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1. INTRODUCTION

The following notation is used throughout this paper. We Lige denote an interval on the
real lineR = (—oo, +00) and/° to denote the interior of. For any subsek’ C R", K° is used
to denote the interior of{. R" is used to denote a genericdimensional vector space. The
nonnegative real numbers are denotedby= [0, +00). The set of integrable functions on the
interval [, b is denoted by [a, b].

The following result is known in the literature as the Ostrowski inequality (see [11]) and the
references cited therein, which gives an upper bound for the approximation of the integral aver-

b
agebL/ f(t)dt by the valuef (x) at pointz € [a, b].
—al,

Theorem 1.1.Letf : I — R, wherel C R is an interval, be a mapping differentiable in the
interior I° of I, and leta, b € I° witha < b. If | f'(z)| < M for all z € [a, b], then

g — atb)?
. e

f@)— 5= [ (0] <216 -a)

], Va € [a,b].

For other recent results concerning Ostrowski type inequalities((see [11]) and the references
cited therein, also (see [12]) and the references cited therein.

Fractional calculus (seé [10]) and the references cited therein, was introduced at the end of
the nineteenth century by Liouville and Riemann, the subject of which has become a rapidly

growing area and has found applications in diverse fields ranging from physical sciences and
engineering to biological sciences and economics.

Definition 1.1. Let f € L,[a,b]. The Riemann-Liouville integrald?, f and J; f of order
a > 0 with a > 0 are defined by

@) = e [ =00 >

and

b
B = s [ =0 o b

wherel'(«) = / e “u®'du. Here JO, f(z) = J_f(z) = f(z).
In the case ok Z 1, the fractional integral reduces to the classical integral.

Due to the wide application of fractional integrals, some authors extended to study fractional
Ostrowski type inequalities for functions of different classes (see [10]) and the references cited
therein.

Now, let us recall some definitions of various convex functions.

Definition 1.2. (see[2]) A nonnegative functiofi: I C R — R, is said to beP-function or
P-convex, if
flta+ (1 =t)y) < f(@)+ fly), Ve,yel tel01].

Definition 1.3. (seel[3]) A functionf : R, — R is said to bes-convex in the second sense, if

(1.2) FOz+ (1= XNy) <X f(x)+ (1 —=X)°f(y)
forallz,y € R,, A € [0,1] ands € (0, 1].
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Itis clear that a -convex function must be convex @ as usual. The-convex functions in
the second sense have been investigated inl(5ee [3]).

Definition 1.4. (see [4]) A setK' C R" is said to be invex with respect to the mapping
K x K — R™if x +tn(y,z) € K foreveryz,y € K andt € [0, 1].

Notice that every convex set is invex with respect to the mappingr) = y — =, but the
converse is not necessarily true. For more details please see(see [4], [5]) and the references
therein.

Definition 1.5. (seel[6]) The functiory defined on the invex sét C R™ is said to be preinvex
with respect, if for every z,y € K andt € [0, 1], we have that

fla+itn(y,x)) < (1 =1)f(z) +tf(y).

The concept of preinvexity is more general than convexity since every convex function is
preinvex with respect to the mappingy, =) = y — x, but the converse is not true.

The Gauss-Jacobi type quadrature formula has the following

b +00
(1.3) / (= a)(b— ) f(2)de = 3 Buif (1) + Rl £,
a k=0

for certainB,, x, v, and restky, | f| (seel[7]).

Recently, Liu (see [8]) obtained several integral inequalities for the left hand side Jof (1.3) under
the Definition 1.2 ofP-function.

Also in (see([9]), Ozdemir et al. established several integral inequalities concerning the left-
hand side of|(1]3) via some kinds of convexity.

Motivated by these results, in Sectiph 2, the notion of generalized, ©)-preinvex func-

tion is introduced and some new integral inequalities for the left hand side ¢f (1.3) involving
generalizeds, m, )-preinvex functions along with beta function are given. In Segtjon 3, some
generalizations of Ostrowski type inequalities for generalized:, )-preinvex functions via
fractional integrals are given. In Sectioh 4, some applications to special means are given.

2. NEW INTEGRAL INEQUALITIES FOR GENERALIZED (s,m, gp)-PREINVEX FUNCTIONS

Definition 2.1. (see [1]) A setKX' C R”" is said to bem-invex with respect to the mapping
n: K x K x (0,1] — R" for some fixedn € (0, 1], if maz + tn(y, z, m) € K holds for each
r,y € K and anyt € [0, 1].

Remark 2.1. In Definition|2.1, under certain conditions, the mappirig, «, m) could reduce
ton(y, ).
We next give new definition, to be referred as generalizeth, ¢)-preinvex function.

