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1. I NTRODUCTION

Let X be a metric measure space which is equipped with distance functiond and Borel
measureµ. Here the measureµ satisfies thegrowth condition:

(1.1) µ(B(a, r)) ≤ C rn

for every ballB(a, r) with centera ∈ X and radiusr > 0. Researchers often refer this type
of measure as a growth measure. In the equation (1.1),n is less than or equal to the dimension
of X, meanwhileC is a positive constant which does not depend onx andr. In the rest of this
paper,C will be used to denote positive constants that may be different from one line to another.

With the growth measure, we define themaximal operator

(1.2) Mf(x) := sup
r>0

1

µ(B(x, 2r))

∫
B(x,r)

|f(y)| dµ(y) (x ∈ supp(µ))

(as in [8]) and thefractional integral operator

(1.3) Iαf(x) :=

∫
X

f(y)

d(x, y)n−α
dµ(y)

(as in [3]). Note that0 < α < n. In [3], it has been proved that the fractional integral operator
satisfies the weak type(1, q) on Lebesgue spaces over metric measure spaces. Meanwhile, in
[10], it has been proved the weak type(1, 1) inequality for the maximal operator on Morrey
spaces over metric measure spaces. Morrey spaces over Euclidean spaces were first introduced
by C.B. Morrey in [6]. For certain condition, Morrey spaces reduce to Lebesgue spaces. In
this paper, we will generalize the results of [3] and [10] on the generalized Morrey spaces over
metric measure spaces.

2. WEAK TYPE I NEQUALITIES FOR THE M AXIMAL AND FRACTIONAL I NTEGRAL

OPERATORS

Denote byB(µ) the set of all balls with positiveµ-measure. Letφ : (0,∞) → (0,∞) be
an almost decreasing function, that is, there is a positive constantC such that the inequality
φ(s) ≥ Cφ(t) holds whenevers < t. For 1 ≤ p < ∞, we define thegeneralized Morrey
space over metric measure spacesMp,φ(µ) := Mp,φ(X, µ) to be the set of all functions in
f ∈ Lp

loc(µ) such that

‖f‖Mp,φ(µ) := sup
B∈B(µ)

1

φ(µ(2B))

(
1

µ(2B)

∫
B

|f(y)|p dµ(y)

)1/p

< ∞.

To find our results on generalized Morrey space over metric measure spaces, we provide the
following lemma which is adopted from [2].

Lemma 2.1. Let w be any positive weight onX. Then, for any functionf ∈ L1
loc(µ), we have

the inequality

(2.1)
∫
{x∈X:Mf(x)>γ}

w(x) dµ(x) ≤ C

γ

∫
X

|f(y)|Mw(y) dµ(y).

Our first result is the following lemma. Analogous results on the Euclidean spaceRd can be
found in, for examples, [4, 7, 9].

Lemma 2.2. For t > 0, let g : t → tn andΦ(t) = φ(g(t)). If Φ satisfies
∫∞

r
Φ(t)

t
dt ≤ C∗Φ(r)

for r > 0 andC∗ > 0, then for any functionf onM1,φ(µ) and any ballB(a, r) onX we have

(2.2)
∫

X

|f(x)|MχB(a,r)(x) dµ(x) ≤ Crnφ(rn)‖f‖M1,φ(µ).
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Proof. Let χB(a,r) denote the characteristic function ofB(a, r). Then, for anyf ∈ M1,φ(µ),
we have∫

X

|f(x)|MχB(a,r)(x) dµ(x)

≤
∫

B(a,2r)

|f(x)|MχB(a,r)(x) dµ(x) +
∞∑

k=1

∫
B(a,2k+1r)\B(a,2kr)

|f(x)|MχB(a,r)(x) dµ(x)

≤ C

∫
B(a,2r)

|f(x)|+
∞∑

k=1

∫
B(a,2k+1r)\B(a,2kr)

2−kn|f(x)| dµ(x)

≤ C
[
µ(B(a, 4r))φ(µ(B(a, 4r)))‖f‖M1,φ(µ)

]
+ C

[
∞∑

k=1

2−knµ(B(a, 2k+2r))φ(µ(B(a, 2k+2r)))‖f‖M1,φ(µ)

]

= C

∞∑
k=0

2−knµ(B(a, 2k+2r))φ(µ(B(a, 2k+2r)))‖f‖M1,φ(µ).

