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1. INTRODUCTION

Let f : I ¢ R — R be a convex function on the intervalof real numbers and, b € I
with a < b, thenf satisfies the following well-known Hermite-Hadamard inequality:

(252 <L [ row 22320

G. H. Toader defines the-convexity in [1], an intermediate between the usual convexity and
starshaped property, for details one can consult[[2], [3] @and [4]:

Definition 1.1. The functionf : [0,b*] — R is said to bem-convex, wheren € [0, 1] and
b* > 0, if for everyz,y € [0,b*] andt € [0, 1], we have

fltz+m(1—t)y) <tf(z)+m(l—1)f(y).

Dragomir and Fitzpatrick in_[5] introduced the following class of more generalized convex
functions. Interesting readers can consult [6] and a recent.one [12]:

Definition 1.2. The functionf : [0, b*] — R s said to be's, m)-convex, wherés, m) € [0, 1]?
andb* > 0, if for everyz, y € [0, b*] andt € [0, 1], we have

fltz +m(l —t)y) <t f(x) +m(l —1°) f(y).
The following classes of functions: increasingstarshaped, starshaped;convex, convex
ands-convex could be obtained fro, m) € {(0,0), (s,0),(1,0), (1,m), (1,1),(s,1)},.

In [7], Mubeen and Habibullah introduced the following variant of fractional integrals:

Definition 1.3. Let f € L[a, b], thenk-Riemann-Lioville fractional integralé},, /. ) f(z) and
(hoJe) f(x) of orders > 0 with a > 0 are defined by

1
(IIC?,L 5+) f(z) = kT,

@ / w-nE @it 0<a<w<b)

and

(IICZLJI?*) f(ZL’) - ]{?F];L(O[)

respectively, wheré is non-negative real number ahg(«) is thek-gamma function given as
Lk
Tp(a) = f;° to~lew dt.

/b(t —2) L )dt (0<a<z<D)

Odemir et al. in[[8] and [9] used the following two important integral identities including the
second order derivatives to establish many interesting Hermite-Hadamard type inequalities for
m-convex and s, m)-convex functions respectively:

Lemma 1.1. Let f : [a, ] — R be twice differentiable mapping dn, b). If f"€ L[a, ], then
the following identity holds

fla)+fb)
2

b i a /abf(t)dt -0 _Qa)g /Olt(l —1)f"(ta+ (1 — t)b)dt.
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Lemma 1.2. Let f : [a,b] — R be twice differentiable mapping da, b) andm € (0, 1]. If
f"€ Lla, b], then the following identity holds
mb )2
f(a) + f(mb) 1 F(t)dt = (mb — a)

2 mb—a J, 2

/1 t(1—t)f (ta+m(1 — t)b)dt.

2. MAIN RESULTS

We present an important integral identity motivated by Sarikaya et al. [11] including the
first order derivative off to establish many interesting Hermite-Hadamard type inequalities for
convex functions vig&-Riemann-Liouville fractional integrals.

Lemma 2.1. Let f : [a,b] — R be differentiable mapping ofu, b). If '€ L[a,b], then the
following identity fork-fractional integrals holds

fla)+ fb) Tila+k) p - o
2 T2 —a)t (R i) F(0) + (RrJit) fla)]

_ b;a/o [(1—- £)% —t%] f(ta+ (1 —t)b)dt.

Proof. Considering the integral and integrating by parts

b;“/o [(1— )% — %] £ (ta + (1 — t)b)dt

:U;ﬂﬂgjgw_k@iwé[“‘QVH%*Wﬂw+O—wwﬂ

using the change of variable + (1 — )b = p, we have
b—a

2 f(a(z::{(b) N k(bcia) (/b“ (%)z}(p) acl_])b+/b“ <§%Z>Z}(p)%>]

using the definition ok-fractional integrals, we have

fuw;ﬂm_gé§ZQ{@Lﬁ»ﬂ@+«&ﬁﬂf@ﬂ»

hence the proved

We have generalized the results of/[10] from Riemann-Liouville fractional integrals to
Riemann-Liouville fractional integrals, as follows:

