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1. I NTRODUCTION

LetA = A(∆) denote the class of all analytic functions in the open unit disc∆ := {z ∈ C :
|z| < 1}.

Consider

(1.1) Ω = {w ∈ A : w(0) = 0 and |w(z)| < 1}(z ∈ ∆),

the class of Schwarz functions.
For0 ≤ α < 1,let

(1.2) P (α) = {p ∈ A : p(0) = 1 and Re(p(z)) > α}(z ∈ ∆).

Note thatP = P (0) is the well-known Caratheodory class of functions. The classes of Schwarz
and Caratheodory functions play an extremely important role in the theory of analytic functions
and have been studied by many authors. It is easy to see that

(1.3) p ∈ P (α) if and only if
p(z)− α

1− α
∈ P (α).

Any two analytic functionsf andg, the functionf is subordinate to the functiong, are written
f ≺ g, provided there is an analytic functionw(z) defined on∆ with w(0) = 0 and| w(z) |< 1
such thatf(z) = g(w(z)). In particular, if the functiong is univalent in∆, thenf(z) ≺ g(z) is
equivalent tof(0) = g(0) andf(∆) ⊂ g(∆).

Let
∑

denote the class of all meromorphic univalent functions having the form:

(1.4) f(z) =
1

z
+

∞∑
n=1

anz
n.

which are analytic in the punctured unit disk∆∗ = {z ∈ C : 0 < |z| < 1} = ∆ − {0}.
Denote by

∑+ the subclass of
∑

consisting of functions of the form

(1.5) f(z) =
1

z
+

∞∑
n=1

anz
n (an ≥ 0), z ∈ ∆∗.

A functionf is meromorphically multivalent starlike of orderα(0 ≤ α < 1) see [1] if

−Re(zf
′(z)

f(z)
) > α, z ∈ ∆∗.

The class of all such functions is denoted
∑∗(α). If f is given by (1.4) andg is given by

g(z) =
1

z
+

∞∑
n=1

bnz
n,

we define the Hadamard product or convolution off andg by

f(z) ∗ g(z) =
1

z
+

∞∑
n=1

anbnz
n = g(z) ∗ f(z) (z ∈ ∆∗).

Now, for functionsf(z) ∈
∑

in the form (1.4) we define the linear operatorDk
λ studied by A.

S. Juma and Fateh S. Aziz [4] forp = 1, Dk
λ :

∑
→

∑
as follows

D0
λf(z) = f(z)

and
Dk

0f(z) = f(z) (0 ≤ λ < 1; k ∈N0 =N ∪ 0; z ∈ ∆∗)

D1
λf(z) = Dλ = (1 + λ)f(z) + λnf(z),
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or

Dλ =
1

z
+

∞∑
n=0

(1 + λ+ λn)anz
n,

therefore,

(1.6) Dk
λf(z) =

1

z
+

∞∑
n=0

(1 + λ+ λn)kanz
n,

(1.7) Dk
λf(z) =

1

z
+

∞∑
n=0

µ(λ, n)anz
n,

where
µ(λ, n) = (1 + λ+ λn)k.

By simple calculations and using (1.7), we can easily verify that

(1.8) λz[Dk
λf(z)]

′
= Dk+1

λ f(z)− (1 + λ)Dk
λf(z).

In [17] Yuan, et. all defined an operatorIm,γ :
∑
→

∑
as follows:

(1.9) Im,γf(z) = fm,γ(z) ∗ f(z),

where

(1.10) fm,γ(z) ∗
1

z(1− z)m+1
=

1

z(1− z)γ
, (m > −1, z ∈ ∆∗).

From(1.9) and (1.10), we obtain

(1.11) Im,γf(z) =
1

z
+

∞∑
n=0

(γ)n+1

(m+ 1)n+1

anz
n,

where(a)n is the Pochhammer symbol defined as:

(a)0 = 1, (a)n = a(a+ 1)(a+ 2).....(a+ n− 1), (n ∈N).

For functions belonging to
∑

we define the linear operatorQk
λ,m,γ as the Hadamard product (or

convolution) of the operatorsDk
λ andIm,γ as follows:

Qk
λ,m,γf(z) = Im,γf(z) ∗Dk

λf(z)

=
1

z
+

∞∑
n=0

(γ)n+1

(m+ 1)n+1

µ(λ, n)anz
n,

or

(1.12) Qk
λ,m,γf(z) =

1

z
+

∞∑
n=0

ρ(λ,m, γ, n)anz
n,

where

ρ(λ,m, γ, n) =
(γ)n+1

(m+ 1)n+1

µ(λ, n).