By the growth condition, we find that

∫
X

|f(x)|MχB(a,r)(x) dµ(x) ≤ C
∞∑

k=0

2−kn(2k+2r)nφ(C1(2
k+2r)n)‖f‖M1,φ(µ)

= Crn‖f‖M1,φ(µ)

∞∑
k=0

φ(C1(2
k+2r)n)

= Crn‖f‖M1,φ(µ)

∞∑
k=0

Φ(2 n
√

C1(2
k+1r)).

As φ is almost decreasing,Φ is also almost decreasing. Hence,

∫
X

|f(x)|MχB(a,r)(x) dµ(x) ≤ Crn‖f‖M1,φ(µ)

∞∑
k=0

Φ( n
√

C1(2
k+1r))

= Crn‖f‖M1,φ(µ)

∞∑
k=0

Φ(C2(2
k+1r)).

Now, notice that for2kr ≤ t ≤ 2k+1r we have

Φ(C2(2
k+1r)) ≤ C3Φ(C2(t)

and

Φ(C2t) = Φ( n
√

C1(t) = φ(C1
ntn) ≤ C4φ(tn) = C4Φ(t).
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As a result, we obtain∫
X

|f(x)|MχB(a,r)(x) dµ(x) ≤ Crn‖f‖M1,φ(µ)

∞∑
k=0

∫ 2k+1r

2kr

Φ(C2t)

t
dt

≤ Crn‖f‖M1,φ(µ)

∞∑
k=0

∫ 2k+1r

2kr

Φ(t)

t
dt

≤ Crn‖f‖M1,φ(µ)

∫ ∞

r

Φ(t)

t
dt

≤ CrnΦ(r)‖f‖M1,φ(µ)

≤ Crnφ(rn)‖f‖M1,φ(µ).

So, we have done.

The above lemma enables us to prove the following weak type (1,1) for the maximal operator.

Theorem 2.3. Let φ satisfies the condition given in Lemma 2.2. For anyγ > 0 and any ball
B(a, r), we have

(2.3) µ{x ∈ B(a, r) : Mf(x) > γ} ≤ C

γ
rnφ(rn)‖f)‖M1,φ(µ).

Proof. By applying Lemma 2.1 and 2.2, we obtain

µ ({x ∈ B(a, r) : Mf(x) > γ}) =

∫
{x∈X:Mf(x)>γ}

χB(a,r) dµ(x)

≤ C

γ

∫
X

|f(x)|MχB(a,r)(x) dµ(x)

≤ C

γ
rnφ(rn)‖f‖M1,φ(µ),

as desired.

Now, we will present the weak type(1, q) inequality for the fractional integral operator.

Theorem 2.4. Let 0 < α < n, 0 ≤ λ ≤ n − α for someλ, and 1
q

= 1 − α
n−λ

. Also, fort > 0,

let g : t → tn andΦ(t) = φ(g(t)). If Φ satisfies the condition
∫∞

R
tα−1Φ(t) dt ≤ CRλ+α−n for

any positiveR, then the inequality

(2.4) µ ({x ∈ B(a, r) : |Iαf(x)| > γ}) ≤ Crnφ(rn)

(‖f‖M1,φ(µ)

γ

)q

holds for anyf in ‖f‖M1,φ(µ), any ballB(a, r) in X, and any positiveγ.

Proof. For everyx ∈ B(a, r), we have

|Iαf(x)| ≤
∫

B(x,R)

|f(y)|
d(x, y)n−α

dµ(y) +

∫
X\B(x,R)

|f(y)|
d(x, y)n−α

dµ(y)

= A1 + A2.
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The estimate forA2 is as follows.

A2 ≤
∫

d(x,y)≥R

|f(y)|
d(x, y)n−α

dµ(y)

≤
∞∑

k=0

∫
B(x,2k+1R)\B(x,2kR)

|f(y)|
d(x, y)n−α

dµ(y)

≤
∞∑

k=0

1

(2kR)n−α

∫
B(x,2k+1R)

|f(y)| dµ(y)

=
∞∑

k=0

22n(2kR)α

(2k+2R)n

∫
B(x,2k+1R)

|f(y)| dµ(y).

Sinceµ satisfies the growth condition andφ is almost decreasing, we have

A2 =
∞∑

k=0

22n(2kR)α

µ(B(x, 2k+2R))

∫
B(x,2k+1R)

|f(y)| dµ(y)

≤ C‖f‖M1,φ(µ)

∞∑
k=0

(2kR)αφ(C1(2
k+2R)n)

≤ C‖f‖M1,φ(µ)

∞∑
k=0

(2kR)αΦ(2 n
√

C1(2
k+1R))

≤ C‖f‖M1,φ(µ)

∞∑
k=0

(2kR)αΦ(C2(2
k+1R)).

