrals

λn(E) =

∫
E

fn(s)m(ds) , E ∈ F

has the property that givenε > 0 there isδ = δ(ε) > 0 such that‖m‖(E) < δ implies
‖λn(E)‖Y < ε

If f is Bartlem-integrable overX then for eachE ∈ F the sequence{λn(E)}∞n=1 converges
in ‖ · ‖Y andthe integral off overE is defined by∫

E

f(s)m(ds) = lim
n→∞

∫
E

fn(s)m(ds)

Theorem 2.1. Let Y be a Banach space and letf : [0,∞) 7→ B(Y ) be Bartle integrable with
respect to a countably additive regularY -valued measurem defined on theσ-field of Borel mea-
surable subsets of[0,∞). Then, for anyε > 0 there exists a step functiong : [0,∞) 7→ B(Y ),
i.e. g =

∑n
i=1 aiχIi

whereai ∈ B(Y ) and theIi’s are pairwise disjoint bounded subintervals
of [0,∞), such that

‖
∫

[0,∞)

f(s) dm(s)−
∫

[0,∞)

g(s) dm(s)‖Y < ε

Proof. By Theorem 1 of [3] there exists a simple functionσ : [0,∞) 7→ B(Y ), sayσ =∑m
j=1 bjχBj

wherebj ∈ B(Y ) and theBj ’s are pairwise disjoint Borel measurable subsets of
[0,∞) with finite semivariation‖m‖(Bj), thus‖m(Bj)‖Y <∞, such that

‖
∫

[0,∞)

f(s) dm(s)−
∫

[0,∞)

σ(s) dm(s)‖Y <
ε

2

Now let δ = ε
4

(
1 +

∑m
j=1 ‖bj‖B(Y )

)
and fix j ∈ {1, 2, ...,m}. By the regularity ofm there

exists an open setUj ⊂ [0,∞) such thatBj ⊂ Uj and ‖m(Uj) − m(Bj)‖Y < δ, which
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4 ANDREAS BOUKAS AND PHILIP FEINSILVER

implies that‖m(Uj)‖Y ≤ ‖m(Bj)‖Y + δ < ∞. For eachj, Uj = ∪∞k=1Ij,k where theIj,k’s
are pairwise disjoint open subintervals of[0,∞). By the countable additivity ofm we have
‖
∑∞

k=1m(Ij,k)‖Y = ‖m(Uj)‖Y < ∞. Thus, there existsk0 such that‖
∑∞

k=k0+1m(Ij,k)‖Y =

‖
∑∞

k=0m(Ij,k)−
∑k0

k=0m(Ij,k)‖Y < δ. LetVj = ∪k0
k=1Ij,k. Then

‖m(Vj)−m(Bj)‖Y = ‖m(Uj)−
∞∑

k=k0+1

m(Ij,k)−m(Bj)‖Y

≤‖m(Uj)−m(Bj)‖Y + ‖
∞∑

k=k0+1

m(Ij,k)‖Y < 2δ

Now letg =
∑m

j=1 bjχVj
. Since eachVj is a finite union of intervals,g is a step function. Also,

‖
∫

[0,∞)

σ(s) dm(s)−
∫

[0,∞)

g(s) dm(s)‖Y = ‖
m∑

j=1

bj m(Bj)−
m∑

j=1

bj m(Vj)‖Y

≤
m∑

j=1

‖bj‖B(Y )‖m(Bj)−m(Vj)‖Y ≤
m∑

j=1

‖bj‖B(Y ) 2δ

≤

(
1 +

m∑
j=1

‖bj‖B(Y )

)
2δ ≤ ε

2

by the definition ofδ. Thus

‖
∫

[0,∞)

f(s) dm(s)−
∫

[0,∞)

g(s) dm(s)‖Y

≤‖
∫

[0,∞)

f(s) dm(s)−
∫

[0,∞)

σ(s) dm(s)‖Y + ‖
∫

[0,∞)

σ(s) dm(s)−
∫

[0,∞)

g(s) dm(s)‖Y

<
ε

2
+
ε

2
= ε

�

3. BOCHNER ’ S THEOREM AND QUANTUM STOCHASTIC I NTEGRALS

Definition 3.1. A continuous functionf : R 7→ C is positive definiteif∫
R

∫
R
f(t− s)φ(t)φ̄(s) dt ds ≥ 0

for every continuous functionφ : R 7→ C with compact support.