Now,f is meromorphic close-to-convex function if there exist a functiong ∈
∑∗ such that

the following condition holds:

−Re(zf
′(z)

g(z)
) > 0, z ∈ ∆∗.
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Gao and Zhou [2] introduced and studied the classLs consisting of all the functionsh in A
such that

Re(
z2h′(z)

g(z)g(−z)
) < 0, z ∈ ∆∗,

whereg belongs to the classN∗(1/2) of analytic starlike functions of order1
2

(i.e. the class
of functionsg ∈ A which satisfy the inequalityRe(zg′(z)/g(z)) > 1/2, z ∈ ∆.) For several
recently investigated classes of analytic functions related to the above mentioned classLs, we
refer to [3], [5], [12], [14] or [16]. Wang et al. [15] considered the classML of meromorphic
functionsf from

∑
which satisfy the inequality

Re(
f ′(z)

g(z)g(−z)
) > 0, z ∈ ∆∗,

whereg ∈
∑∗(1/2): More recently, Sim and Kwon [10] investigated the class

∑
(A,B) of

functionsf ∈
∑

with the property

(
f ′(z)

g(z)g(−z)
) ≺ 1 + Az

1 +Bz
,

with (−1 ≤ B < A ≤ 1) andg ∈
∑∗(1/2), and in a similar manner, Soni and Kant [11]

introduced and discussedML(s, A,B) consisting of functionsf ∈
∑

for which the following
subordination holds:

(
−f ′(z)

sg(z)g(−z)
) ≺ 1 + Az

1 +Bz
,

where0 < |s| ≤ 1 andA,B andg are defined as above. Motivated by the aforementioned
works, we introduce and investigate the following subclass of meromorphic functions:

Definition 1.1. For fixed parametersA, B(−1 ≤ B < A ≤ 1)and0 ≤ α ≤ 1, we say that a
functionf ∈

∑
of the form(1.4) is in the classDk

λ[A,B;α], if there existsg ∈
∑∗(1/2), such

that the following subordination is satisfied:

(1.13)
(1− 2α)(Qk

λ,m,γf(z))
′ − αz(Qk

λ,m,γf(z))
′′

g(z)g(−z)
≺ 1 + Az

1 +Bz
.

The classDk
λ[A,B;α], provides a generalization of the classes studied by Wang, Sun and Xu

[15] (the caseα = 0;A = −1and B = 1) and Sim and Kwon [10] (the caseα = 0).

Recently Shi, Yi and Wang [13] obtained results on the classDk
λ[A,B;α], whenα ≤ 0.

Remark 1.1. If −1 ≤ B2 ≤ B1 < A1 ≤ A2 ≤ 1, thenDk
λ[A1, B1;α]⊆ Dk

λ[A2, B2;α]. To
prove this, letf ∈ Dk

λ[A1, B1;α]. Then

(1− 2α)(Qk
λ,m,γf(z))

′ − αz(Qk
λ,m,γf(z))

′′

g(z)g(−z)
≺ 1 + A1z

1 +B1z
.

But since−1 ≤ B2 ≤ B1 < A1 ≤ A2 ≤ 1, the following subordination is true:

(1.14)
1 + A1z

1 +B1z
≺ 1 + A2z

1 +B2z

Clearly that, when−1 < B2 ≤ B1, the images of∆ under these two functions are two circles
orthogonal on the real axis and also we have that

min
z∈∂∆

Re
1 + A2z

1 +B2z
=

1− A2

1−B2

≤ min
z∈∂∆

Re
1 + A1z

1 +B1z
=

1− A1

1−B1
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≤ max
z∈∂∆

Re
1 + A1z

1 +B1z
=

1− A1

1−B1

≤ max
z∈∂∆

Re
1 + A2z

1 +B2z
=

1− A2

1−B2

,

which shows that the image of∆ under(1 + A1z)/(1 + B1z) is included in the image of∆
under(1 + A1z)/(1 + B1z), and so the subordination(1.14) holds. A similar argument shows
the subordination is also true when−1 = B1 = B2 or−1 = B1 < B2. It therefore follows that
f ∈ Dk

λ[A2, B2;α].

