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ABSTRACT. Inthe present work, we deal with the biharmonic problems in a bounded domain in
the plane with the nonlinear boundary integral conditions. After applying the Boundary integral
method, a system of nonlinear boundary integral equations is obtained. The result show that
when the nonlinearity satisfies some conditions lead the existence and uniqueness of the solution.
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1. INTRODUCTION

Problems involving nonlinearities form a basis of mathematical models of various phenom-
ena and processes in mechanics, physics and many other areas of science.

In the paperl[7] and [8]), a nonlinear boundary conditions for the Laplace equation is consid-
ered. Using the boundary integral method the problem is converted into a nonlinear integral
equation for the unknown data of the boundary. For studying the solvability of the nonlinear
equation the authors give some assumption on the nonlinearity part.

The purpose of the present paper is to see the feasibility of extending the apprdach in [7] and
[8]), for the Laplace equation to the biharmonic equation.

The biharmonic equations are an important class of equations in both physics and engineer-
ing. In fluid dynamics, the so-called stream function satisfies the biharmonic equation. Many
problems in elasticity can also be formulated in terms of the biharmonic equation where the
fundamental physical quantities such as displacement, stress, and strain all satisfy the bihar-
monic equation. There have been extensive research activities on the biharmonic equation both
theoretically and computationally (see, for example, [5], [9]).

In the present paper, we look for the solution of the Bilaplacian equation with nonlinear data
of the form:

(1.1) Au(z) =0 , z€Q,
(1.2) Aulz) = — /F Ky (2, uly), duly)) ds, + f(z) , z €T,
(1.3) —OpAu(z) = — /1“ Ky (z,u(y), Opu(y)) dsy, + g(x) , x €I

We denote by: = (ny,n) the unit outward normal vector , and the normal derivative by

On(.) =5

The given functiong € H—2 (') andg € H~: (I') are defined off" .
The boundary operatofa\) , (—9,A) and(A?) are defined by

Pu  O%u
Au = 8_13% + a_l’%
9*> 0*u  0*u 9? Pu  0%u
Ay =
B 8:1:%((%% * 8x%> * 8x§(8x§ i 8x%>
0Au 0Au
-0, Au = —ny 0z, — Ty o5

physically, (Au) is the bending moment ando, A is the transverse force consisting of the

shear force and twisting moment . Forc H2((2) we have that|r € H2(I') andd,ulr €

H:(T).

In (1.1), we assum@ is an open bounded region R? with a smooth boundaryy = 92 , and
f:IT—-R , Kij:TxRxR—-=R
g:I'=R , Ke:I'xRxR—-=R

are given real value functions with some precise assumptiods; on = 1, 2 that we will state
below.

Now integration by parts leads to the first Green formula in the form

(1.4) /(A%vdw = a(u,v) — / {0wv.Au — v.0,Au} ds, X e
Q r
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where the bilinear forma(u, v) is defined by
(1.5) a(u,v) = / AuAvdz.
Q

We note that the bilinear form(.,.) is well defined for functions inF7?(2). Now letu €
H?(Q, A?) where

H*(Q,A?) = {u e H*(Q); A*ue H2(Q)}
with H~2(9) denoting the dual space &f2(2) and choose € H2($)). Then the above Green
formula holds and by duality argument one shows thate H—2(I") and—d,Au € H~2(T')

are well defined, wher&f —2(I") and 2 (I") are the dual spaces &fz (I') andH 2 (T'), respec-

tively.

By the integral equation method, we formulate a system of nonlinear integral equations on the
boundaryl” of the domain2. Under some assumptions on the Kernel of the nonlinear integral
equationsX; (x, u, 0,u) we prove the existence and uniqueness of the solution.

Definition 1.1. (seel[1], [3], [5], and[10]).
Letm € N, we denote by (2) the Sobolev space

H™(Q) = {u € L*(Q); D*u € L*(Q), |a| <m}.

Definition 1.2. (seel[1], [3], [5], and[10]).
Lets € R, we denote by7*(R") the Sobolev space :

H*(R™) = {u € L*(R"); (1 + [¢]°)2
and the associated norm:

Flu]| € L*(R™)},

we= ([ (1P IF P,
with F'[.] the Fourier transform.

Definition 1.3. ,(seel[1], [3], [5], and[[10]).
Let ) ¢ R™ a bounded domain arid:= 0f2, we defined

H(Q) ={ulg:ue H(R")},seR

{ {ulr :w e HF2(R")},s >0
H*(T) =

[l

LQ(F), s=0 .
(H=*(T"))" (dual space) < 0
2. THE BOUNDARY INTEGRAL METHOD

For reformulate the problem (1., 1.2 gnd]|1.3) as a system of nonlinear boundary integral
equations, we start with the Green representation formula of a weak solutiét{ i)