Bochner’s theorem [18] states that such a function can be represented as

f(t) =

∫
R
eitλ dv(λ)

wherev is a non-decreasing right-continuous bounded function. Iff(0) = 1 then such a func-
tion v defines a probability measure onR and Bochner’s theorem says thatf is the Fourier
transform of a probability measure, i.e., the characteristic function of a random variable that
follows the probability distribution defined byv. Moreover, the condition of positive definite-
ness off is necessary and sufficient for such a representation. An example of such a positive
definite function is provided by

f(t) = 〈Φ, eitXΦ〉
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whereΦ is the normalized (i.e.,‖Φ‖ = 1) vacuum vector of a Fock-Hilbert spaceF andX
is anobservable(self-adjoint operator onF ) also called aquantum random variablein which
case ∫

R

∫
R
f(t− s)φ(t)φ̄(s) dt ds = ‖

∫
R
e−itXφ(t) dt Φ ‖2

F ≥ 0

In this paper we consider quantum random variablesX acting on the Fock spaceF associated
with the Heisenberg,sl(2,R), Square of White Noise, and Finite Difference Lie algebras.

Definition 3.2. Let S be a test function space and for eachf ∈ S let ψ(f) be the associated
exponential vector. In particular,Φ = ψ(0) is the vacuum vector. DenoteE = span{ψ(f) / f ∈
S}. If

〈·, ·〉 : E × E 7→ [0,∞)

is an inner product onE then theFock spaceF over S is the Hilbert space completion of
(E , 〈·, ·〉).

Definition 3.3. A family {X(t) / t ≥ 0} of quantum random variables is called aquantum
stochastic processif it is adaptedin the following sense: for eacht ≥ 0 andψ(f) ∈ E ,
X(t)ψ(f) = Xt]ψ(ft]) ⊗ ψ(f(t), whereft] = fχ[0,t] andf(t = fχ(t,∞) [15], i.e., we have a
decompositionX(t) = Xt] ⊗ 1(t corresponding to the decompositionψ(f) = ψ(ft])⊗ ψ(f(t).
If for eacht ≥ 0,Xt] is a bounded linear operator then the process is said to bebounded.

Our goal is to define, in the sense of Bartle [3], stochastic integrals of the form∫
E

f(s) dX(s)

whereE is a measurable subset of[0,∞) andf : [0,∞) 7→ B(F ) whereB(F ) is the space
of bounded linear operatorsT : F 7→ F . The integratorsX will in each case act on the Fock
spacesFH and FFD, associated with the Heisenberg [9, 11, 13, 15] and Finite Difference
[6, 7, 11, 12, 13] Lie algebras respectively. The Square of White Noise [2] andsl(2) integrators
can be expressed as linear combinations of the Finite Difference integrators and so they are also
covered. TheFH andFFD Fock spaces have been essential in the development of quantum
stochastic calculus.

4. M AIN EXAMPLES : T HE BASIC INGREDIENTS

The basic ingredients used to build a quantum stochastic process are these:

• the test function space
• inner product of exponential vectors
• action of the integrators
• commutation relations

We present these for our main examples,FH andFFD.

