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ABSTRACT. Inthis paper, we have introduced and studied new ope@i;tgrg)7 by the Hadamard
product (or convolution) of two linear operataf¥ and1,, -, then using this operator to study

and investigate a new subclass of meromorphic functions of Janowski type,giving the coeffi-
cient bounds, a sufficient condition for a function to belong to the considered class and also a
convolution property. The results presented provide generalizations of results given in earlier
works.
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1. INTRODUCTION

Let A = A(A) denote the class of all analytic functions in the open unit dise- {z € C':
|z| < 1}.

Consider
(1.1) Q={weA:w0)=0and |w(z)| < 1}(z € A),

the class of Schwarz functions.
For0 < a<1let

(1.2) P(a) ={p € A:p(0) =1and Re(p(z)) > a}(z € A).

Note thatP = P(0) is the well-known Caratheodory class of functions. The classes of Schwarz

and Caratheodory functions play an extremely important role in the theory of analytic functions

and have been studied by many authors. It is easy to see that

(1.3) p € P(a)if and only if M
—

Any two analytic functionsf andg, the functionf is subordinate to the functiop are written

f < g, provided there is an analytic functian =) defined omA with w(0) = 0 and| w(z) |< 1

such thatf(z) = g(w(z)). In particular, if the functiory is univalent inA, then f(z) < g(z) is

equivalent tof (0) = ¢(0) and f(A) C g(A).

Let > denote the class of all meromorphic univalent functions having the form:

€ P(a).

(1.4) f(z)= % + Z anz".

which are analytic in the punctured unit digk = {z € C: 0 < |2z| < 1} = A — {0}.
Denote by " the subclass o} consisting of functions of the form

1 oo
. = - n " n = s -
(1.5) f(z) Z+;a2 (a, >0),z€ A
A function f is meromorphically multivalent starlike of orde(0 < o < 1) see[[1] if
2f'(2)
—Re >a,z € A"
e

The class of all such functions is denofeif («). If f is given by [(1.4) and is given by
1 ~—, .
g(z) = 2 + nz::lbnz ,
we define the Hadamard product or convolutiory@ndg by
1 o0
= - "= A").
fz)xg(z) =~ + ;anbnz 9(2) * f(z) (z € A7)

Now, for functionsf(z) € > in the form [1.4) we define the linear operafrstudied by A.
S. Juma and Fateh S. Az{Z [4] for=1, D} : >~ — > as follows

DYf(2) = f(2)
and
Dif(2)=f(2) 0< A< 1;kEN, =NUO0;z € A¥)

Dyf(z) = Dx = (1 + X f(2) + Anf(z),
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or
J— .
Dy = ;—i—nzzo(l—l—)\—l—/\n)anz ,
therefore,
JR— .
(1.6) Dif(z) = ~+ 2_;(1 + A+ An)ka, 2",
- .
(1.7) Dif(2) =~ + Z A n)agz",
where
p(d,n) = (14+ A+ n)".
By simple calculations and using (1.7), we can easily verify that
(1.8) A2DYf(2)] = DY f(2) = (1+ N D5 f(2).
In [17] Yuan, et. all defined an operatfy, , : > — > as follows:
(19) Im,'yf(z) = fm,’y(z) * f(z)a
where
1 1
: = —1 A¥).
(1 10) fm,’“{(’z) * Z(l _ Z)m+1 Z(l o 2’)7’ (m > ) 2 S )
From(1.9) and[(1.10), we obtain
1 G (7)714—1
1.11 I == Ul g2,
( ) /(7 z " nZ:; (m + 1)n+1a :

where(a),, is the Pochhammer symbol defined as:
(a)o=1,(a), =ala+1)(a+2)....,a+n—1),(n €N).
For functions belonging td | we define the linear operat@’;’m’7 as the Hadamard product (or
convolution) of the operator®% and/,, ., as follows:

Qi f (2) = I f(2) * DY f(2)

o0

_1 + Z (Wﬁﬂo\,n)anzn,

z “ (m+ 1)

or
1 oo
(1.12) Qmaf () =S+ pAm, 7, n)anz",
n=0
where

- (V)nt1 n
p(/\vm7’7an) - (m‘l' 1)n+1ﬂ()\’ )

Now,f is meromorphic close-to-convex function if there exist a funcgoa > " such that
the following condition holds:

2f'(2)

el 9(2)