2.1. Hermite-Hadamard-type Inequalities for m-Convex Function.
In order to prove our main results, we need the following lemma:

Lemma 2.2. Let f : [a,b] — R be twice differentiable mapping dn, b). If f"c L[a, b], then
the following identity fork-fractional integrals holds:

fla) + f(b)  Tw(a+k) . i
> —2w_@%Khan@+(@%gﬂ@]
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Proof. Using Lemma 21, it suffices to verify that

/1[(1 — )% — t*]f (ta+ (1 — t)b)dt

e e LA 2
:(b—a)/ ( (f)k B ta+ (1= t)b)de
0 c+1

Note that

/1 1—t)% tr]f (ta+ (1 —t)b)dt
(1—t)%+1—|—t%+1

241
f(a) /1 (1— )"+t 4 ¢R+t
:——b— ta+ (1 — t)b)dt,
| (a)0 T [ (ta+ (1 —1)b)

and since
b 1
= / f(z)dz = (b— a)/ f(ta+ (1 —t)b)dt.
a 0
This completes the prooi
Theorem 2.3.Let f : [0,b*] — R be a twice differentiable mapping withi > 0. If |f"]¢

is measurable andh-convex onfa, 2] for some fixed) > 1,0 < a < bandm € (0, 1] with
% < b*, then the following inequality faokt-fractional integrals holds:

b—a)® (11— (1 —t)itt =it
<=9 / ( 2)k1 S (ta+ (1 t)b)|dt,
0 k

«@ o . "y b
becausél — ¢)+ ™' + ¢+t < 1for anyt € [a,b]. Since|f | is m-convex on[a, —},
m

()l
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hence,

‘f(a);rf(b) _ glgb(oiz)’? [(kp72) F0) + (52 ) f(a)]‘

<4725 [0

_ #b—a) <|f”<a>| +mlf (L) r>
20+ 1)(%+2) 2

f”(a)( +m(1—t)

7))

which completes the proof for this case. Now, supposeghatl, from Lemmd 2.2 and power
mean inequality for;, we get

/01 (L= (1 —t)e T — o) | (ta + (1 — t)b)|dt

= (/01[1 — (- n)Er -] dt) 1_;(/01[1 — (1= ) — ¢ E | (ta + (1 — lt)b)|4dt>é

a

Since(1 — )i — ¢i*! < 1foranyt € [a,b]. Also,|f"|"is m-convex on|a, L], therefore

foranyt € [0, 1]
" b
")
m

’f”(ta+(1—t)b)‘q gt‘f”(a))q+m(1—t) '

Hence,

’f(a)+f(b) Uy(a+ k) (5,0
2 2(b—a)®

1
q

1—1

([ 1-n-0t o pema—ol (2)[] )
i (%32)1_; (?) ('f @+l <%>|q>q

a(p — a)? <f”<a>q+m}f”<%>‘I)3
2

(/01 (1= (= )F =5 (fa+ (1 - t)b)]%)
(

203+ (5+2)

which completes the proof of the theorem.
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Remark 2.1. With the same assumptions as in Theofem 2.3f'ffx)| < M on [a, 2], we
obtain

fla)+f(0) Twla+k) 1o k 1a
‘ 9 - 2(b—a)% [(RL a+) f(b)+(RLJb—) f(a)} < 9 (%+1) (%+2)

M2(b—a)® (1+m\s
5 .
Theorem 2.4.Let f : [0,b*] — R be twice differentiable mapping with > 0. If [f"]9 is

measurable andn-convex onfa, 2] for some fixed; > 1,0 < a < bandm € (0, 1] with
% < b* then the following inequality fok-fractional integrals holds

‘f(a) + /() Tela+k)
2

2(b—a)® [(%L §+) f(b) + (%LJI?_) f(a)]

Jmap (2 V@il ()
REICE A e 2

1 1 _
where,; + i 1.