(1) Heisenberg Fock spaceFH : In this caseS = (L2 ∩ L∞)([0,∞),C) with inner product

〈ψ(f), ψ(g)〉 = e
R∞
0 f̄(s)g(s) dµ(s)

whereµ is Lebesgue measure and the basic integrators areA(f), A†(f) with action

A(f)ψ(g) =

(∫ ∞

0

f(t) ḡ(t) dt

)
ψ(g) , A†(f)ψ(g) =

∂

∂ ε
|ε=0 ψ(g + ε f)
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and commutation relations

[A(f), A†(g)] =

∫ ∞

0

f̄(t) g(t) dt

Moreover, using the notationX(t) = X(χ[0,t]) we obtain [16] the matrix elements

< ψ(f), A(t)ψ(g) > =

∫ t

0

g(s) ds < ψ(f), ψ(g) >

< ψ(f), A†(t)ψ(g) > =

∫ t

0

f̄(s) ds < ψ(f), ψ(g) >

< A(t)ψ(f), A(s)ψ(g) > =

∫ t

0

f̄(z) dz

∫ s

0

g(w) dw < ψ(f), ψ(g) >

< A†(t)ψ(f), A†(s)ψ(g) > =

(∫ s

0

f̄(z) dz

∫ t

0

g(w) dw + min{t, s}
)
< ψ(f), ψ(g) >

(2) Finite Difference Fock spaceFFD: In this case

S = {f : [0,∞) 7→ R, |f | < 1, f is a simple function}

with inner product

〈ψ(f), ψ(g)〉 = e−
R∞
0 ln(1−f(s)g(s)) dµ(s)

whereµ is Lebesgue measure and the basic integrators areP (f), Q(f), T (f) with action

Q(f)ψ(g) =
∂

∂ ε
|ε=0

(
ψ(g + ε f) + ψ(eε fg)

)
P (f)ψ(g) =

(∫ ∞

0

f(t) g(t) dt+Q(fg)

)
ψ(g)

T (f)ψ(g) =

(
Q(f) + P (f) +

∫ ∞

0

f(t) g(t) dt

)
ψ(g)

commutation relations

[P (f), Q(g)] = [P (f), T (g)] = [T (f), Q(g)] = T (fg)
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and matrix elements [8], [12], [13]

< ψ(f), P (t)ψ(g) >=

∫ t

0

f(1 + g)

1− fg
(s) ds < ψ(f), ψ(g) >

< ψ(f), Q(t)ψ(g) >=

∫ t

0

g(1 + f)

1− fg
(s) ds < ψ(f), ψ(g) >

< ψ(f), T (t)ψ(g) >=

∫ t

0

(1 + f)(1 + g)

1− fg
(s) ds < ψ(f), ψ(g) >

< P (t)ψ(f), P (s)ψ(g) >=

(∫ t

0

f(1 + g)

1− fg
(z) dz

∫ s

0

g(1 + f)

1− fg
(w) dw

+

∫ min{t,s}

0

fg(1 + f)(1 + g)

(1− fg)2
(z) dz

)
< ψ(f), ψ(g) >

< Q(t)ψ(f), Q(s)ψ(g) >=

(∫ s

0

f(1 + g)

1− fg
(z) dz

∫ t

0

g(1 + f)

1− fg
(w) dw

+

∫ min{t,s}

0

(1 + f)(1 + g)

(1− fg)2
(z) dz

)
< ψ(f), ψ(g) >

< T (t)ψ(f), T (s)ψ(g) >=

(∫ t

0

(1 + f)(1 + g)

1− fg
(z) dz

∫ s

0

(1 + f)(1 + g)

1− fg
(w) dw

+

∫ min{t,s}

0

(1 + f)2(1 + g)2

(1− fg)2
(z) dz

)
< ψ(f), ψ(g) > .

