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2 S. S. DRAGOMIR1,2

1. I NTRODUCTION

Let (H, 〈·, ·〉) be an inner product space over the real or complex numbers fieldK. The
following inequality is well known in literature as theSchwarz inequality

(1.1) ‖x‖ ‖y‖ ≥ |〈x, y〉| for anyx, y ∈ H.

The equality case holds in (1.1) if and only if there exists a constantλ ∈ K such thatx = λy.
In 1985 the author [4] (see also [19]) established the following refinement of (1.1):

(1.2) ‖x‖ ‖y‖ ≥ |〈x, y〉 − 〈x, e〉 〈e, y〉|+ |〈x, e〉 〈e, y〉| ≥ |〈x, y〉|

for anyx, y, e ∈ H with ‖e‖ = 1.
Using the triangle inequality for modulus we have

|〈x, y〉 − 〈x, e〉 〈e, y〉| ≥ |〈x, e〉 〈e, y〉| − |〈x, y〉|

and by (1.2) we get

‖x‖ ‖y‖ ≥ |〈x, y〉 − 〈x, e〉 〈e, y〉|+ |〈x, e〉 〈e, y〉|
≥ 2 |〈x, e〉 〈e, y〉| − |〈x, y〉| ,

which implies theBuzano inequality[2]

(1.3)
1

2
[‖x‖ ‖y‖+ |〈x, y〉|] ≥ |〈x, e〉 〈e, y〉|

that holds for anyx, y, e ∈ H with ‖e‖ = 1.
In [5], the author has proved the following Grüss’ type inequality in real or complex inner

product spaces.

Theorem 1.1.Let(H, 〈·, ·〉) be an inner product space overK ande ∈ H, ‖e‖ = 1. If ϕ, γ, Φ, Γ
are real or complex numbers andx, y are vectors inH such that the conditions

(1.4) Re 〈Φe− x, x− ϕe〉 ≥ 0 and Re 〈Γe− y, y − γe〉 ≥ 0

hold, then we have the inequality

(1.5) |〈x, y〉 − 〈x, e〉 〈e, y〉| ≤ 1

4
|Φ− ϕ| |Γ− γ| .

The constant1
4

is best possible in the sense that it cannot be replaced by a smaller quantity.

For other Schwarz, Buzano and Grüss related inequalities in inner product spaces, see [1]-[3],
[4]-[13], [17]-[20], [22]-[29], and the monographs [14], [15] and [16].

Motivated by the above results, we establish in this paper other upper bounds for the quanti-
ties

|〈x, y〉 − 〈x, e〉 〈e, y〉| and

∣∣∣∣〈x, y〉 − 1

2
[〈x, f〉 〈f, y〉+ 〈x, e〉 〈e, y〉]

∣∣∣∣
providede, f ∈ H with ‖e‖ = ‖f‖ = 1 andx, y are vectors inH satisfying some appropriate
assumptions.

Natural applications for discrete inequalities, power series and integral inequalities are also
given.
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SOME GRÜSSTYPE INEQUALITIES 3

2. M AIN RESULTS

The following results hold:

Theorem 2.1. Let (H, 〈·, ·〉) be an inner product space over the real or complex numbers field
K. If x, y, e ∈ H with ‖e‖ = 1, then

|〈x, y〉 − 〈x, e〉 〈e, y〉|(2.1)

≤ min
{
‖x‖

(
‖y‖2 − |〈y, e〉|2

)1/2
,
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖
}

≤ 1

2

[
‖x‖

(
‖y‖2 − |〈y, e〉|2

)1/2
+
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖
]

≤ 1

2

(
‖x‖2 + ‖y‖2)1/2 (‖x‖2 + ‖y‖2 − |〈x, e〉|2 − |〈y, e〉|2

)1/2
.

The inequalities are sharp.

Proof. Using Schwarz inequality we have

(2.2) ‖x‖ ‖y − 〈y, e〉 e‖ ≥ |〈x, y − 〈y, e〉 e〉| = |〈x, y〉 − 〈x, e〉 〈e, y〉|
and

(2.3) ‖x− 〈x, e〉 e‖ ‖y‖ ≥ |〈x− 〈x, e〉 e, y〉| = |〈x, y〉 − 〈x, e〉 〈e, y〉|
for anyx, y, e ∈ H with ‖e‖ = 1.

