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ABSTRACT. Let A be a Lie Banachalgebra. For each elements, b) and (c,d) in A? :=
A x A, by definitions

(a,b)(c,d) = (ac, bd),

1@, )| = llall + o],

(a7 b)* = (a*v b*),
A? can be considered as a Banaaligebra. This Banachkalgebra is called a Lie Banath
algebra whenever it is equipped with the following definitions of Lie product:
ac —ca bd —db
N

foralla, b, ¢, din A. Also, if A is a Lie Banach-algebra, therD : A2 — A? satisfying
D([(a7 b)? (Cv d)]) = [D(av b)7 (C’ d)] + [(av b)v D(Cv d)}

foralla,b, c,d € A, is a Lie derivation om?. Furthermore, ifA is a Lie Banach-algebra, then
D is called a Li¢ derivation onA? wheneverD is a Lie derivation withD(a, b)* = D(a*,b*)
forall a,b € A. In this paper, we investigate the Hyers-Ulam stability of Lie Baraaebra
homomorphisms and Liglerivations on the BanattalgebraA?.

Key words and phrasegtyers-Ulam stability; Banachalgebra; Fixed point method; Lie derivation.

2010Mathematics Subject Classificat/orPrimary 39B82. Secondary 47H10, 46L05.

ISSN (electronic): 1449-5910
(© 2015 Austral Internet Publishing. All rights reserved.


http://ajmaa.org/
mailto: Javad Izadi <javadie2003@yahoo.com>
mailto:b_yousefi@pnu.ac.ir
http://www.ams.org/msc/

2 JAVAD 1ZADI AND BAHMANN Y OUSEFI

1. INTRODUCTION

A classical question in the theory of functional equations is the following: “When is it true
that a function which approximately satisfies a functional equation must be close to an exact
solution of the equation?”.

If the problem accepts a solution, we say that the equatistalde The notion of stability
of mathematical theorems considered from a rather general point of view: When is it true that
by changing a little in the hypothesis of a theorem, one can still assert that the theorem remains
true or approximately true? When is it true that the solution of an equation differing slightly
from a given one, should be necessarily close to the solution of the given equation? Similarly, if
we replace a given functional equation by a functional inequality, when can one assert that the
of the inequality lie near to the exact solutions of that equation?

The stability problem of functional equations, concerning group homomorphisms, had been
first raised by Ulam in 1940(([16]). In 1941, this problem solved by Hyers for additive groups
under the assumption that the groups are Banach spaces ([8]). In 1978, Th. M. Rassias pro-
vided a generalization of the Hypers'theorem by proving the existence of unique linear map-
pings near approximate to additive mappin@s|([13]). The result of Rassias has provided a lot of
influence during the last three decades in the development of generalization of the Hyers-Ulam
stability concept which is now called the Hyers-Ulam-Rassias stability theory for functional
equations. Furthermore, in 1994, a generalization of Rassias, theorem was obtainaaduig G
by replacing the bound (||z||” + ||y||”) by a general control function(z, y) ([7]).

The stability problems of several functional equations have been extensively investigated by
a number of authors (see€ [1]-]18]).

Theorem 1.1.Let (X, d) be a complete generalized metric space dndX — X be a strictly
contractive mapping with Lipschitz constani 1. Then, for allz € X, either

d(J"z, J"z) = 0o

for all nonnegative integers or there exists a positive integeg such that

s (@) d(Jmx, JVTr) < oo forall n > ng;

: (b) the sequencé"z} converges to a fixed poipt of J;

: (c) y* is the unique fixed point of in the sety” = {y € X : d(J™x,y) < co};

D (d) d(y,y*) < 2d(y, Jy) forall y € V.
Definition 1.1. By a Banach-algebra4, we mean a Banac¢kalgebra over the field of complex
numbers, together with a map A — A called involution which has the following properties:

1l (x+y) =a*+y*forall z,yin A.

. 2. (A\r)* = Az for every\ in C and everyz in A.

: 3. (z,y)" =y " forall z,y in A.