In [2] it was shown that ifB†
f , Bg andNh, wheref, g, h are test functions, are the generators

of the Square of White Noise Lie algebra with chargec corresponding to the renormalization
δ2 = c δ of the square of the Dirac delta function, and commutation relations

[Bg, B
†
f ] = 2 c

∫ ∞

0

(gf)(s) ds+ 4Ngf , [Nh, B
†
f ] = 2B†

hf , [Bg, Nh] = −2Bgh

which are a trivial central extension of thesl(2) commutation relations, then the Square of
White Noise operators are related to the Finite Difference operators through

Q(f) =
1

2

(
B†

f +Nf

)
, P (f) =

1

2
(Bf +Nf ) , T (f) =

∫ ∞

0

f(s) ds1 + P (f) +Q(f)

5. THE STIELTJES MEASURES IN THE FH AND FFD CASES

Proposition 5.1. In the Heisenberg case, for eachf ∈ S the functions

F : t ∈ [0,+∞) 7→ A(t)ψ(f) ∈ FH

and

G : t ∈ [0,+∞) 7→ A(t)†ψ(f) ∈ FH

whereA(t) = A(χ[0,t]) andA(t) = A†(χ[0,t]), are with finite variation.
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Proof. Let f ∈ (L2 ∩ L∞)([0,∞),C), letM = ess sup (f) and letΠ = {a = x0 < x1 < ... <
xn−1 < xn = b} a partition of[a, b] ⊆ [0,+∞). Then

VΠ(F ) =
n−1∑
i=0

‖F (ti+1)− F (ti)‖FH

=
n−1∑
i=0

(〈F (ti+1), F (ti+1)〉 − 〈F (ti+1), F (ti)〉 − 〈F (ti), F (ti+1)〉+ 〈F (ti), F (ti))
1/2