Proof. From Lemma 2.2 and using the well-known Hélder’s inequality, we have

'f(a);f(b) B gigéoiz)’? [ T2 F(B) + (5 T2) f(a)}‘

cb=af /11‘(1‘ VL o (L= )t
0

[ t)dt)é

(
Siéfi(Ahfwr¢W%ﬂ—ﬁ@“wQ;Qﬂwwl2ﬁ+mp”Q3

 (b—ap 2\ @pm]f ()]
—2(%+1)<1_p(%+1)+1>( 2 ) '

Here, we used
(1= (1 =)t — i) <1 — (1 — gp(Ee) — (i)

for anyt € [0, 1], which follows from(A — B)? < A? — B? forany A > B > 0 andp > 1.
This completes the prook

Corollary 2.5. With the same assumptions as in Theoferh 2.4¢"ifz)| < M on [a, 2], we
obtain

(5 T2) 70) + (57 F(@)] \

1
M(b— a)? 2 p<1+m)f11
< —[1-— .
2(%+1) p(¢+1)+1 2
Another Hermite-Hadamard type inequality for powers in terms of the second derivative is
obtained as following:
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Theorem 2.6. Let f : [0,b*] — R be twice differentiable mapping witii > 0. If |f"|? is
measurable andn-convex onfa, 2| for some fixed; > 1,0 < a < bandm € (0,1] with

b _ . . :
- < b*, then the following inequality fak-fractional integrals holds:

~—

‘f(cwgf(b) léo‘ )k% [(';%ng)f(bw(%ﬂ?)f<a>}'

< (b—a)’ Q(%—l-l)—l i ‘f”(a)‘q_i_m””(%)‘q i
T 2(p+1) \a(g+1)+1 5 .

Proof. From Lemma 22 and using the well-known Hdélder’s inequality, we have

‘f(a) + /()  Twlatk) 4

[(hr T ) S (b) + (i T5-) f ()]

2 2(b—a)k
o (b_a) / — _Qt)_;il _t?’—l‘f (ta+ (1 —t)b)|dt
< b—a (/0 1dt)p( [1— (1= ) F — 817 (b + (1 — )b )|th)q
S b —a)® ) (If” — (1 — )1 F D — gaGHDH gy
( > [(1—t) — (1 —gyr(Er) (i) (1 - t)]dt> E

by (e =1\ (1 @l (2 1)
IECERAVICEDES 2 |
Here, we employed

[1-(1—-nt -] <1 -1 t)g(%ﬂ) _ga(s)

for anyt € [0, 1], which follows from(A — B)? < A? — BiforanyA > B > 0 andq > 1.
Hence, the proof of the theorem.

Remark 2.2. From Theorem 213, 2.4 and 2.6 we have

’f(a)Jrf(b) YGRS
2(b—a)*

[(I;%LJ3+) f(b) + (%sz?f) f(a)} ’ < min{ Ky, Ko, K3}
where

o db-ay (ﬁmw+mf%aq>i
2(2+1)(2 +2) > !

Cb-a? [ 2 @)+ mlf (2)17)°
K2_2(%+1) <1 q(%—l—l)+1> ( 2 )

K w@2<q&+1%ﬂ>3(u%@q+mf%%)ji.

2(%+1) 2

S =
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2.2. Hermite-Hadamard-type inequalities for («, m)-convex functions.
Before we prove our main results in this section, we give the following lemma:

Lemma 2.7. Let f : [a,b] — R be twice differentiable mapping dn, b) with a < mb < b. If
f" € L'[a, b], then the following identity fok-fractional integrals holds

fla) + f(mb) — Tyla+k)

2 " 2(mb—a)f [(reTar) F(mb) + (Ri T o) £(a)]
- (me_ a)? /01 1-(1 —%t)jzl - t?-&-lfu(ta it

Proof. The proof is similar to the proof of Lemma 2.2 on interj@lmb] C [a,b]. &

Theorem 2.8.Let f : [a,b] — R be twice differentiable mapping. |If"|¢ is measurable and

(s, m)-convex ora, b] for some fixed > 1 and (s, m) € [0, 1]?, then the following inequality
for k-fractional integrals holds:

fla)+ f(mb)  Twla+k)

2 2(mb — a)*

(mb — a)? a Naro, of 1 a 1
SETCESY (%iz) {‘f (@) <s+1_5k(3+1’%+2>_m)

[(%LJ3+)f<nﬂ»—%(%Lsz)f(aﬂ‘

" 1 2 (6% 1
ple(1— _ ( 1, ¢ 2> -
Fmif ()] ( st1 agg TATLEA +%+s+2>}

wheres, (z,y), x,y > 0 is thek-beta function.