) >0,z € A"
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Gao and Zhou |2] introduced and studied the classonsisting of all the functions in A
such that

22h(2)
9(2)g(=2)
whereg belongs to the clasd*(1/2) of analytic starlike functions of orde} (i.e. the class
of functionsg € A which satisfy the inequalite(z¢'(z)/g(z)) > 1/2,z € A.) For several
recently investigated classes of analytic functions related to the above mentionefl class
refer to [3], [B], [12], [14] or [16]. Wang et al.[ [15] considered the cldg4. of meromorphic
functionsf from > which satisfy the inequality

f'(2)
9(2)g(—2)
whereg € > *(1/2): More recently, Sim and Kwori [10] investigated the clas$A, B) of
functionsf € > with the property

f'(2) 1+ Az

<g(z)g(—z)) = 1+ Bz’

with (-1 < B < A < 1) andg € > "(1/2), and in a similar manner, Soni and Kant][11]
introduced and discusséd L(s, A, B) consisting of functiong € > for which the following
subordination holds:
—f'(2) 1+ Az

= )
(sg(z)g(—z)) 1+ Bz
where0 < |s| < 1 andA, B andg are defined as above. Motivated by the aforementioned
works, we introduce and investigate the following subclass of meromorphic functions:

Definition 1.1. For fixed parameterd, B(—1 < B < A < 1)and0 < a < 1, we say that a
function f € 3" of the form{1.4) is in the clasB%[A, B; o], if there existyy € >-"(1/2), such
that the following subordination is satisfied:

Re( ) <0,z € AT,

Re( ) >0,z € A,

"

(1 - 2a)<Q’;,m,'yf(Z))/ - OéZ(Q];\7m7,yf(Z)) < 1+ Az
g9(2)g(—=2) 1+ Bz
The classDf[A, B; a], provides a generalization of the classes studied by Wang, Sun and Xu
[15] (the caser = 0; A = —land B = 1) and Sim and Kwon [10] (the case= 0).

Recently Shi, Yi and Wang [13] obtained results on the cla$sd, B; a], whena < 0.

Remark 1.1. If —1 < By < B; < A1 < A2 < 1, thenD’;[Al,Bl;Oé]g D]AC[AQ,BQ;Q]. To
prove this, letf € D%[A;, By;a]. Then

(1—2a)(Q%,,,f(2)) = az(@},,,(2))" 1+ Az
9(2)g9(—2) 1+ Bz
But since—1 < B, < By < A; < A, < 1, the following subordination is true:
1+A2z 14+ Az
1+ Byz 1+ Byz

Clearly that, when-1 < By < By, the images ofA under these two functions are two circles

orthogonal on the real axis and also we have that
1+A22 1—142 1+A12_1—A1

in I = < min R =
?.I’g(}?IAl el-'-BQZ 1—32 - ZIgéIAl €1+Blz 1—B1

(1.13)

(1.14)
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1+A12 1—A1 1+A22 1—A2
< R — < R —
S AT ¥ Bz 1-B, e 11 By 1-By

which shows that the image df under(1 + A;z)/(1 + By z) is included in the image oA
under(1 + A;z)/(1 + Byz), and so the subordinatign(1]14) holds. A similar argument shows
the subordination is also true wherl = B, = B, or —1 = B; < Bs. It therefore follows that
f S DI;[AQ, Bg, Oé].

2. PRELIMINARY LEMMAS

The following lemmas are needed for proving our results.

Lemma 2.1. [15]
Letg € > "(1/2). Then—zg(2)g(—2) € >.".

Lemma 2.2. [15]
Letg(z) =1+ 577  b,2" € >."(1/2).Then

1
|Bgn_1| < E (TL eN = 1,2, ),
where
(2.1) Bon_1 = 2bgp_1 + 2b1bay_3 — 2bsboy_g + ... + (= 1) b, _ob, + (—1)"B2_,.
Lemma 2.3.[7]

LetG € Y_". Thenfor|z| = r,0 < r < 1,we have

(1—r)? <1G(2)] < (1+7’)2.

T T

We need at this moment to give the definition of prestarlike functions5Far 1, the class
H(3) of prestarlike functions of ordef consists of all the normalized analytic functiofis
which satisfy the follows

z *
The clasg(1) is formed with analytic normalized functions f for which the inequdtity f (z) =
z) > 1/2 hold true

f(z)

Lemma 2.4.[9]
Letg <1, f € H(B)andg € N*(5).Then

f*gF
f*g

whereF is an analytic function im\ andco(F(A)) denotes the closed convex hullfofA).