=
n−1∑
i=0

(〈A(ti+1)ψ(f), A(ti+1)ψ(f)〉 − 〈A(ti+1)ψ(f), A(ti)ψ(f)〉

−〈A(ti)ψ(f), A(ti+1)ψ(f)〉+ 〈A(ti)ψ(f), A(ti)ψ(f))1/2

=
n−1∑
i=0

(∫ ti+1

0

f̄(s) ds

∫ ti+1

0

f(s) ds−
∫ ti+1

0

f̄(s) ds

∫ ti

0

f(s) ds

−
∫ ti

0

f̄(s) ds

∫ ti+1

0

f(s) ds+

∫ ti

0

f̄(s) ds

∫ ti

0

f(s) ds

)1/2

‖ψ(f)‖

=
n−1∑
i=0

(∫ ti+1

0

f̄(s) ds

∫ ti+1

ti

f(s) ds−
∫ ti

0

f̄(s) ds

∫ ti+1

ti

f(s) ds

)1/2

‖ψ(f)‖

=
n−1∑
i=0

(∫ ti+1

ti

f̄(s) ds

∫ ti+1

ti

f(s) ds

)1/2

‖ψ(f)‖ =
n−1∑
i=0

|
∫ ti+1

ti

f(s) ds | ‖ψ(f)‖

≤
n−1∑
i=0

∫ ti+1

ti

|f(s)| ds ‖ψ(f)‖ ≤M
n−1∑
i=0

(ti+1 − ti) ‖ψ(f)‖ = M(b− a) ‖ψ(f)‖ <∞

Thus

V b
a (F ) = sup

Π
VΠ(F ) ≤M(b− a) ‖ψ(f)‖ <∞

Similarly

VΠ(G) =
n−1∑
i=0

‖G(ti+1)−G(ti)‖FH

=
n−1∑
i=0

(〈G(ti+1), G(ti+1)〉 − 〈G(ti+1), G(ti)〉 − 〈G(ti), G(ti+1)〉+ 〈G(ti), G(ti))
1/2

=
n−1∑
i=0

(
〈A†(ti+1)ψ(f), A†(ti+1)ψ(f)〉 − 〈A†(ti+1)ψ(f), A†(ti)ψ(f)〉

−〈A†(ti)ψ(f), A†(ti+1)ψ(f)〉+ 〈A†(ti)ψ(f), A†(ti)ψ(f)
)1/2

=
n−1∑
i=0

(∫ ti+1

0

f̄(s) ds

∫ ti+1

0

f(s) ds+ ti+1 −
∫ ti

0

f̄(s) ds

∫ ti+1

0

f(s) ds− ti

−
∫ ti+1

0

f̄(s) ds

∫ ti

0

f(s) ds− ti +

∫ ti

0

f̄(s) ds

∫ ti

0

f(s) ds+ ti

)1/2

‖ψ(f)‖

AJMAA, Vol. 13, No. 1, Art. 3, pp. 1-15, 2016 AJMAA

http://ajmaa.org


BARTLE INTEGRATION IN L IE ALGEBRAS 9

=
n−1∑
i=0

(
|
∫ ti+1

ti

f(s) ds|2 + (ti+1 − ti)

)1/2

‖ψ(f)‖

≤
n−1∑
i=0

(
M2(ti+1 − ti)

2 + (
√
ti+1 − ti)

2
)1/2

‖ψ(f)‖

and using
√
x2 + y2 ≤ x+ y for x, y ≥ 0, we have

VΠ(G) ≤M
n−1∑
i=0

(ti+1 − ti) ‖ψ(f)‖+
n−1∑
i=0

√
ti+1 − ti ‖ψ(f)‖

=M(b− a) ‖ψ(f)‖+
n−1∑
i=0

√
ti+1 − ti ‖ψ(f)‖

SinceVΠ(G) increases as the partitionΠ becomes finer and we are interested in the supremum
over all partitionsΠ, we may assume that

√
ti+1 − ti ≤ 2−i for all i = 0, 1, .... Thus

VΠ(G) ≤

(
M(b− a) +

n∑
i=0

1

2i

)
‖ψ(f)‖ ≤ (M(b− a) + 2) ‖ψ(f)‖ <∞

and so

V b
a (G) = sup

Π
VΠ(G) ≤ (M(b− a) + 2) ‖ψ(f)‖ <∞

�

Proposition 5.2. In the Finite Difference case, for eachf ∈ S the functions

F : t ∈ [0,+∞) 7→ P (t)ψ(f) ∈ FFD

G : t ∈ [0,+∞) 7→ Q(t)ψ(f) ∈ FFD

and

H : t ∈ [0,+∞) 7→ T (t)ψ(f) ∈ FFD

whereP (t) = P (χ[0,t]),Q(t) = Q(χ[0,t]) andT (t) = T (χ[0,t]), are with finite variation.

Proof. Let f =
∑k

i=1 akχIk
be a simple function andΠ = {a = x0 < x1 < ... < xn−1 < xn =

b} a partition of[a, b] ⊆ [0,+∞). Let alsoφ = f(1+f)
1−f2 Thenφ is a also a simple function with

M = max{φ(x) : x ≥ 0} <∞. Therefore
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VΠ(F ) =
n−1∑
i=0

‖F (ti+1)− F (ti)‖FFD

=
n−1∑
i=0

(〈F (ti+1), F (ti+1)〉 − 〈F (ti+1), F (ti)〉 − 〈F (ti), F (ti+1)〉+ 〈F (ti), F (ti))
1/2

=
n−1∑
i=0

(〈P (ti+1)ψ(f), P (ti+1)ψ(f)〉 − 〈P (ti+1)ψ(f), P (ti)ψ(f)〉

− 〈P (ti)ψ(f), P (ti+1)ψ(f)〉+ 〈P (ti)ψ(f), P (ti)ψ(f))1/2

=
n−1∑
i=0

(∫ ti+1

0

φ(s) ds

∫ ti+1

0

φ(s) ds+

∫ ti+1

0

φ2(s) ds−
∫ ti+1

0

φ(s) ds

∫ ti

0

φ(s) ds

−
∫ ti

0

φ2(s) ds−
∫ ti

0

φ(s) ds

∫ ti+1

0

φ(s) ds−
∫ ti

0

φ2(s) ds+

∫ ti

0

φ(s) ds

∫ ti

0

φ(s) ds

+

∫ ti

0

φ2(s) ds

)1/2

‖ψ(f)‖

=
n−1∑
i=0

((∫ ti+1

ti

φ(s) ds

)2

+

∫ ti+1

ti

φ2(s) ds

)1/2

‖ψ(f)‖

≤M
n−1∑
i=0

(
(ti+1 − ti)