Now, for 2kR ≤ t ≤ 2k+1R with k = 1, 2, ..., we have

Φ(C22
k+1R) ≤ C3Φ(C2t) ≤ C4Φ(C22

kR)

and
(2kR)α ≤ tα ≤ (2k+1R)α.

Furthermore,

Φ(C2t) = Φ( n
√

C1t) = φ(C1
ntn) ≤ C4φ(tn) = C4Φ(t),

which gives us

(2kR)αΦ(C2(2
k+1R)) ≤ C

∫ 2k+1R

2kR

tα−1Φ(C2t) dt ≤ C

∫ 2k+1R

2kR

tα−1Φ(t) dt.

As a result, we obtain

A2 ≤
∫

d(x,y)≥R

|f(y)|
d(x, y)n−α

dµ(y)

≤ C‖f‖M1,φ(µ)

∞∑
k=0

∫ 2k+1R

2kR

tα−1Φ(t) dt

≤ C‖f‖M1,φ(µ)

∞∑
k=0

∫ ∞

R

tα−1Φ(t) dt

≤ CRλ+α−n‖f‖M1,φ(µ).
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Let CRλ+α−n‖f‖M1,φ(µ) := γ
2
. SinceA2 ≤ γ

2
, we have

{
x ∈ B(a, r) : A2 > γ

2

}
= ∅. This

means thatµ
({

x ∈ B(a, r) : A2 > γ
2

})
= 0. Finally, by using the fact that

{x ∈ B(a, r) : |Iαf(x)| > γ} ⊂
{

x ∈ B(a, r) : A1 >
γ

2

}
∪
{

x ∈ B(a, r) : A2 >
γ

2

}
,

and Lemma 2.2, we can obtain the weak estimate(1, q) for Iα:

µ({x ∈ B(a, r) : |Iαf(x)| > γ})

≤ µ
({

x ∈ B(a, r) : A1 >
γ

2

})
= µ

({
x ∈ B(a, r) :

∫
B(x,R)

|f(y)|
d(x, y)n−α

dµ(y) >
γ

2

})
≤ 2

γ

∫
B(a,r)

∫
B(x,R)

|f(y)|
d(x, y)n−α

dµ(y) dµ(x)

≤ 2

γ

∫
X

∫
B(x,R)

|f(y)|
d(x, y)n−α

χB(a,r)(x) dµ(y) dµ(x)

=
2

γ

∫
X

|f(y)|
(∫

B(y,R)

χB(a,r)(x)

d(x, y)n−α
dµ(x)

)
dµ(y)

=
2

γ

∫
X

|f(y)|

(
−1∑
−∞

∫
B(y,2k+1R)\B(y,2kR)

χB(a,r)(x)

d(x, y)n−α
dµ(x)

)
dµ(y)

≤ 2

γ

∫
X

|f(y)|

(
−1∑
−∞

1

(2kR)n−α

∫
B(y,2k+1R)

χB(a,r)(x) dµ(x)

)
dµ(y)

≤ C

γ

∫
X

|f(y)|

(
−1∑
−∞

(2kR)α

µ(B(y, 2k+2R))

∫
B(y,2k+1R)

χB(a,r)(x);.µ(x)

)
dµ(y)

≤ C

γ

∫
X

|f(y)|RαMχB(a,r)(y) dµ(y)

≤ C

γ
Rαrnφ(rn)‖f‖M1,φ(µ).

Notice that
Rα

γ
‖f‖M1,φ(µ) = CRn−λ =

(‖f‖M1,φ(µ)

γ

)q

.

This equation give us

µ ({x ∈ B(a, r) : |Iαf(x)| > γ}) ≤ Crnφ(rn)

(
Rα‖f‖M1,φ(µ)

γ

)
= Crnφ(rn)

(‖f‖M1,φ(µ)

γ

)q

,

which is the desired inequality.

3. HEDBERG TYPE I NEQUALITY

Hedberg type inequality estimates the fractional integral operator by taking into account the
maximal operator. The original work on the Hedberg inequality can be found in [5]. Here we
present one on the generalized Morrey spaces.
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Theorem 3.1. For t > 0, let g : t → tn andΦ(t) = φ(g(t)). If 0 < α < n, 0 ≤ λ ≤ n− α for
someλ, and

∫∞
R

tα−1Φ(t) dt ≤ CRλ+α−n for any positiveR, then we have

(3.1) |Iαf(x)| ≤ C(Mf(x))1−α/(n−λ)‖f‖M1,φ(µ)α/(n−λ) .