(A) Ceo(F(A)),

Lemma 2.5. [8]
Leth(z) =1+ .2, hy2" andk(z) = 1+ > 7, k,2" be two analytic functions in\ If % is
convex anch < k, then

[in| < [Ka|(n € N).
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3. MAIN RESULTS

The following result gives a sufficient condition for a function to belong to the investigated
clasDf[A, B; al.

Theorem3.1l.Let—-1 < B<A<1,0<a<1land

z) = % + ibnz”.
n=1

If f € Y given by|(1.4) satisfies the condition

(3.1) D L +IBDIL = a—anllp(A\,m, 5, n)an|n + (1 + |A])|Banal] < A= B,

n=1

where the coefficients,,_, are given by[(2]1), theii € D}[A, B; a].
Proof. To provef € Df[A, B;al, it suffices to show that

| (1 —20)(Q5,,f(2)) — 2(QX,,/ (2))
9(2)g(=2)

(1= 20)(Q5,,f(2)) — 02(QX,. 1/ (2))
9(z)9(=2)

-1/ <

(3.2) |B-A .

Let

(3.3) G(2) = —zg(2)g(=2).

It is obvious that?(—z) = —G(z) and by Lemma 2|1 we deduce thzis a meromorphic odd
starlike function. Therefore; has the form

1 o0
(3.4) G(z) = -+ Zl Bop_122" 1,

where the coefficient8,,_, are given by[(Z]1).
On taking

"

w=|(1=20)2(QX ., f(2) = az*(Q} S (2)) +
G(2)| = [AG(2) + B[(L = 2a)(QX 1/ (2)) — @z(Q} 1, f(2))']]

= | Z(l —a—an)np(A\,m,y,n)a,z" + Z By, _12°" 7Y

n=1 n=1

—|(A— B)- —|—ZABgn T 1—I—ZB 1 —a—an)np(A,m,v,n)a,z"|,

n=1

from (3.1) we get the |nequaI|t|es

w S Z ’(1 —a— an)p(>U m,?, n)an]n|z\" + Z ’BanlHZIQnil

n=1 n=1
1 00 00
A= B+ D Ao 4 3B an)olhm el

1 e}
—Z L+ [BDI(1 = a —an)p(A,m,y,n )anln\ZI"+Z L+ [AD| B[z

n=1

l\z
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—(A=B)+ ) _(1+|B)I(L = a—an)p(A\,m,y,n)asn + > (1 +|A[)|By_1| < 0.
n=1 n=1

Thus, sincev < 0, relation ) holds true and we conclude that D§[A, B; a]. &
We next determine the coefficient estimates for function®4§pA, B; «.
Theorem 3.2.Let—1 < B < A< 1,0 < a < landf € Di[A, B;a] given by[(L.}4)
[p(A,m,y, Dag| <1

A—

3.5 P(A, 2 n N)

and

3

A—-b
2n+ 1)1 — (2n+ 2)q|

1
(36) |p()\7 m, 7, 2n + 1)a2n+1‘ S (1 + E) (n GN)

k=1
Proof. Sincef € D}[A, B; o], we know that

(1= 20)2(Q%,, 1/ (2) — a2®(QK,0 0/ (2)) L1+ Az
G(z) 14 Bz’
whereG(z) = —zg(2)g(—z) is given by (3.4). Setting
(1 —20)2(Q} 1y f () — 02*(QK, 1 f (2))

7 —_
it follows that¢(z) = 1+ diz + daz” + ... and¢(z) < {142, Also, by Lemma 2.5, we remark
that
(3.8) \d,| < A— B(n eN).

Moreover, equatior (3} 7) gives

1
(1+diz +do2* + ....)(; + Biz+ B3z® + ..)