2 + (ti+1 − ti)
)1/2 ‖ψ(f)‖

As in the proof of Proposition 5.1 we may assume that(ti+1 − ti)
2 ≤ (ti+1 − ti) ≤ 2−2i for all

i = 0, 1, .... Thus

VΠ(F ) ≤

(
√

2M
n∑

i=0

1

2i

)
‖ψ(f)‖ ≤ 2

√
2M ‖ψ(f)‖ <∞

and so

V b
a (F ) = sup

Π
VΠ(F ) ≤ 2

√
2M ‖ψ(f)‖ <∞

Similarly lettingσ = 1
(1−f)2

, and lettingK > 1 be such that|φ(x)| ≤ K and|σ(x)| ≤ K for all
x ≥ 0 we have
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VΠ(G) =
n−1∑
i=0

‖G(ti+1)−G(ti)‖FFD

=
n−1∑
i=0

(〈G(ti+1), G(ti+1)〉 − 〈G(ti+1), G(ti)〉 − 〈G(ti), G(ti+1)〉+ 〈G(ti), G(ti))
1/2

=
n−1∑
i=0

(〈Q(ti+1)ψ(f), Q(ti+1)ψ(f)〉 − 〈Q(ti+1)ψ(f), Q(ti)ψ(f)〉

− 〈Q(ti)ψ(f), Q(ti+1)ψ(f)〉+ 〈Q(ti)ψ(f), Q(ti)ψ(f))1/2

=
n−1∑
i=0

((∫ ti+1

0

φ(s) ds

)2

+

∫ ti+1

0

σ(s) ds−
∫ ti

0

φ(s) ds

∫ ti+1

0

φ(s) ds−
∫ ti

0

σ(s) ds

−
∫ ti+1

0

φ(s) ds

∫ ti

0

φ(s) ds−
∫ ti

0

σ(s) ds+

(∫ ti

0

φ(s)

)2

+

∫ ti

0

σ(s) ds

)1/2

‖ψ(f)‖

=
n−1∑
i=0

((∫ ti+1

ti

φ(s) ds

)2

+

∫ ti+1

ti

σ(s) ds

)1/2

‖ψ(f)‖

≤K
n−1∑
i=0

(
(ti+1 − ti)

2 + (ti+1 − ti)
)1/2 ‖ψ(f)‖ ≤ 2

√
2K ‖ψ(f)‖ <∞

and so

V b
a (G) = sup

Π
VΠ(G) ≤ 2

√
2K ‖ψ(f)‖ <∞

Finally, lettingρ = 1+f
1−f

andL > 1 be such that|ρ(x)| ≤ L for all x ≥ 0 we have

VΠ(H) =
n−1∑
i=0

‖H(ti+1)−H(ti)‖FFD

=
n−1∑
i=0

(〈H(ti+1), H(ti+1)〉 − 〈H(ti+1), H(ti)〉 − 〈H(ti), H(ti+1)〉+ 〈H(ti), H(ti))
1/2

=
n−1∑
i=0

(〈T (ti+1)ψ(f), T (ti+1)ψ(f)〉 − 〈T (ti+1)ψ(f), T (ti)ψ(f)〉

− 〈T (ti)ψ(f), T (ti+1)ψ(f)〉+ 〈T (ti)ψ(f), T (ti)ψ(f))1/2

=
n−1∑
i=0

((∫ ti+1

0

ρ(s) ds

)2

+

∫ ti+1

0

ρ2(s) ds−
∫ ti+1

0

ρ(s) ds

∫ ti

0

ρ(s) ds−
∫ ti

0

ρ2(s) ds

−
∫ ti

0

ρ(s) ds

∫ ti+1

0

ρ(s) ds−
∫ ti

0

ρ2(s) ds+

(∫ ti

0

ρ(s)