2. PRELIMINARY L EMMAS

The following lemmas are needed for proving our results.

Lemma 2.1. [15]
Letg ∈

∑∗(1/2). Then−zg(z)g(−z) ∈
∑∗ .

Lemma 2.2. [15]
Letg(z) = 1

z
+

∑∞
n=1 bnz

n ∈
∑∗(1/2).Then

|B2n−1| ≤
1

n
(n ∈N = 1, 2, ...),

where

(2.1) B2n−1 = 2b2n−1 + 2b1b2n−3 − 2b2b2n−4 + ....+ (−1)n−1bn−2bn + (−1)nb2n−1.

Lemma 2.3. [7]

LetG ∈
∑∗ . Then for|z| = r, 0 < r < 1,we have

(1− r)2

r
≤ |G(z)| ≤ (1 + r)2

r
.

We need at this moment to give the definition of prestarlike functions. Forβ < 1, the class
H(β) of prestarlike functions of orderβ consists of all the normalized analytic functionsf
which satisfy the follows

f(z) ∗ z

(1− z)2−2β
∈N∗(β).

The classH(1) is formed with analytic normalized functions f for which the inequalityRe(f(z) =
z) > 1/2 hold true

Lemma 2.4. [9]
Letβ ≤ 1, f ∈ H(β) andg ∈N∗(β).Then

f ∗ gF
f ∗ g

(∆) ⊂ co(F (∆)),

whereF is an analytic function in∆ andco(F (∆)) denotes the closed convex hull ofF (∆).

Lemma 2.5. [8]
Leth(z) = 1 +

∑∞
n=1 hnz

n andk(z) = 1 +
∑∞

n=1 knz
n be two analytic functions in∆ If k is

convex andh ≺ k, then

|hn| ≤ |k1|(n ∈N).
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3. M AIN RESULTS

The following result gives a sufficient condition for a function to belong to the investigated
classDk

λ[A,B;α].

Theorem 3.1.Let−1 ≤ B < A ≤ 1, 0 ≤ α ≤ 1 and

g(z) =
1

z
+

∞∑
n=1

bnz
n.

If f ∈
∑

given by (1.4) satisfies the condition

(3.1)
∞∑

n=1

[(1 + |B|)|1− α− αn||ρ(λ,m, γ, n)an|n+ (1 + |A|)|B2n−1|] < A−B,

where the coefficientsB2n−1 are given by (2.1), thenf ∈ Dk
λ[A,B;α].

Proof. To provef ∈ Dk
λ[A,B;α], it suffices to show that

|
(1− 2α)(Qk

λ,m,γf(z))
′ − αz(Qk

λ,m,γf(z))
′′

g(z)g(−z)
− 1| <

(3.2) |B − A
(1− 2α)(Qk

λ,m,γf(z))
′ − αz(Qk

λ,m,γf(z))
′′

g(z)g(−z)
|.

Let

(3.3) G(z) = −zg(z)g(−z).
It is obvious thatG(−z) = −G(z) and by Lemma 2.1 we deduce thatG is a meromorphic odd
starlike function. Therefore,G has the form

(3.4) G(z) =
1

z
+

∞∑
n=1

B2n−1z
2n−1,

where the coefficientsB2n−1 are given by (2.1).
On taking

w = |(1− 2α)z(Qk
λ,m,γf(z))

′ − αz2(Qk
λ,m,γf(z))

′′
+

G(z)| − |AG(z) +B[(1− 2α)(Qk
λ,m,γf(z))

′ − αz(Qk
λ,m,γf(z))

′′
]|

= |
∞∑

n=1

(1− α− αn)nρ(λ,m, γ, n)anz
n +

∞∑
n=1

B2n−1z
2n−1|

−|(A−B)
1

z
+

∞∑
n=0

AB2n−1z
2n−1 +

∞∑
n=1

B(1− α− αn)nρ(λ,m, γ, n)anz
n|,

from (3.1) we get the inequalities

w ≤
∞∑

n=1

|(1− α− αn)ρ(λ,m, γ, n)an|n|z|n +
∞∑

n=1

|B2n−1||z|2n−1

−[(A−B)
1

z
+

∞∑
n=1

|AB2n−1|z|2n−1 +
∞∑

n=1

|B(1− α− αn)ρ(λ,m, γ, n)an|n|z|n]

= −(A−B)
1

z

∞∑
n=1

(1 + |B|)|(1− α− αn)ρ(λ,m, γ, n)an|n|z|n +
∞∑

n=1

(1 + |A|)|B2n−1||z|2n−1
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< −(A−B) +
∞∑

n=1

(1 + |B|)|(1− α− αn)ρ(λ,m, γ, n)an|n+
∞∑

n=1

(1 + |A|)|B2n−1| ≤ 0.