2 4. (z*)* =z forall zin A.
Recall that if in addition, the conditioficz*|| = ||=||||=*|| holds for allz in A, thenA is called
aC*-algebra.

Definition 1.2. A C—linear mappingH from a Banach-algebraA in to a Banach-algebraB
is called a homomorphism in Bandealgebras if it satisfie®! (xy) = H(z)H (y) andH (z*) =
(H(x))* forall z,y in A.

Definition 1.3. A C-linear self mapping> on a BanachalgebraB is called aderivationon B
if D satisfies

D(zy) = D(z)y + 2D(y)
forallz,y € B.
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Definition 1.4. A Banacli-algebraA, endowed with the Lie product

x = —
Y 9
on A, is called a Lie Banachalgebra.

Definition 1.5. Let A and B be Lie Banachalgebras. AC-linear mappingd : A — B is
called a Lie Banachalgebra homomorphism if

H(la,y]) = [H(x), H(y)]
andH (z*) = (H(x))* forall z,y in A.

Definition 1.6. A linear self mapping) on a Lie BanachalgebraA is called a Lie derivation
of

D([z,y]) = [D(z),y] + [z, D(y)]
forall z,y € A.

2. STABILITY OF HOMOMORPHISMS ON BANACH *-ALGEBRAS

In this section we want to investigate the Hyers-Ulam stability of homomorphisms for special
functional equations on Banachlgebras.
Let A be a Lie Banachalgebra. For each elemefat b) and(c, d) in A? := A x A define
(a,b)(c,d) = (ac,bd),
(@, b)[I = llall + llo]],
(a7 b)* = (a*v b*)’
Then A? is a Banachalgebra with the above norm and product, and involution. NoteARat

is not necessarily &*-algebra. This Banackalgebra is called a Lie Banacllgebra with the
following definition of Lie product:

[(a,b), (c,d)] = <GC ; cay bd ; db)

forall a,b,c,din A.

Theorem 2.1. Suppose thatl and B are Lie Banach-algebras andf : A> — B is a mapping
such thatf(0,0) = 0. Letyp : A2 — [0, 00) be a function satisfying:

(2.1) |20 (25, 559) — f(ua, pb) — f(uc, pd)| < @(a+c,b+ d),
(2.2) 1£([(a,b), (e, d)] — [ (a,b), (e, D)) < plac, bd),
(2.3) 1£(a*,%) = (£(a,0)"]| < e(a,b).

for all scalarsy with |u| = 1, and alla, b, ¢, d in A. Also, suppose that there exists< r < 1
such that for alla, b € A,

(2.4) el(a,b) < Sp(2a,25).
Then there exists a unique Lie Banaaligebra homomorphis : A2 — B satisfying
1
(25) Hf(av b) _H(a’b)H < 1_T90<a’b)'
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Proof. ConsiderX as the set of all functiong : A> — B such thaiy(0,0) = 0, and define a
generalized metrid on X by

d(f,g) =inf{c € [0,00) : || f(a,b) — g(a,b)|| < cp(a,b) foralla,b € A}.
It is easy to see thdtX, d) is a complete generalized metric 6h Now defineJ : X — X

by
a b
b)=2¢g| =, =
Jg(a,b) =2g (2, 2)
forall a,b € A. Note that
||‘]g(a'7 b) - ‘]h(aa b)” < 2d(97 h)SO (%7 %)
b

forall g, h € X and alla,b € A. Hence
d(Jg, Jh) < rd(g, h)

for all g, h in X. Therefore,/ is a contraction with constant at mostNote thatf(0,0) = 0,
soify =1andc=d=0in (2.1), we get

21 (3.3) - It b)H < (a,b)

22
for all a,b € A. It follows from (2.8) thatd(J f, f) < 1. By Theorenj 1]1, there exists a unique
fixed point functiond : A2 — B of J in the set

Q={geX:d(f g) <oo}

(heref is the function defined in the hypothesis of the theorem). Sige= H, thus we get
H(4,%) =1H(a,b)foralla,b € A. Also, clearly

2°2) 7 2
Hf(a? b) - H(CL, b)“ < 890<a’ b)
wheres = d(f, H) € (0,00). Furthermore, by Theorem 1.4(J"f, H) — 0 asn — oo.