Proof. Firstly, we suppose that= 1. From Lemma 2]7, we have

o) R (i) S + i) 1)

b—a)? [11—(1—¢t)ett —¢itt
<tmah LU0 =8 o i — o)
2 0 E‘i_l

since|f"| is (o, m)-convex onja, b], we know that for any € [0, 1]

" (ta +m(1 = )b)| < £°|f" ()| + m(1 = )| f" (b)]
therefore,

'f(a) +2f(mb) RYICE k)a [(5,T20) fomb) + (5,72, f(a)]‘

2(mb —a)*
b_ 2 11_ 1_ %+1—%+1 " "
§0n2a>l ( ;Ll S (1S @) (1= )17 1)) de
k

_(mb—a)®> [ 1 a 1
——77—[”W”@+1—%G+Lz+@—§:;3)

7" ]_ 2 (03 1
p(1- ( 1, 2) -
+m|f<)’( s+1 +2+ﬁ’“ sthy T +%+s+2)]

£3
k
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which completes the proof for this case.

Now, suppose that > 1, using Lemma 2]7 and power mean inequalitydowe obtain

<Zﬁl_a_¢ﬁ+l_tﬁH}ﬂjiizﬁl_“f¢ﬁ+h4%“ﬂf%w+mu1—wmﬁd1

t) |
Since|f" |7 is (s, m)-convex onla, b], we know that for any < [0, 1]

<

f (ta+ (1= 1)b)[* < [ f (a)|” + m(1 — )| £ (b))%,
therefore,

fla) + f(mb)
2

Ip(a+ k) N .
2(mb — a)* [(Re i) £(mb) + (reTs-) (@) ‘

< (mb — a)?

2(241) (/01 [1— (1—£)F 1 — 7+ dt)l_

Q=

</01 [1— (1 —8)F =5 | f"(ta +m(1 — t)b)|th>é

1= (1= F =59 (P @+ m(1 = ) ) ar )
st () ()

(0%
1,¢ 2)——————
s+1 SRR %—1—5—1—2)
p 1 2
mlf <b>|q(

1
« 1 q
LY +2) + s
1 %+2+5’“<3+ T +%+5+2)}

hence the proofy

Corollary 2.9. In Theorenj 28 if we choose= m = 1, we have

'f (a) : 1®) _ Zf,fci Z)’“) [(reTar) Fb) + (ReTy-) fa)] ‘

B (Y i (e ) )

T+3
k
1 1 2 (0% 1 %

D 2,—-+2 :
+|f<)|(2 %+2+m<’k+>+%+3ﬂ

Theorem 2.10.Let f : [a,b] — R be twice differentiable mapping. [If'|? is measurable and
(s, m)-convex ora, b] for some fixed > 1 and (s, m) € [0, 1]?, then the following inequality

AIJMAA Vol. 13, No. 1, Art. 17, pp. 1-12, 2016
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for k-fractional integrals holds:

’f (a) +2f (mb) _ 21(“:752‘ _+ak>)?s (T2 Flmb) + (b T f(aﬂ‘

=

(mb—a)2 2 p( 7" 1 7" S )
< |(1-— q b) |4
T 2(%+1) q($+1)+1 lf(a)’s+1+m’f<>’5—|—1
1,1 _
Where,]—3+a_ 1.

Proof. From Lemma 2.7 and by using Holder's inequality, we have,

a mb I'.(o + k . X
’f( )+2f( ) _ 2(17”51) ja))‘; (572 f(mb) + (5, T%-) f(a)]‘
= (mb;a) /O —{ _%t): S £ (ta+m(1 — t)b)|dt

IN

% </01 1@ —)F -~ tz“}pdt); </01 " (ta+m(1 — t)b)|th>; ,

since|f"| is (s, m)-convex onfa, b], also we know that for any < [0, 1]
| (ta +m(1 = 0)b)|" < | f (@) +m(1 — )| f" (B)]%,
therefore
’f(a) + f(mb)  Tila+k)
2 2(mb — a)*