Thus, sincew < 0, relation (3.2) holds true and we conclude thatf ∈ Dk
λ[A,B;α].

We next determine the coefficient estimates for functions inDk
λ[A,B;α].

Theorem 3.2.Let−1 ≤ B < A ≤ 1, 0 ≤ α ≤ 1 andf ∈ Dk
λ[A,B;α] given by (1.4)

|ρ(λ,m, γ, 1)a1| ≤ 1

(3.5) |ρ(λ,m, γ, 2n)a2n| ≤
A− b

2n|1− (2n+ 1)α|
(1 +

n−1∑
k=1

1

k
) (n ∈N)

and

(3.6) |ρ(λ,m, γ, 2n+ 1)a2n+1| ≤
A− b

(2n+ 1)|1− (2n+ 2)α|
(1 +

n∑
k=1

1

k
) (n ∈N)

Proof. Sincef ∈ Dk
λ[A,B;α], we know that

−
(1− 2α)z(Qk

λ,m,γf(z))
′ − αz2(Qk

λ,m,γf(z))
′′

G(z)
≺ 1 + Az

1 +Bz
,

whereG(z) = −zg(z)g(−z) is given by (3.4). Setting

(3.7) φ(z) = −
(1− 2α)z(Qk

λ,m,γf(z))
′ − αz2(Qk

λ,m,γf(z))
′′

G(z)
,

it follows thatφ(z) = 1 + d1z + d2z
2 + .... andφ(z) ≺ 1+Az

1+Bz
. Also, by Lemma 2.5, we remark

that

(3.8) |dn| ≤ A−B(n ∈N).

Moreover, equation (3.7) gives

(1 + d1z + d2z
2 + ....)(

1

z
+B1z +B3z

3 + ...)

=
1

z
− (1− 2α)ρ(λ,m, γ, 1)a1z − 2(1− 3α)ρ(λ,m, γ, 2)a2z

2 − ...− 2n[1− (2n+ 1)α]

ρ(λ,m, γ, 2n)a2nz
2n − (2n+ 1)[1− (2n+ 2)α]ρ(λ,m, γ, 2n+ 1)a2n+1z

2n+1 − ...,

from which we obtaind1 = 0,

−2n[1− (2n+ 1)α]ρ(λ,m, γ, 2n)a2n = d3B2n−3 + ...+ d2n−1B1 + d2n+1(n ∈N)

and

−(2n+1)[1−(2n+2)α]ρ(λ,m, γ, 2n+1)a2n+1 = d2B2n−1+d4B2n−3+...+d2nB1+d2n+2(n ∈N).

Moreover, by Lemma 2.2 and from (3.8), it results that

(3.9) 2n|1− (2n+ 1)α||ρ(λ,m, γ, 2n)a2n| ≤ (A−B)(
1

1− n
+ ...+

1

2
+ 1 + 1)

and

(3.10) (2n+1)|1−(2n+2)α||ρ(λ,m, γ, 2n+1)a2n+1| ≤ (A−B)(
1

n
+

1

1− n
+...+

1

2
+1+1)

The conclusion in (3.5) and (3.6) follows now from (3.9) and (3.10), whereas the estimation
|ρ(λ,m, γ, 1)a1| ≤ 1 is true for any meromorphic functionf univalent in∆∗.
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Theorem 3.3. If−1 ≤ B < A ≤ 1, 0 ≤ α ≤ 1 andf ∈ Dk
λ[A,B;α] given by (1.4), then for

|z| = r, 0 < r < 1, the following inequalities hold

(3.11)
(1− r)2

r2

1− Ar

1−Br
≤ |(1− 2α)(Qk

λ,m,γf(z))
′ − αz(Qk

λ,m,γf(z))
′| ≤ (1− r)2

r2

1 + Ar

1 +Br
.