Proof. Let x ∈ X andf ∈M1,φ(µ). Then, for any positiveR, we can write

|Iαf(x)| ≤
∫

B(x,R)

|f(y)|
d(x, y)n−α

dµ(y) +

∫
X\B(x,R)

|f(y)|
d(x, y)n−α

dµ(y)

= A1 + A2.

By applying the growth condition ofµ, we find an estimate forA1, that is

A1 =

∫
d(x,y)<R

|f(y)|
d(x, y)n−α

dµ(y)

=
−1∑

k=−∞

∫
2kR<d(x,y)≤2k+1R

|f(y)|
d(x, y)n−α

dµ(y)

≤
−1∑

k=−∞

1

(2kR)n−α

∫
B(x,2k+1R)

|f(y)| dµ(y)

≤ C
−1∑

k=−∞

Rα2kα

µ(B(x, 2k+2R))

∫
B(x,2k+1R)

|f(y)| dµ(y)

≤ CRαMf(x).

Meanwhile, we estimateA2 as follows:

A2 =

∫
d(x,y)<R

|f(y)|
d(x, y)n−α

dµ(y)

=
∞∑

k=0

∫
2kR≤d(x,y)<2k+1R

|f(y)|
d(x, y)n−α

dµ(y)

≤
∞∑

k=0

1

(2kR)n−α

∫
B(x,2k+1R)

|f(y)| dµ(y)

=
∞∑

k=0

(2kR)α22n

(2k+2R)n−α

∫
B(x,2k+1R)

|f(y)| dµ(y).
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Again, sinceµ is the growth measure, we obtain

A2 ≤ C
∞∑

k=0

(2kR)α

µ(B(x, 2k+2R))

∫
B(x,2k+1R)

|f(y)| dµ(y)

≤ C
∞∑

k=0

(2kR)αφ(µ(B(x, 2k+2R)))

∫
B(x,2k+1R)

|f(y)| dµ(y)

≤ C‖f‖M1,φ(µ)

∞∑
k=0

(2kR)αφ(C1(2
k+2R)n)

= C‖f‖M1,φ(µ)

∞∑
k=0

(2kR)αΦ(2 n
√

C1(2
k+1R))

≤ C‖f‖M1,φ(µ)

∞∑
k=0

2kR
α
Φ(C2(2

k+1R))

≤ C‖f‖M1,φ(µ)

∞∑
k=0

∫ 2k+1R

2kR

tα−1Φ(t) dt

≤ C‖f‖M1,φ(µ)

∫ ∞

R

tα−1Φ(t) dt

≤ CRλ+α−n‖f‖M1,φ(µ).

Now, by lettingR =
(

Mf (x)

‖f‖M1,φ(µ)

) 1
λ−n

, we find that

|Iαf(x)| ≤ CRα
(
Mf(x) + Rλ−n‖f‖M1,φ(µ)

)
= C(Mf(x))1−α/(n−λ)‖f‖α/(n−λ)

M1,φ(µ)
.

This completes the proof.

By having the Hedberg type inequality in Theorem 3.1 and the weak type(1, 1) inequality
for maximal operator in Theorem 2.3, we can have an alternative proof for the weak type(1, q)
for the fractional integral operator in Theorem 2.4. The alternative proof goes as follows.

Proof. (of Theorem 2.4) It follows from Theorem 3.1 that if|Iαf(x)| > γ, then we have

Mf(x) >

 γ

C‖f‖α/(n−λ)

M1,φ(µ)

q

.

Now, by applying Theorem 2.3, we obtain

µ({x ∈ B(a, r) : |Iαf(x)| > γ})

≤ µ

x ∈ B(a, r) : Mf(x) >

 γ

C‖f‖α/(n−λ)

M1,φ(µ)

q


≤ C

‖f‖α/(n−λ)

M1,φ(µ)

γ

q

rnφ(rn)‖f‖M1,φ(µ)

= Crnφ(rn)

(‖f‖M1,φ(µ)

γ

)q

,
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for any ballB(a, r) in X.

4. CONCLUDING REMARKS

We have proved weak type inequalities for the fractional integral operators on generalized
Morrey spaces over metric measure spaces in two different ways, with and without the Hedberg
type inequality. For the strong type inequalities, the use of Hedberg type inequality is common
(see, for instance, [1]), although it is not always applicable (see, for instance, [11]). Note that
the maximal operator plays an important role, especially when we choose to use the Herberg
type inequality.
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