(2.1) u(z) = V(Au, —0,Au)(x) — W(u, dyu)(z) ,z €,
in term of simple and double layer potentiels [3], and [5]. Here
V:H 2() x H2(I) — H*Q) andW: H2(I') x Hz(I') — H*(Q)

are continuous operators defined by

V(Au, —0,Au)(x) = /F {E(z,y)(—0,Au(y)) + 0n, E(z,y)(Au(y)) } ds,, ©€R*\T,
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W(u, dpu)( /{AEmy@u() O, AE(z,y)u(y)} ds,, v € R*\T
where
1 2
2.2 E = — |z — 1 —
(2.2) (@,9) = g |z —yl log|a —y|

is the fundamental solution of the biharmonic equation.
Lettingx — I' frominsidef?, and following the standard procedure in potential theory involving
jump relations, we obtain the following integral equationd osee [3], and [5]):

= /r {E(z,y).(=0,Au(y)) + 0n, E(z,y).Au(y) } ds, + %u(x)

(2.3) /{ (AyE(z,Y))0n,u + (=0, AE(z,y)).u(y) } ds,,

outa) = [ {250 -0, + (G2 (o y)Au<y>} dsy + S0nu(z)

@)~ [{ A0 u0) + G (0,8, Bl i)uls) | s,

In present time, in order to formulate the integral equations, we define the following operators
at the boundary:

Definition 2.1. Letu € C'* (I"). We define the following operators fore I':
Kuu(@) = [ (-0.8)Bla.)un)ds,
r

Vi20pu(x) = —/AyE(:c,y)aa—ds
r v

Duu(e) = [ 5 (0,8 B n)ulw)ds,
KQQ&nU(I‘) = 8%28 ’U,(l’)
oF

Visdu(r) = [ G5 y)duy)ds,

- /FE(:I:, y) (=0 A)u(y)ds,

)

VosAu(z) = 0,VisAu(x)
) = 0,V1(—0 A) ( )
)

- /K 2, u(y), yuly)) dsy i = 1,2

The mapping properties of the integrals operators are collected in the following lemma.
Lemma 2.1. (se€]1], [3], [5], and[10Q]) . The operators defined by :
Kll : H? (F) — H° (F) 5 D21 : H? (F) — Hs_l (F)

Vig: H*(T') — H*™'(T'), Viz: H*(I) — H** ()
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Vig : H* (') — H*'3 ('), Voz: H* (') — HsH (I')
Vay : H¥ (T') — H*" ('), Koy : H*(T) — H*(T)
are continuous.
For the problem[(1]1, 1.2 arid 1.3) as integral equations at the bouilidamg consider
u € H? (£, A?) satisfying the boundary conditions of the problgm|(fL.1], 1.2 ar{d 1.3).

If we introduce in the system (2.3) arjd (2.4) the given functions and the unknown functions on
I" such that:

{ u(x) :) i(x) (unknown function) .

Onu ( (x) (unknown function)

and
{ Au(z) = Ay (z,u(z), au( )+ f(x), zeT
-0 Au(z) = As(z,u(x),Opu(z)) +g(x), €T

the equation (2]3)anfl (2.4) may be written as

(31 + Ku)v — Visw + VigAs(z, v, w) + VigAy (z, v, w) = Vigg + Visf
D21v + ( I — Kyp)w + Vag Aoz, v,w) + Vag Ay (x,v,w) = Vagg + Vagf -

This system of equations can be written in a matrix form as follows

[%HKH Vi Hv(x)%[m v13HA2<x,v,w>]:

—Dy 31— Ky w(z) Vog Vs Ay (z,v,w)
Vig Vi3 g9(z)
Vog Vas || f(x))
(2.5) L(U)+V(AU)) =V(F)onT,
where
I — I+ Kn —Vi2 v Viae Vis A= As(z,v,w)
—Dy 31— Ky |’ Vou Vaz |’ Ay (z,v,w)
and

~(2)r-(1)

For studying the solvability of the nonlinear equatipn{2.5) , we give some assumptions to
be made here.
(H1) The Kernelsk, (., .,.) andK,(., ., .) are a Caratheodory functions.
(H2) We assume that for all € T,

Ki(z,.,.):RxR—=R, Ky(z,.,.) : RxR—=R

are differentiable and the derivatives are bounded satisfying

K K
0<a<?oycis |@y<g

ov

OK oK
D<a<—2<ly<4o00,|—=—2|<p

ow ov

for some constants, g and/;, : = 1,2 with o > (3.
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Remark 2.1. 1) The functionsK, (., .,.) and Ks(., .,.) are Caratheodory functiori$il) (i.e)
Ki(.,v,w) andK(.,v,w) are measurable for alb, w) € R x RandK(z, .,.), Ky(z,.,.) are
continuous for almost alf € I'.