Proof. Supposef ∈ Dk
λ[A,B;α] and let

φ(z) = −
(1− 2α)z(Qk

λ,m,γf(z))
′ − αz2(Qk

λ,m,γf(z))
′′

G(z)
,

where G given in (3.4) is a meromorphically starlike function. Since

φ(z) ≺ 1 + Az

1 +Bz
,

by the subordination principle we obtain for|z| = r, 0 < r < 1, that

1− Ar

1−Br
≤ |φ(z)| ≤ 1 + Ar

1 +Br
.

Making use of Lemma 2.3, we readily obtain the desired inequalities, as asserted in (3.11)

We provide next a convolution property of functions from the classDk
λ[A,B;α] considered.

Theorem 3.4. Let−1 ≤ B < A ≤ 1, 0 ≤ α ≤ 1, β ≤ 1 andf ∈ Dk
λ[A,B;α] such that the

corresponding functiong ∈
∑∗(1/2)satisfies the condition

(3.12) −Re(
zg′(z)

g(z)
) <

3

2
− 1

2
β (z ∈ ∆).

If ψ ∈
∑

with z2ψ(z) ∈ H(β), thenψ ∗ f ∈ Dk
λ[A,B;α].

Proof. Let f ∈ Dk
λ[A,B;α] and letG andφ be given by

G(z) = −zg(z)g(−z) , φ(z) = −
(1− 2α)z(Qk

λ,m,γf(z))
′ − αz2(Qk

λ,m,γf(z))
′′

G(z)
.

From the proof of Theorem 3.1,G is an odd meromorphic starlike function. Further, since

zG′(z)

G(z)
= 1 +

zg′(z)

g(z)
− zg′(−z)

g(−z)
,

inequality (3.12) implies

−Re(zg
′(z)

g(z)
< 2− β (z ∈ ∆),

then we getz2G(z) ∈ N∗(β). Defineν(z) = (ψ ∗ G)(z) andJ(z) =
√

(zν(z))/z. Clearly
that ν is also an odd and starlike meromorphic function. In order to prove this, letF (z) =
−zG′(z)/G(z). Since

−z(ψ ∗G)′(z)

(ψ ∗G)(z)
=

(ψ ∗ −zG′)(z)
(ψ ∗G)(z)

=
ψ(z) ∗G(z)F (z)

(ψ ∗G)(z)
=
z2ψ(z) ∗ z2G(z)F (z)

z2ψ(z) ∗ z2G(z)
,

with z2G(z) ∈N∗(β) andz2ψ(z) ∈ H(β), we deduce, by Lemma 2.4, that

−z(ψ ∗G)′(z)

(ψ ∗G)(z)
∈ co(F (∆))
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BecauseG is starlike meromorphic, we haveRe(F (z)) > 0 and so the above relation yields
ψ ∗ G is indeed also starlike. As a consequence,J ∈

∑∗(1/2)andν(z) = (−zJ ′(z))/J(−z)
Moreover, we have

−
(1− 2α)[ψ ∗Qk

λ,m,γf ]
′
(z)− αz[ψ ∗Qk

λ,m,γf(z)]
′′

J(z)J(−z)
,

=
ψ ∗ [(1− 2α)z(Qk

λ,m,γf(z))
′ − αz2(Qk

λ,m,γf)
′′
](z)

ν(z)
=
ψ(z) ∗ φ(z)G(z)

(ψ ∗G)(z)

=
z2ψ(z) ∗ φ(z)z2G(z)

z2ψ(z) ∗ z2G(z)
.

From Lemma 2.4 once again we deduce that

(3.13)
z2ψ(z) ∗ φ(z)z2G(z)

z2ψ(z) ∗ z2G(z)
∈ co(φ(∆))

Sincef ∈ Dk
λ[A,B;α], we have

(3.14) φ(z) ≺ 1 + Az

1 +Bz
.

The function(1 + Az)/(1 +Bz) is convex and therefore equations (3.13) and(3.14) yield

z2ψ(z) ∗ φ(z)z2G(z)

z2ψ(z) ∗ z2G(z)
≺ 1 + Az

1 +Bz
,

which is equivalent to

(1− 2α)[ψ ∗Qk
λ,m,γf ]

′
(z)− αz[ψ ∗Qk

λ,m,γf ]
′′
(z)

J(z)J(−z)
≺ 1 + Az

1 +Bz
.

Thusψ ∗ (Qk
λ,m,γf) ∈ Dk

λ[A,B;α]and so the proof is complete.
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