Definition 2.2. Let K C R™ be an opemn-invex set with respecttg: K x K x (0,1] — R"™
andy : I — R a continuous increasing function. Fpr K — R z,y € K and some fixed
s,m € (0,1], if

(2.1) [ (me(x) + An(e(y), e(z),m)) < m(l—X)°fe(z) + X fle(y))

is valid for allz,y € K, \ € [0,1], then we say thaf(z) is a generalizeds, m, p)-preinvex
function with respect tg.
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Remark 2.2. In Definition[2.2, it is worthwhile to note that the class of generalizedr, ¢)-
preinvex function is a generalization of the class-@onvex in the second sense function given
in Definition[1.3.

In this section, in order to prove our main results regarding some new integral inequalities
involving generalized s, m, p)-preinvex functions along with beta function, we need the fol-
lowing lemma:

Lemma 2.1. Let o : I — R be a continuous increasing function. Assume that K =
[me(a), me(a) + n(p(d),p(a),m)] — R is a continuous function on the interval of real
numbersK° with respect ton : K x K x (0,1] — R, for ¢(a),»(b) € K, a < band

me(a) < me(a) + n(e((b), ¢(a), m). Then for some fixeoh € (0, 1] andp, ¢ > 0, we have
mep(a)+n(e(b),p(a),m)
/ (& — mip(a) P (me(a) + n(p(B). o(a). m) — )" (2)d

mey(a)

= ﬁ(s@(b),w(a)am)”q“/o (1 = )1 f (mep(a) + tn(p(b), p(a), m))dt.

Proof. It is easy to observe that

mp(a)+n(p(b),p(a),m)
/ (x —mep(a))’(me(a) +n(p(d), p(a), m) — ) f(z)dx

mey(a)

= n(s@(b),w(a%m)/o (mep(a) +tn(e(d), p(a), m) — me(a))”
x(mp(a) +n(e(b), p(a),m) —me(a) —tn(p(b), p(a), m))? f(mep(a) +tn(e(d), p(a), m))dt

= ﬁ(s@(b),w(a%m)“q“/o (1 =) f (mep(a) + tn(e(b), p(a), m))dt.

The following definition will be used in the sequel.
Definition 2.3. The Euler Beta function is defined fory > 0 as

[(2)C(y)

B(z,y) :/0 "1 =) ldt = CETE

Theorem 2.2.Lety : I — R be a continuous increasing function. Assume thatK =
[me(a), me(a) + n(e(d),¢p(a),m)] — R is a continuous function on the interval of real
numbersk ® with p(a), p(b) € K, a < bwithmep(a) < me(a) +n(e((b), ¢(a), m). Letk > 1.

If \f|ﬁ is a generalizeds, m, p)-preinvex function on an open-invex setk’ with respect to
n: K x K x (0,1] — R for some fixed, m € (0, 1], then for some fixegd, ¢ > 0,

mp(a)+n(p(b),p(a),m)
/ (x —mep(a)) (mp(a) +n(p(d), p(a), m) — ) f(x)dx

mp(a)

[n(p(b), (a), m)[Prot
(s+1)F

Bl

< [Bkp + 1, kg + D) (mlF (@) [P + 17 0)IFT) © .
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Proof. Slnce\f] I is a generalizeds, m, ¢)-preinvex function o, combining with Lemma
2.1, Definition[ 2.B and Hélder inequality for alle [0, 1] and for some fixed, m € (0, 1], we
get

mp(a)+n(p(b),p(a),m)
/ (x —mep(a))’ (mp(a) +n(p(d), p(a), m) — ) f(x)dx

mp(a)
k—1

k

S|n<so<b>,so<a>,m>rp+q“[ / t’fp(l—t)kth] [ / \f<mgo<a>+m<so<b>,so<a>,m>>\kk-1dt]

Eall

< In( (), (@), m)P 1+ B(kp + 1, kg + 1)]

x [ / " (m(1 = Aol + o)) dt]

[n(e(b), p(a), m)[Pet [

k

(mlf el = + 17 ®)I=) ©

=

k-1

G Blkp + 1,kq+1)}

Theorem 2.3.Lety : I — R be a continuous increasing function. Assume thatK =
[me(a), me(a) + n(p(d),p(a),m)] — R is a continuous function on the interval of real
numbersk® with p(a), p(b) € K, a < bwithme(a) < me(a) + n(p((b), ¢(a), m). Letl > 1.