< 2(%—“) (/01 1= (1 =) — i) dt>;

[(%LJ3+)f<nuv—+<zLsz->f<aﬂ'

N
—
—

IS
N—
S

o\

i
~
»

QL

~

_l’_
:\
—

S
N—
S

o\

i
—~
—
|
~
@
N—

QL

=

N———

Qe

|—

(mb — CL)Q 2 v ( " 1 ” S ) %
A I q b) |4
e\t (@ el e
which completes the prook

Corollary 2.11. In Theorenj 2.70 if we choose= m = 1, we have

LI PO [urz) S0+ G ) 10

(b a)? >\ (I @ O
aCICES) (1_]9(%—1—1)—1—1) ( 2 ) '

Theorem 2.12.Let f : [a,b] — R be twice differentiable mapping. [If'|? is measurable and
(s, m)-convex orja, b] for some fixed > 1 and (s, m) € [0, 1]?, then, the following inequality

AJMAA Vol. 13, No. 1, Art. 17, pp. 1-12, 2016 AJMAA
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for k-fractional integrals holds:

Hos ) B0t ) (e )+ (i) 1)

2 2(mb — a)*
(mb—a)® | v o 1 a B 1
=20+ ) | (a)] <S+1 ﬁk(s+1,q<k+1)+1> q(%+1)+8+1)
+mlf" (b)) <1— Lo 2 + 8 (s+La(T+1)+1)

s+1 q(g+1)+1
1
q

where,3,(z,v), z,y > 0 is thek-beta function.

Proof. From Lemma 2]7 and by applying Holder’s inequality, we have

‘f(a) +2f(mb> - Dt N e pome) + (gLJ;b_)f(a)}‘

2(mb—a)*
b—a)? (11— (1 —t)ett —¢Rtt
<m “)/ L= D =07 o a (1 — £)b)de
2 o e

- % (/ d’f); (/ (1= (1= 0F = E S (ta 4 m(1 - t>b>lth); ,

k
since|f"|? is (s, m)-convex onfa, b], we know that for any € [0, 1]
| (ta +m(1 = )b)|" < [ f" ()| +m(1— )| f" (b)|"
therefore,

JA ) IR ) )+ () S|

< M [|f”(a)|q /1 [ts —(1- t)q(%-l—l)ts _ tQ(%+l)+si| dt

_(mb—a)2 " q 1 « 1
= 5ET0) |/ (a)] ( +1_ﬁk<5+1,Q<E+1>+1>—q(%+1)+8+1>
+m|f”(b)\Q< S 2 1+6k<s+1,q<%+1)+1

1
q(%+1)+s+1>

which completes the proof of the theorem.
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Corollary 2.13. In Theorenj 2.7]2 if we choose= m = 1, we have

HOL 0 D () 50+ () 00

(b—a)? N @
< e (5o GG o) ) - )

7 1 2 (6% 1
q - - _ [
+1f(b)] (2 q(%+1)+1+6k(2,q(k+1>+1)+q( +1)+2>
Remark 2.3. From Theoremp 2|8, 2.1L10 ahd 2.12, we have

L) D [ g2e) Snb) + (i i) S@)]| < im0 Vo, o)

>R

where

(mb—a)* [ ¢ e 1 o 1
N, = a . LY o) - ———
T o) 2 SOl oy ﬁ’“<3+ T ) ais1a) 7"
. 1 2 a 1 a
(1 - —— — ( 1, 2) S
mlf o) < s+l aag toETLE T +%+s+2>}

_(mb—a)2 2 z TN NI a
Ny = 2(%+1) (1_Q(%+1)—|—1> <|f (a)‘ S+1+m‘f (b>| 8—|—1> ’

(mb—a)® |, ., |, I a B 1
—2(%+1) |f (a)] (m ﬁk<8+1,q<k+l>+l) q<%+1)+5+1>+

N3 =

7 1 2 [0 1
al1_ —_ 1 —+1)+1
mlf ()] ( s+1 q(%—|—1)+1+ﬁk <S+ ’q<k+ )+ >+q(%+1)+s+1>
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