1
=— — (1 =2a)p(A\,m, 7, a1z — 2(1 — 3a)p(\,m,7,2)azz* — ... — 2n[1 — (2n + 1)a]
z

p(\,m, 7, 2n)a,2*" — (2n + 1)[1 — (2n + 2)a]p(X,m, 7, 2n + Dagp 122" — ...,
from which we obtaini; = 0,
—2n[l — (2n + 1)alp(A,m, v, 2n)as, = d3Bay—3 + ... + dan—1B1 + dopy1(n €N)
and
—(2n+1)[1—(2n+2)a]p(A\, m, v, 2n+1)asy+1 = doBop—1+dy By _3+...4ds, Bi+da,a(n €N).
Moreover, by Lemmg 2]2 and frorn (B.8), it results that

1 1
(3.9) 2n|1 — (2n + D)a||p(A, m, 7y, 2n)ag,| < (A — B)(m oo 1+1)
and
1 1 1
(3.10) 2n+1)|1—(2n+2)a||p(A, m, v, 2n+1)agn 1| < (A_B)(ﬁ+m+"'+§+1+l)

The conclusion in[(3]5) and (3.6) follows now from (3.9) ahd (B.10), whereas the estimation
lp(A, m, v, 1)a;| < 1is true for any meromorphic functiofiunivalent im\*. g
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Theorem 3.3.1f—-1 < B < A< 1,0 < a < landf € D§[A, B;a] given by[(1.4), then for
|z| = 7,0 <r < 1, the following inequalities hold

(1—-7)%1— Ar & / k W (1=r)21+ Ar
< (1 — — < .
T2 1— Br — |(1 2a)(QA,m,~{f(2)) az(QA,m,7f<Z)) | — 7‘2 1 + Br
Proof. Supposef € D}[A, B; a] and let
s — L7 203(Qhns [ = a2(@,0 )"
G(z) ’
where G given in[(3]4) is a meromorphically starlike function. Since
1+ Az
() < 11 B
by the subordination principle we obtain fett = r,0 < r < 1, that

1—Ar 1+ Ar
1—Br — < lel)l < 1+ Br’
Making use of Lemmp 2] 3, we readily obtain the desired inequalities, as assefted|ira(3.11)

(3.11)

We provide next a convolution property of functions from the cl@§g4, B; o] considered.

Theorem 3.4.Let—1 < B < A< 1,0 < a < 1,8 < 1 andf € D}[A, B;a] such that the
corresponding functiop € > *(1/2)satisfies the condition

(3.12) . Re(zgg;(z';)) < g - %5 (z € A).

If ¢ € 3 with 224(2) € H(B), theny = f € DX[A, B;al.
Proof. Let f € D§[A, B; a] and letG and¢ be given by

61e) = —g(2)a(—2)  o(z) = — ) 0 (e )

From the proof of Theorein 3.4 is an odd meromorphic starlike function. Further, since

G w(s) g(=2)
O O R

inequality [3.1P) implies

zg'(2)
9(2)
then we get:2G(z) € N*(3). Definev(z) = (¢ x G)(2) andJ(2) = /(zv(2))/z. Clearly

that v is also an odd and starlike meromorphic function. In order to prove thigi(let =
—2G'(z)/G(z). Since

2 G)(2) _ (hx—2G)(2)  Y(2) xG(2)F(2) _ 2*Y(2) x 22G(2) F(2)

—Re( <2-p(z€A),

(¥ * G)(2) (¢ * G)(2) (¢ * G)(2) 22P(z) x 2°G(2)
with 22G(z) € N*(3) andz%y(2) € H(S3), we deduce, by Lemnja 2.4, that

A OYE)
W)z - )
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Because? is starlike meromorphic, we havee(F'(z)) > 0 and so the above relation yields
Y x G is indeed also starlike. As a consequente; > "(1/2)andv(z) = (—zJ'(2))/J(—=2)
Moreover, we have

/

(1 —20)[ * QX 1 J1 (2) — a2l x QX (2)]

I (=2) |
010 20)2(Q, /() — 0@ /)12 _ 0(2) % ()G ()
/(2) 0+ G)(2)
_ () 5 ()G ()

22(2) * 22G(2)
From Lemma 24 once again we deduce that

24P (2) * 4(2)2°G(2)

Sincef € D§[A, B;al, we have
A
(3.14) () < 1132

The function(1 + Az)/(1 + Bz) is convex and therefore equatiofs (3.13) and(3.14) yield
29(2) % #(2)2°G(z) 1+ Az
229(2) x 22G(2) 1+ B2’

which is equivalent to
(1 —20)[¢ * Q. f]' (2) — ezl + @}, f] (2) PR
J(2)J(—z) 1+ Bz’
Thusy = (Q5 ,,.,.f) € D5[A, B; ajand so the proof is complete.
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