2) The assumptiofH2) implies that the Nemytski operator
A: L*(T') x L*(I') — L*(I") x L*(T)

is Lipschitz continuous and strongly monotonous.
From the Lagrange’s mean value theorem, there ex|sts, such that:

Ki(v,w) — K;(v,w') = (Ki(v,w)— K;(v,w))+ (Ki(v',w) — K1(¢v',w"))
K1 (¢ w) OK1 (v, ()

= T(U—U)JFT(U}—U)),

then

(v —=2")(A1(v,w) — A (v, w")) > mes(T)(a|v— 2/|2 — Blo—=2"||w—w')
> mes(D)(alo —v/* = 5810~ o[ = J8 1w —w?),

such that ) .
|a.b| < 3 Jal® + 3 b
In the same manner it can be shown that

(w —w")(As(v,w) — Ay (v, w")) > mes(T)(a|w — w’|2 — %ﬁ v — v'|2 — %5 lw — w'|2).

Finally combining these inequalities, we obtain

(U -=UAU) - AU") = ((v="'),Ai(v,w) — 4 (v, )
+ ((w—w'"), Ay(v,w) — Ay (v, w"))
> mes(T)(a = B)(|lv —v'|* + lw —w'|*)
> mes(L)(a— ) IU = U'llg.

with U = (v,w),U’ = (v, w') € L*(T") x L*(T") Hence the operatot(U) is strongly monoto-
nous.
For the continuity of the Nemytski operatd(U)

‘Kl(va ’LU) - Kl(vl7 w/)‘

(K1 (v, w) = K1 (v, w)) + (K (v, w) — Ki (v, w'))]
|8K1(C1,’LU) (U aKl(U/7<2>
ov ow

Lilo=20]46lw—w|
Maz{ly, B}(|v — V'] + |w — w'])

h(lo =] + [w —w')),

— )+ (w —w')l

IA A A

then we have
AL (U) = AU < mes(D)L [|[U = U'] -
In the same manner, it can be shown that
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[A2(U) — Ao (U")]| < mes(D)lo [|U = U',,
then we get

IAU) = AUl < mes(T)(lh + ) [U = U'lly,

which proves that the operatot is Lipschitz continuous fot/' = (v,w), U’ = (v/,w') €
L3(T') x L*(T).

Based on this property we can consider the solvability of (2.5).

Theorem 2.2. Let assumptiongH1) and (H2) hold. Then, for every’ = (g, f) € H2 (I') X
H~2 (T') there exists a uniqu&’ = (v, w) € H2 (I') x Hz (I') such that

LU)+V(AU))=V(F)onT.

Proof. The proof follows from the well-known theorem by Browder and Minty on monotone
operators (see [2] and![6]).
Since the simple layer potential operatorlon

V:H :T)x H2(T)— H2 (') x Hz ()
is an isomorphism it is sufficient to consider the unique solvability of equation
(2.6) TU =V 'LU + AU = FonT.

We shall prove that the operator
1

T:H:(T)x Hz (I') — H 2 (I') x H 2 (T

is continuous and strongly monotonous.

i- in the first we show thal" is continuous:

It is clear from the continuity of the mapping properties of the simple layer opevatond L
by the Lemmé& 2]1 , that

VL H:(T) x H2 (I') — H 2 (') x H2 ()
is continuous. And from (H2)
A:H2 (D) x H2 () — H 2 (') x H™ 2 (T
is continuous. Hence the boundary integral operator
T:H2(T)x Hz (T') — H 2 (') x H™2 (T

is continuous.

ii- In the second we show thdt is strongly monotonous operator.
Let = (g, py) € H2 (T') x H~2 (T') defined by

(z) == VLU (x),
forall U(z) = (v,w) € Hz (T) x Hz (T, is the(Ay, —9,Ay) of the biharmonic function
ola) = V(Ap(z), ~Dup(2) ~ W(p(z), 27

)
= Vu(zx) — WU (x)

=
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for z € Q, this means thap(z) satisfies the problem
A?p(x)=0 , z€Q
plx)=v ,zel

g‘p—w,xeF
mn

Then Green’s theorem yields

(V-ILU,U) fulvds—l—f;Ldes

= —f8 Agp(pds - ngo—‘ﬁds

—M@@

Hence, the linearity of —* L implies that for alll/, U’ € H2 (I') x

Hz (I)

VLU~ U)U-T") = ale—go—)
- / (Alp — ).

In an other hand, we have
!
lo =l < U = Ul -3 oy ry <

Hence,

(TU —=TU', U - U') = (AU — AU, U-U")+

<cl||U - U/HO

LU -U)U-U")
D) a=B) U =U'llg+ale — ¢ 0 —¢)
(I)

> mes

> mes(T)(a — B) U = U"[
mes(T)

2 2 (a—B) H90—<Pl|’12qQ(Q)
mes(I)

> ") o -0

H3 (T)xH? (T)

by the trace theorem (see€ [3] and [5] ). Which completes the pwpoof.
Conclusion 1. Finding weak solution: € H?(2) of problem [ 1]2, arld 1.3 ) is composed

in three steps.

- Firstly, a system of nonlinear boundary integral equati 25 is solve(ﬂm‘%) on the

boundaryl™ .

- In the next step, boundary differential operatdrsu, —d,,Au) are deduced from formula (

L.Jand 1.2).

- The last step consists on determining:) at any pointz € 2 by formulg 2.1L.
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