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ABSTRACT. In this paper, we generalize Viéte's infinite product formula by use of Chebyshev
polynomials. Furthermore, the infinite product formula for the lemniscate sine is also general-
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2 RYO NISHIMURA

1. INTRODUCTION

The infinite product formula

ind 0
(1.2) o :Hcos—

attracted many researchers. Applying the half-angle formula for the cosine function on the
right-hand side and settirfg= = /2, we obtain the famous formula

2_\/T 1+1\/T L1 1
 V2V2 2V2\2 2y2 2V2 7

which was established by Francois Viéte [2].

In [6], similar identities forsin #/6 were obtained by Fourier transform and their relation
to probability was also discussed. Additionally, Levin generalized (1.1) and derived similar
infinite product formulas in[4]. Furthermore, there exists an analog of (1.1) for the lemniscate
sine [7,8], that is,

sle , T -
(1.2) — = ]I[l (sl (1+—z)k) .

In this paper, we establish generalizations of the infinite product forrula (L.1), (1.2). Our
approach relies on the Chebyshev polynomials and their analog for the lemniscate function.
Recently, the author established the relation between these infinite product formulas and several
mean iterations |7,/8]. Similarly, in the last section, we apply the infinite product formulas to
deduce new mean iterations.

2. A GENERALIZED INFINITE PRODUCT FORMULA FOR THE SINE
In this section, we generalize the infinite proddict}(1.1) by use of Chebyshev polynomials of

the first and second kind;, andU,, respectively, defined by

T, (cos8) = cosné,

Up—1(cosf) = S;lnn:.
Additionally, we define the function), as
(2.1) tn(cos ) = cos %
eib/n 4 o=ib/n
- 2
~ (cosf + iv/1 — cos20)/™ + (cos 0 + iv/1 — cos2 0)~1/"
2

The following theorem generalizes the infinite prodiict|(1.1).
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Theorem 2.1.1f n > 2, then
sinf U,y (cos®) Up_i(cos ) U,y (cos %)

(2.2)
0 n n n
2.3) ~ Un—1(tp(cos®)) U1 (tn(tn(cos®))) Un—1 (tn(tn(tn(cos®))))
' N n n n
Proof. Note that
sin 6 B sin nim sin 0 sin % sin % sin n,f%l
6 nim nsin% nsini nsini3 nsinim
B nm _1 (co ) (cos 92) U, _ (cos nnf 1)
n nim n n n
U,-1 (COS %) U,_1 (cos %)
B n n

aslim,, .., sin(6/n™)/(0/n™) = 1. Applying (2.1) to each term of (2.2) results |n (2.3). This
completes the proof

The Chebyshev polynomials have the following remarkable properties.

(2.4) Up(x) =2 i T;(x)
7 :odd
(2.5) Un(w) =2 3 Ti(w) -

If n is an odd number, applying these relationg t0](2.2),

81119 H (Z 2008_) |

j:odd

If nis an even number,

8129 H <1+ZQCOS )
k=

j:even

These results were obtained by use of Fourier transforin in [6].

3. A GENERALIZED INFINITE PRODUCT FORMULA FOR THE LEMNISCATE SINE

The lemniscate sind x is given as the inverse function of the arclemniscate sine [8] which
is defined by

t
arcslt = / (1 —u")"2du (* <1).
0

The lemniscate sine can be extended to a complex fundtioand has the following properties
[8I:
sl(—z2) = —slz,sl'(—2) =sl'(2),
sl(iz) = islz,sl'(iz) = sl'(2),
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and
(3.1) (sI'2)> =1 —sl* 2.
We then define the following analogs of Chebyshev polynomials for the lemniscate functions:

Vs (sl'z) = sl' Bz,

152
Ws(sl'z) = Sslﬂz :
The following recurrent formulas hold.
2eWs(x
(32) Wngl(l’) = 1+ (1 _ J?Q()V)Vg(x) - Wg,1($),
xWs(x
(3.3) Waii(x) = - é — ;2()‘3[/5(@ — Wa_i(x),
and
(3.4) Vi(x) = aWs(x) — Wy (2)(1 + (1 — 22) W3 (x)).

These relations follow from the addition formula for the lemniscate:

slvsl’w + sl vslw
35 (v +w) =
(3:5) sl(v+w) 1+slPvsl?w

Settingv = 5z, w = z and dividing both sides byl z,

(3.6) Weii(sl' 2) = sI((8 + 1)2)
sl z
1/ M l/
(3.7) _shz 5122 +82 Bz
1+sl”zsl” Bz
(3.8) _ s 2W3(sl' 2) + sl Bz

L+ (1= (sl'z)2)W3(sl )

Meanwhile, by setting = Gz, w = —z,

sl' 2W3(sl' z) — sl Bz
L+ (1= (sl'z)2)W3(sl' 2)

Therefore, we get the relatioh (8.2) by adding each sidé of (3.8)[and (3.9), respectively. The
equation|(3.3) can be shown in the same manner as above. Furthefmare, (3.4) is obtained from

(3.5) directly.