If |f|' is a generalized s, m, ¢)-preinvex function on an opem-invex setk with respect to
n: K x K x (0,1] — R for some fixed, m € (0, 1], then for some fixegd, ¢ > 0,

mp(a)+n(p(b).p(a),m)
I (@ = mp(@)P (mp(@) + (o ). (0}, m) — ) (2)d

< n(p(b), (@), )P+ [+ 1.+ 1)]

x| mlf (@I (p+ g+ s+ 1)+ OB +s+1a+1)]

Proof. Since|f|' is a generalizeds, m, p)-preinvex function onk’, combining with Lemma
2.1, Definition 2.B and Hélder inequality for alle [0, 1] and for some fixed, m € (0,1], we
get

mep(a)+n(p(b),p(a),m)
I (& — mp(a) P (@) + n((B) p(a), m) — )7 (x)d

me(a

—1 1
T T

— nlp(v), ¢(a), m) ! / (= 0y] = 7] Fime(a) + (e (0), ela), m))at

Sln(w(b),sf)(a%m)!”*q“[/o t”(l—t)th] [/O t”(l—t)"\f(mw(a)thn(sO(b),90(@)7m))\ldt]

=1
l

< ne(®), pla),m)P* [ B(p +1,q + 1)

1
l

x [/0 (1= 1)? (m(1 = )°|f(0(a)]" + | F ()] dt]

—1

= In(e(d), p(a), m)[Pratt [ﬁ(p g 1)} =1
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1

< [mlf (@) (p+Ta+5+ 1)+ |f@O)IB(p+s+1La+1)] "

3. OSTROWSKI TYPE FRACTIONAL INTEGRAL INEQUALITIES FOR GENERALIZED
(s,m, p)-PREINVEX FUNCTIONS

In this section, in order to prove our main results regarding some generalizations of Ostrowski
type inequalities for generalizgd, m, ¢)-preinvex functions via fractional integrals, we need
the following lemma:

Lemma 3.1.Lety : I — R be a continuous increasing function. SuppéS& R be an open
m-invex subset with respect ip: K x K x (0,1] — R for some fixedn € (0, 1] and let
v(a),p(b) € K, a < bwithme(a) < me(a) + n(e((b), ¢(a),m). Assume thaf : K — R
is a differentiable function ok ® and f’ is integrable onmey(a), my(a) + n(p(d), p(a), m)].
Then fora > 0, we have

[(a+1) o o
T o) p(a) m) L mee et p@m)-f (me(a) = TGy ntete) o), m) - (mW(b))]

_ (), pla).m) ot ©), p(a), m
~ n(p(d), p(a),m) /Ot f'(mep(a) + tn(e(z), (a), m))dt

(Awfmww+mwmw@mm@

_ n(p(x), p(b), m)>*
(31) n(o(b). o(a), m)

“+o0o
wherel'(a) = / e “u® 'du is the Euler Gamma function.
0

Proof. Denote

_nlpla) pla). )yt o). o(a),m
1= TS ) /tf(w(%HMﬂ)w(L)Mt

) ) mptt t .
n(p(b), p(a), m) /Ot F'(mp(b) + tn(p(x), o (b), m))dt.

Integrating by parts, we get
I:mmemwquﬁﬂmww+mwwwmwm»

1

n(e(b), p(a), m) n(e(x), (a),m) 0

_a/l t " f(mep(a) + (e (x), p(a), m))
0 n(e(x), p(a), m)

n(e(x), (b), m)** s (me(0) + tn(p (), p(b), m))
n(e(d), p(a), m) n(e(x), p(b), m)

_&/ﬂw1waw0+mx x7ww»m»ﬁ]

1

+

0

[
n(p(x), (b),m)

AJMAA Vol. 13, No. 1, Art. 16, pp. 1-11, 2016 AJMAA


http://ajmaa.org

OSTROWSKI TYPE FRACTIONAL INTEGRAL INEQUALITIES FOR GENERALIZEdS,m, Lp)-PREINVEX FUNCTIONS 7

_ (@), e(a),m)* | f(mep(a) + n(e(x), p(a),m))
n(e(d), p(a), m) n(e(x), p(a),m)

[a+1) N
- Simp(@)+n(e(@)p(@)m)—F (m@(a))]

n(e(x), p(a), m)o+t

n(e(x), o(b), m) | f(me(b) +n(e(x), p(b),m))
n(e(d), p(a), m) n(e(x), ¢(b),m)

[a+1) N
_77(90(1,)’ ©(b), m)o+1 J(mw(b)+n(¢(af),<ﬂ(b)7m))—f(msp(b))]

[(a+1) o o
o). o(@). ) [J(m<p<a>+n<sa<m)m(a),m))—f (mp(a)) = JGnp(v) tn(o().o)my)— (M@(D)) |-
1

Remark 3.1. Clearly, if we choosen = 1 andn(¢(x), p(y), m) = o(z) — me(y), ¢(x) =
z, Vz,y € K in Lemmd 3.1, we get Lemma (sée[11], Lemma 1).