(2.6)

Since
a b
" by=2"f| —, —
J f(a7 ) f(2n72n)7
we have
b
2.7) H(a,b) = lim 2"f (%Q—n)

Again by Theorer 1|1(f, H) < {%.d(f,J f) from which we conclude that(f, H) < ..
Since

1f(a,b) — H(a,b)|| < d(f, H)¢(a,b),
we getd(f, H) < 1. So the inequalityf (2]5) holds. Now, it follows frofn (2.1), (2.4) and|(2.7)

that:
|28 (25, 242) = H(a,b) — H(c,d)|| < lim, o 272 (%52, %2)
~f (35, 25) = (550 30) |
S hmn—>oo 27190 (GQ_-ZC’ %j)
S hmnﬁoo rn90<a + ¢ b + d)
=0
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forall a,b,c,d € A. Thus we have

2H (a ; ¢ b%l) — H(a,b) + H(c,d)

for all a,b, c,d € A. Therefore, the mapping : A> — B is Jensen additive. Now, lat= c
andb = d in (2.1). So we obtain

121f (a,b) — 2f (pa, pb)|| < ¢(2a, 20)
for all ;o with || = 1 and alla,b € A. Now, by substituting: by - andb by 2% in the above

relation, we get
a b ua b
2 - =
o (5 3:) 21 (5 57)|| < 5ot

b b
wut (55) -1 (55)

Thus,uH (a,b) = H(ua, ub) for all u with || = 1 and alla,b € A. Now, clearly we can see
thatH : A> — B is C-linear. Note that by[ (2]2) anfl (2.4) we have

1H([(a,b), (c,d)]) = [H(a,b), H(c, d)]|| = lim,—oo 4" f ([(35, 25) » (572 57)])
[ Gw) f )]
< lim, oo 47 (3, 1)
< lim, oo (r™)?p(ac, bd)
=0
forall a,b,c,din A. Also, by [2.3), we obtain
1H (a*,0%) = (H(a,0))"|| = lim,—oe 27 || f (55,
< limy, o0 20 (35, 37)
< lim,, oo (r™)¢(a, b)
=0
forall a,bin A. SOH : A> — B isindeed a Lie Banac¢halgebra homomorphism satisfying
the desired conditions. This complete the prgpof.

So
lH (a,b) — H(pa, pb)|| = lim_

o

n

) = (F Gro3n))”

Theorem 2.2. Suppose thatl is a Lie Banach-algebra. Letf : A> — Bandy : A? —
[0,00) be two mappings satisfying the conditign {2.2) of Thedrerh 2.1, and also let for all
a,b,c,d € Aandy € Cwith |u| =1,

(2.8) [pfla+eb+d) = f(pa, pb) — f(pe, pd)|| < la+c b+ d).

If there exist®) < r < 1 such thatp(2a,2b) < 2ry(a,b) for all a,b € A, then there exists
a unique Lie Banachalgebra homomorphisnt/ : A2 — B such that condition[ (2]5) of
Theoreni 21 holds.

Proof. Put X = {g : A> — B} and consider the generalized metficlefined onX as in
Theorenj 2]1. Defind : X — X by

Jh@ub)::%h(&LQQ

and note that
|Jg(a,b) — Jh(a,b)|| < rd(g,h)e(a,b)
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forall a,b € A. Thus

179 = Jhl| < rd(g, h)
and soJ is a contraction. Now, by a similar method used in the proof of Theprem 2.1 together
with (2.8), we can see that the functiéh: A2 — B defined by

1
H(a,b) = lim 2—nf(2"a, 2"b); a,be A,

n—:uoo

is additive and indeed it is the unique Lie Banablomomorphism that holds in the condition
(2.5). This completes the prods.