As the case of trigonometric functions, we need the functipwhich is defined by

(3.9 Ws_1(sl'z) =

(3.10) vg(sl' z) = sl %

This equation was studied by Abel and the way to get the funeti¢si’ =) in terms ofsl’ =
was shown in[[1]. The following theorem generalizes the infinite proguct (1.2).
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Theorem 3.1.1f | 3| > 1, then
L ) ms) mies)
' r B B B
_ Wy (vp(sl'z)) W (vs(vs(sl' ) W (vs(vs(vp(sl' 2))))
(3.12) - ; . ;

Proof. The proof proceeds in the same manner as Theprem 2.1. First, we have
Slx_Sl# slo Sl% Sl% SIW
gm Bslg Bslg Bslm  fBslgm
s W <s1’ %) Wy (sl’ ﬂi) Wi <s1’ ﬁ—m>
- E E B
W (%) W (%)
G g

aslim,, . sl(z/™)/(x/F™) = 1. Using [3.10) to each term df (3]11), we obtdin (3.12). This
completes the proof
SettingG =1+ 1,

2
; 1/ — 1/ -1 ; 1/ — =
Wipi(sl 2) = (s1 2) ™ vaa(sl 2) = 4 [ o=

Therefore, we have

sle (., @ ! , T ! , T -
> sl : . sl e — e
x (1+1)2 (1+4)3
2
/ 1 —I— Sll I+ 1+sl/ 1+s1’

This infinite product is known as the Iemnlscatlc analog of \fete s infinite pro@udt (1.1) [7, 8].
The infinite product formuld (I} 1) follows from the double angle formula for sine, which is
equivalent to the following relation

sin 2x
=2coszx.

Uy(cosz) =

sin
Similarly, assl’ z = v/1 — sl* z,the following relation

sl 2z 2sl'
3.13 Wo(sl' ) = =
(3.13) 2(slw) sle 2 —(sl'z)?
is equivalent to Fagnano’s double angle formula, that is,

2slzv/1 —sltz

(3.14) s122 = .
1+sl"z
Therefore, using (3.13) in Theor¢m 3.1,
slz 'z 1%

o 2-(slER 2 ()2
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This is an another analog of Viéte’s infinite product|1.1).

4. NEW MEAN ITERATIONS

Theorem 4.1.Let0 < by < ¢y Whereag = by(1 + by/co)/2 and

In [7, [8], the author showed the relation between the infinite prodicts ([L.I), (1.2) and the
Schwab-Borchardt and lemniscatic means [3], respectively. In this section, we deduce the fol-
lowing new mean iterations from Theor¢m|2.13.1.

brt1 bi/fl Qn
S 9 (1 + W
Then,

7bn+1 -

a2
: (1 + 7) |

)
lim b, = ©
e (arccos b
Proof. First, we put
(4.1)

5
bo
co

lim a,,

Then we have

Cpt+1 = (bn+1an)1/2'

1/2
Any1 1 " bn/+1
bn+1 2 a/}L/Q
_ 1 (1 + bn—H)
2 Cn+1
By using this relation,
bn+1 _Qp 1+ a711/2
b,  2b, b2
bu I+ gn
_ 1+ 22 . 1+ 5
2 2
Therefore, from[(4]1),
butt _ (bu busr )’
Cn+1 Qp, bn
e 14t 1o yTE)
_ ono Cn | 2
N Qp, 2
(4.2)

Settingn = 4 in Theorenj 2.]L,
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Sigje _ <U3<v4§:ose>>)2_ (U3<v4<v1<cos9>>>)2

1+4cosf 14w s 0
1+cos 14475 1+ wvy(cosf) 1+ Hrafesd)

2 2 2 2

where

v4(cosf) =

Therefore, by setting/co = cos 0,

(-3)
N 9)

2
<arccos bO)

co

sin? 6
1+bg/c 14+wv4(bo/c
B 1—|—b0/co_1+\/ +§/0 . 1—1—?}4(60/00)'1"‘ +4(20/ ol
N 2 2 2 2
1+bg/c 1+b1/c
B 1+b0/00_1+\/ +§/0 . 1+b1/01_1+\/ +2/1
N 2 2 2 2
1. bl b2 bn
= 1m— .....
n—ocoby by by
b
= lim —.

This completes the prooi

Theorem 4.2.Let0 < ag < ¢y Whereby = 2agco/(ag + ¢o) and

43) A 12/33/ 2b,11/2’bn+1 _ 2a0b 21 |

an ” + by i1/ + b,
Then,
(4.4) O<agy<agyp < <a, < - <b, <---<b <by
and

9 a2\ /4
ap arcsl <1 — C—g)
lim a, = lim b, = 9

n—o0 n—o0 o2 1/2
(1-4)
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a
b1 — Qny1 = - (b = a)*) > 0,
1/2 N b1/2
1/2 1/2 1/2
an’“(an’~ +2bi7) 1/2 1/2
Upi1 — Gy = -(b,/* —a,/7) >0,
1/2 + bl/?
b b b711/2<2 711/-31 + bl/Z) ( 1/2 b1/2) 0
n4+1 — Unp = : s
1/21 + b1/2
sinceby” — ay/* > 0. This shows[[@14).
Next we put
(45) Cnt+1 = (an-i-lbn)l/z
We then have
' U1 pa1 24+ 0, Gngr + Crpr
Therefore,
a, 1/2 4 b1/2
— a/n -
(nt1 2&1/2bn
B a}lﬂ + (2ancn/(an + c,))?
2aL/% . 2ancn/(an + cn)
1+ ‘CL—: L+ 1+“"
T2 2
Thus, from (4.5),
1/2
Ap+1 _ a_n . An+1
Cn+1 <bn Gp, )
1/2
[ 2c, 2
— [ . -
by an+tcn 14 e
B 2
2
1 + 1+an/cn
Setting = 2 in Theorenj 31, we obtain
sl z B sl’ 5 2 sl’ ¥ 2
x?2  \2—(s'%)? 2—(sI' )2
2
. 14 sl x L+ 1+sl' x 1+ U(Sll 33) L+ 14wva (sl x)
N 2 2 2 2
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where

vo(sl' ) =

Then, by settingiy/co = sl'z = /1 — sI* 2, we obtain the assertion in the same manner as
Theoreni 4.11x
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