By using Lemma 3]1, one can extend to the following results.

Theorem 3.2.Letp : I — R be a continuous increasing function. Suppes& R be an
openme-invex subset with respectip: A x A x (0,1] — R for some fixeds, m € (0, 1]
and letp(a), p(b) € A, a < bwith mp(a) < mp(a) + n(e((b), p(a),m). Assume thay :
A — R is a differentiable function or°. If | f’|? is a generalizeds, m, )-preinvex function
on [mep(a), me(a) + n(e(d), e(a),m)],¢ > 1, p '+ ¢t =1and|f'| < M, then fora > 0,
we have
n(p(), p(a), m)* f(mep(a) + n(e(x), p(a), m))

n(p(b), p(a), m)

n(e(x), (b), m)* f(mp(b) + n(e(r), p(b),m))
n(p(b), p(a), m)

[(a+1) o o
- ] [‘](m@(a)w(w(w),so(a),m))ff (me(a)) = Jonp)tniot@) wbym)-f (Wﬁ(b))] ‘

n(e(b), p(a), m

(3.2) < (1 + pa)l/P s+1 !77(90(5% @(a)’ m)’

Proof. Suppose that > 1. Using Lemma 31, Definition 2.3, generalizedm, ¢)-preinvexity
of | f'|?, Holder inequality, the fact thay’| < M and taking the modulus, we have

M (m + 1)2 [mw(x),go(a),mna“ + In(e (), so<b>,m>|a+1] |

n(e(x), p(a), m)* f(me(a) +nle(r), p(a), m))
n(e(b), p(a), m)

n(e(w), (b), m)* f(mp(b) + n(e(r), p(b),m))
n((b), w(a), m)
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n(p(b), p(a), m) (@) (@) p(a).m)— (MP(@) = TGy o) o b).my) - f (Me(D)) ‘

In(e(x), p(a), m)|* [+,
< no0) o m t*[f (mep(a) + tn(p(z), p(a),m))|dt
(

\77|(77(($()b)90¢b()(;>mm;‘|+ 0 t*1f (mp(b) + tn((x), p(b), m))|dt

- In’(:;(;c ). a()a)m P (/01 tpo‘dt>; (/01 ‘f/<m90(a)+t77(<,0(33),g0(a),m))‘th)(11
+|77 ), b()a;” )|+t (/0 tmdt)’l’ (/01 (D) +tn(90(x),<p(b),m))yth)é
: |n|(77((<j() )gpfo()comn)z; (] tmdt); [/ (m“ — I (Pl +tslf’(<p(:c))|q> dtr

)| : ( / ltmdt>; [ / 1 <m<1 =1 (P O)I +ts!f’(<p(x))|"> dt] q

M (m + 1)3 [m(@(x),so(a),m)w“ + |n<so<x>,so<b>,m>|a“]
n '

+

~—

N In(p(x), p(b), m
n(p(b), p(a),

3

T (I4pa)/p \s+1 ((b), p(a),m)]
1

Theorem 3.3.Letp : I — R be a continuous increasing function. Suppags& R be an
openme-invex subset with respectip: A x A x (0,1] — R for some fixeds, m € (0, 1]

and letp(a), p(b) € A, a < bwith mp(a) < me(a) + n(e((b), p(a),m). Assume thay :
A — Ris a differentiable function od°. If | |7 is a generalizeds, m, p)-preinvex function

on [my(a), me(a) +n(p(d), p(a),m)], ¢ > 1and|f'| < M, then fora > 0, we have

n(e(@), p(a), m)*f(mp(a) + n(e (@), p(a), m))
n(p(b), p(a),m)

n(e(x), e(b), m) f(mp(b) +n(p(x), p(b), m))
n(e(b), p(a), m)

J& _Je b ]
W(@(b),w(a),m)[ (mo@)+n(p(@)p(a)m)— (ML) = JGrgw)tne(@),pb),my)— T (150 (D)) ‘

M 1 L
RS W(““’S“” a+5+1)
In(o(a), pla), m)|"1 + In(o(). p(b), m)[+!
o g [ (e (®), pla), m)) ]
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Proof. Suppose that > 1. Using Lemma 311, Definition 2.3, generalizedm, ¢)-preinvexity
of | f'|, the well-known power mean inequality, the fact théit < M and taking the modulus,

we have
n(e(x), p(a), m)* f(me(a) +np(x), pla),m))
n(e(d), p(a), m)
n(e(x), p(b), m) f(me(b) +nle(r), p(b), m))
n(e(b), p(a), m)