)2

+

∫ ti

0

ρ2(s) ds

)1/2

‖ψ(f)‖

=
n−1∑
i=0

((∫ ti+1

ti

ρ(s) ds

)2

+

∫ ti+1

ti

ρ2(s) ds

)1/2

‖ψ(f) ≤ 2
√

2L ‖ψ(f)‖ <∞
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and so
V b

a (H) = sup
Π
VΠ(H) ≤ 2

√
2L ‖ψ(f)‖ <∞

�

Notation . ForX ∈ {A,A†, P,Q, T} and for a test functiong we denote bym
X,g

the Stieltjes
measure defined by the functions of bounded variationF,G,H as in Propositions 5.1 and 5.2.

Since they are with finite variation, it follows [10] that the measuresm
X,g

are regular.

6. DEFINITION OF THE STOCHASTIC I NTEGRAL

Definition 6.1. For each measurable subsetE of [0,∞), for X ∈ {A,A†, P,Q, T} and for
f : [0,∞) 7→ B(F ), whereF = FH or F = FFD, integrable with respect to the Stieltjes
measurem

X,g
defined byX and the arbitrary test functiong, we define the integral off with

respect toX on the exponential domainE as the operator∫
E

f(s) dX(s) : E 7→ F

with ∫
E

f(s) dX(s)ψ(g) =

∫
E

f(s) dm
X,g

(s)

Proposition 6.1. Let X ∈ {A,A†, P,Q, T} and letf : [0,∞) 7→ B(F ), whereF = FH

or F = FFD, be integrable with respect to the Stieltjes measurem
X,g

defined byX and the
arbitrary test functiong and such that the mapt 7→ f(t) is continuous. Then, on each interval
[a, b] ⊂ [0,∞) ∫

[a,b]

f(s) dX(s)ψ(g) = lim
Π→0

n∑
λ=0

f(sλ) (φ(sλ+1)− φ(sλ))

whereΠ = {s0 = a < s1 < ... < sn = b} is any partition of[a, b], φ ∈ {F,G,H} where
F,G,H are as in Propositions 5.1 and 5.2 and the limit is in theF norm sense.

Proof. For eachn ≥ 1 definefn : [0,∞) 7→ B(F ) by

fn(s) =

{∑n
λ=0 f(sλ)χ[sλ,sλ+1) if s ∈ [a, b]

f(s) otherwise

Then ∫
[a,b]

fn(s) dmX,g(s) =
n∑

λ=0

f(sλ)mX,g ([sλ, sλ+1))

We will show thatfn converges tof uniformly on[0,∞). Sincefn agrees withf outside[a, b],
it suffices to show thatfn converges tof uniformly on [a, b]. Let ε > 0 be given. Sincef is
uniformly continuous on[a, b] there existsδ > 0 such that‖f(s)− f(t)‖B(F ) < ε for all s, t ∈
[a, b] with |s− t| < δ. Letn0 ≥ 1 be such that for allλ ∈ {0, 1, 2, ..., n0}, sλ+1 − sλ < δ. Such
ann0 exists since the mesh of the partition tends to zero. Then, for alln ≥ n0 (corresponding to
finer partitions) we also have thatsλ+1−sλ < δ for all λ ∈ {0, 1, 2, ..., n}, and, by the definition
of fn, for s ∈ [a, b]