3. STABILITY OF LIE DERIVATIONS ON BANACH *-ALGEBRAS

In this section we want to investigate the Hyers-Ulam stability of Lie derivations for special
functional equations acting on Bané&edigebras.
If Ais a Lie Banachalgebra, therD : A2 — A? satisfying

D([(a,0), (¢, d)]) = [D(a, ), (¢,d)] + [(a, 1), D(c, d)]

forall a,b,c,d € A, is called a Lie derivation od?. Also, if A is a Lie Banach- algebra, then
D is called a Li¢ derivation onA? wheneverD is a Lie derivation withD(a, b)* = D(a*, b*)
forall a,b € A.

Theorem 3.1. Suppose thatl is an Banach-algebra andf : A2 — A? is a mapping such
that £(0,0) = (0,0). Also, lety : A> — [0, 00) be a function satisfying the conditign (2.1) of
Theoreni 211 and

(3.1) 1(f(a,0))" = f(a®, b)|| < ¢(a,b)

forall a,bin A. Also, let

(3.2) 1/ ([(a, ), (¢, D)) = [f(a,b), (¢, )] = [(a,b), f(c, D] < plac, bd)

forall a,b, c,d in A. Suppose that there exisis< » < 1 such that

(3.3) o(a,b) < p(2a,20)

N3

for all a,b in A. Then there exists a unique Liderivative D : A> — A? satisfying the
following condition:

(3.4 I£(0,5) = Dl@,D)] < +—p(a.b)
forall a,b € A.

Proof. By a similar method used in the proof of Theorgm| 2.1, Bor= A2, we can that there
exists a uniqu& —linear mappingD : A? — A? satisfying the relatior] (3]4). Note that is
given by

D(a,b) = lim 2"f(a b)

N—— 00 2n’ on
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forall a,b € A. Now, by using the relatior (3.2], (3.3) we get
HD([(a’v b)’ (C, d)]) - [D(CL, b)? (C’ d)] - [(a’v b)’ D<Cv d)] ”
= lim, o 471 |52, 52)
UG ) ()] = [Go) f (o))

< lim, o 4"

s}

HenceD : A2 — A?is the unique Lié derivative satisfying the desired conditions. Now the
proof is completen

Theorem 3.2. Suppose thatl is a Banach-algebra andf : A> — A% andy : A> — [0, 00)
be two mappings satisfying

[uf(a+c,b+d) — f(ua, ub) — f(uc, pd)|| < @(a+c,b+d),
1/([(a,0), (¢, d)]) = [f(a,b), (c,d)] = [(a,b), f(c,d)]|| < p(ac, bd)

and
||f(a’ b)* - f(a*vb*)H < SO(CL? b)

for all scalarsy with || = 1 and alla, b, ¢, d in A. Suppose that there exisis< » < 1 such
that

¢(2a,2b) < 2rp(a,b),

for all a,b in A. Then there exists a unique tiderivative D : A? — A? satisfying the
condition

I£(a,) = Do, b < T——(ab)

forall a,b € A.

Proof. By a similar method used in the proof of Theorem 2.2,Bor= A2, we can see that the
mappingD : A2 — A? defined by

1
D(a,b) = lim 2—nf(2”a, 2"b); a,b e A,

n—aoo
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is the uniqueC—linear mapping such thatf (a,b) — D(a,b)|| < =¢(a,b) for all a,b € A.
Also, we note that

1D([(a, ), (¢, d)]) = [D(a,b), (c, d)] [(a,0), D(c, d)]|
= lim, .o 3 || f([4"(a,0). 4" (c,d)]) — [f(2"a, 2"D), (55 57 )]
_'[(£2>2n) f(2", 2nd)}’
< lim,__, 4—ngp(4”ac, 4"bd)
< lim, oo (r™)?p(ac, bd)
=0

forall a,b,c,din A. Also, clearly(D(a,b))* = D(a*,b*) forall a,b € A. ThusD is indeed a

Lie*
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