) (07 (6%
- ) [J(mw(a)ﬂ(so(fr),so(a),m))ff (m(@)) = JGnpv) (e (@) p)m) - F (m‘P(b))]

< Inte(), p(a), m)|***

n(0(b), p(a), m)|
| In(e(@), gp(b),m)|a+1/ 121 F (me(b) + tn(p(x), o (b), m))|dt

/0 191 (mep(a) + tn(p(a), pla), m))|dt

In(w( ), ela),m)] Jo
< et el )l 1tadt) (Olt“|f’(mso( )+ tnlip(a) rth)
R '( tadt) (Olt“!f'(mw( )+ tnlip(a) |th)
) dtr

Q|

@) pl@). ml™t (N s "
1), ola), m] </o“”> Uﬁ(m(l DI ela)l+#1r e ‘)

I GO ORI ey AR Sl Y LY (AT
TT0), ola),m)] (/0 ! dt) [/0 ¢ (m(l L ()| + 1 f (p(x))]

e

M 1
_—1<mﬁ<a+1,s+1)+—)
(1+a)s ats+l

y [|?7(<p(x), pla), )" + In(e (), o(b), m>|a+1] |

In(e(b), p(a), m)|

4. APPLICATIONS TO SPECIAL MEANS

In the following we give certain generalizations of some notions for a positive valued function
of a positive variable.

Definition 4.1. (see [13]) A functionM : R? — R, is called a Mean function if it has the
following properties:

(1) Homogeneity:M (ax, ay) = aM (z,y), foralla > 0,

(2) Symmetry:M (z,y) = M (y, x),

(3) Reflexivity: M (x,z) = z,

(4) Monotonicity: Ifz < 2’ andy < ¢/, thenM (z,y) < M(2',y'),

(5) Internality:min{z,y} < M(x,y) < max{z,y}.

We consider some means for arbitrary positive real numbess(a # ().
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(1) The arithmetic mean:

(2) The geometric mean:

(3) The harmonic mean:

(4) The power mean:

P, = Py(a.f) = (

(5) The identric mean:

(6) The logarithmic mean:

B -

L= L) = p el

ol #16], af # 0.

(7) The generalized log-mean:

1
p

; peRA{=1,0}, a#p.

517-1—1 . ap+1

P+ 1) —a)

It is well known thatL,, is monotonic nondecreasing oyeE R with L_; := L andL, := I. In
particular, we have the following inequality < G < L < I < A. Now, leta andb be positive

real numbers such that < b. Consider the function/ := M (¢(a), (b)) : [¢(a),v(a) +
n(p(d), p(a))] x [pla), p(a) + n(e(b),¢(a))] — R, which is one of the above mentioned
means ang : I — R be a continuous increasing function, therefore one can obtain various
inequalities using the results of Sect|gn 3 for these means as follows:

Replace(p(y). ¢(x), m) with n(¢2(y), (x)) and settingj(p(a). ¢(b)) = M(p(a), (b)) for
m = 1in (3.2) and[(3.8), one can obtain the following interesting inequalities involving means:

‘ M(p(a), p(x))*f(pla) + M(p(a), p(x))) = M(p(b), p(x))* f(p(b) + M(p(b), p(z)))

Ly = Ly(a, B) =

M(p(a), (b))

_m [J&(a)-l—M(@(a),cp(x)))—f(ga(a)) - J(Océp(b)+M(<p(b)7<p(x)))_f(@(b))} ‘

M 9 i M(p(a), p(x))*™ + M(p(b), p(x))*t?
(41) < (1 +pa>1/p (5 + 1) [ M((P<a>7 Sp(b)) ] 5

(), p(2))* f(p(b) + M(p(b), p()))
)

M(p(a), o(x))*f(pla) + M(p(a), p(x))) — M(
M(p(a), p(b

Pla+l) 7.4 o

_W |:J(W(a)+M(90(a):S0(I)))ff(@(a)) - J(gp(b)+M(<p(b)7¢(x))),f(@(b))i| |
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4.2)
% a+1 a+1
M ( Satlssl) 4! ) M(p(a), ()™ + M(p(b), ¢(x))
(1+a) s ats+1 M(p(a), ¢ (b))
Letting M (¢(a), ¢(b)) = A,G, H, P, I, L, L, in (4.1) and[(4.R), we get the inequalities involv-
ing means for a particular choice of a differentiable generalizetl p)-preinvex functionsf.
The details are left to the interested reader.
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