‖f(s)− fn(s)‖B(F ) ≤ max
0≤λ≤n

‖f(s)− f(sλ)‖B(F ) < ε

since ifs ∈ [sλ, sλ+1) thens− sλ < sλ+1 − sλ < δ. Thus ([3], Theorem 8)
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∫
[a,b]

f(s) dmX,g(s)

= lim
n→∞

∫
[a,b]

fn(s) dmX,g(s)

= lim
n→∞

n∑
λ=0

f(sλ)mX,g ([sλ, sλ+1))

= lim
n→∞

n∑
λ=0

f(sλ) (φ(sλ+1)− φ(sλ))

= lim
Π→0

n∑
λ=0

f(sλ) (φ(sλ+1)− φ(sλ))

�

7. COMPUTATION OF M ATRIX ELEMENTS

In the case of adapted processes, matrix elements

〈
∫ t

0

f(s) dX(s)ψ(g), ψ(h)〉

and

〈
∫ t

0

f1(s) dX(s)ψ(g),

∫ t

0

f2(s) dX2(s)ψ(h)〉

are computed with the use of Theorem 6.1 as follows and result in the familiar formulas of
quantum stochastic calculus [6, 12, 16]:

〈
∫ t

0

f(s) dX(s)ψ(g), ψ(h)〉

=〈 lim
Π→0

n∑
λ=0

f(sλ) (φ(sλ+1)− φ(sλ)) , ψ(h)〉

= lim
Π→0

n∑
λ=0

〈f(sλ) (φ(sλ+1)− φ(sλ)) , ψ(h)〉

and assuming decompositionsf(t) = ft] ⊗ 1(t, X(t) = Xt] ⊗ 1(t, ψ(g) = ψ(gt]) ⊗ ψ(g(t),
ψ(h) = ψ(ht])⊗ ψ(h(t), as in Definition 3.3, we have

〈
∫ t

0

f(s) dX(s)ψ(g), ψ(h)〉 = lim
Π→0

n∑
λ=0

〈f(sλ) (X(sλ+1)−X(sλ))ψ(g), ψ(h)〉

= lim
Π→0

n∑
λ=0

〈fsλ] ψ(gsλ]), ψ(hsλ])〉〈X(sλ,sλ+1]
ψ(g

(sλ,sλ+1]
), ψ(h

(sλ,sλ+1]
)〉〈ψ(g(sλ+1

), ψ(h(sλ+1
)〉

= lim
Π→0

n∑
λ=0

〈fsλ] ψ(gsλ]), ψ(hsλ])〉
∫ sλ+1

sλ

wX(s) ds 〈ψ(g
(sλ,sλ+1]

), ψ(h
(sλ,sλ+1]

)〉〈ψ(g(sλ+1
), ψ(h(sλ+1

)〉
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= lim
Π→0

n∑
λ=0

∫ sλ+1

sλ

wX(s) ds 〈fsλ] ψ(gsλ]), ψ(hsλ])〉〈ψ(g
(sλ,sλ+1]

), ψ(h
(sλ,sλ+1]

)〉〈ψ(g(sλ+1
), ψ(h(sλ+1

)〉

= lim
Π→0

n∑
λ=0

∫ sλ+1

sλ

wX(s) ds 〈f(sλ)ψ(g), ψ(h)〉

wherewX is a simple function. In fact we may assume [8] thatwX is a step function and that the
partitionΠ is so small that each interval[sλ, sλ + 1] is contained in one of the disjoint intervals
definingwX . LetwX(sλ) be the value ofwX in that interval. Then

〈
∫ t

0

f(s) dX(s)ψ(g), ψ(h)〉

= lim
Π→0

n∑
λ=0

wX(sλ) (sλ+1 − sλ) 〈f(sλ)ψ(g), ψ(h)〉

=

∫ t

0

wX(s)〈f(s)ψ(g), ψ(h)〉 ds

The computation of

〈
∫ t

0

f1(s) dX(s)ψ(g),

∫ t

0

f2(s) dX2(s)ψ(h)〉

is similar.
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