Since

‖x− 〈x, e〉 e‖2 = ‖x‖2 − |〈x, e〉|2 , ‖y − 〈y, e〉 e‖2 = ‖y‖2 − |〈y, e〉|2

then by (2.2) and (2.3) we get

min
{
‖x‖

(
‖y‖2 − |〈y, e〉|2

)1/2
,
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖
}

(2.4)

≥ |〈x, y〉 − 〈x, e〉 〈e, y〉|

for anyx, y, e ∈ H with ‖e‖ = 1.
This proves the first inequality in (2.1).
Using the elementary inequality

1

2
(a + b) ≥ min {a, b}

that holds for any real numbersa, b ∈ R, we have the second inequality in (2.1).
By the Cauchy-Bunyakovsky-Schwarz inequality

(2.5) ac + bd ≤
(
a2 + b2

)1/2 (
c2 + d2

)1/2
for a, b, c, d ≥ 0

we have

‖x‖
(
‖y‖2 − |〈y, e〉|2

)1/2
+
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖(2.6)

≤
(
‖x‖2 + ‖y‖2)1/2 (‖x‖2 + ‖y‖2 − |〈x, e〉|2 − |〈y, e〉|2

)1/2

for anyx, y, e ∈ H with ‖e‖ = 1.
This proves the last part of (2.1).
Observe that if we take in (2.1)y = x, then we get from all inequalities that

‖x‖2 − |〈x, e〉|2 ≤
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖x‖ ,

which is sharp since forx ⊥ y, 〈x, e〉 = 0 it reduces to an equality.
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4 S. S. DRAGOMIR1,2

Remark 2.1. If we use the triangle inequality

|〈x, e〉 〈e, y〉| − |〈x, y〉| ≤ |〈x, y〉 − 〈x, e〉 〈e, y〉|

then we get from (2.1)

|〈x, e〉 〈e, y〉| ≤ |〈x, y〉|(2.7)

+ min
{
‖x‖

(
‖y‖2 − |〈y, e〉|2

)1/2
,
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖
}

for anyx, y, e ∈ H with ‖e‖ = 1.

The following lemma holds, see [6]:

Lemma 2.2. Let a, x, A be vectors in the inner product space(H, 〈·, ·〉) overK with a 6= A.
Then

(2.8) Re 〈A− x, x− a〉 ≥ 0

if and only if

(2.9)

∥∥∥∥x− a + A

2

∥∥∥∥ ≤ 1

2
‖A− a‖ .

Proof. Define

I1 := Re 〈A− x, x− a〉 and I2 :=
1

4
‖A− a‖2 −

∥∥∥∥x− a + A

2

∥∥∥∥2

.

A simple calculation shows that

I1 = I2 = Re [〈x, a〉+ 〈A, x〉]− Re 〈A, a〉 − ‖x‖2

and thus, obviously,I1 ≥ 0 iff I2 ≥ 0 showing the required equivalence.

The following corollary is obvious:

Corollary 2.3. Letx, e ∈ H with ‖e‖ = 1 andδ, ∆ ∈ K with δ 6= ∆. Then

(2.10) Re 〈∆e− x, x− δe〉 ≥ 0

iff

(2.11)

∥∥∥∥x− δ + ∆

2
· e
∥∥∥∥ ≤ 1

2
|∆− δ| .

Remark 2.2. If H = C, thenRe [(A− x) (x̄− ā)] ≥ 0 if and only if
∣∣x− a+A

2

∣∣ ≤ 1
2
|A− a| ,

wherea, x, A ∈ C. If H = R, andA > a thena ≤ x ≤ A if and only if
∣∣x− a+A

2

∣∣ ≤
1
2
(A− a) .

The following lemma is of interest [6].

Lemma 2.4. Letx, e ∈ H with ‖e‖ = 1. Then one has the following representation

(2.12) ‖x‖2 − |〈x, e〉|2 = inf
λ∈K

‖x− λe‖2 ≥ 0.

Proof. Observe, for anyλ ∈ K, that

〈x− λe, x− 〈x, e〉 e〉 = ‖x‖2 − |〈x, e〉|2 − λ
[
〈e, x〉 − 〈e, x〉 ‖e‖2]

= ‖x‖2 − |〈x, e〉|2 .
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Using Schwarz’s inequality, we have[
‖x‖2 − |〈x, e〉|2

]2
= |〈x− λe, x− 〈x, e〉 e〉|2 ≤ ‖x− λe‖2 ‖x− 〈x, e〉 e‖2

= ‖x− λe‖2 [‖x‖2 − |〈x, e〉|2
]
,

giving the bound

(2.13) ‖x‖2 − |〈x, e〉|2 ≤ ‖x− λe‖2 , λ ∈ K.

Taking the infimum in (2.13) overλ ∈ K, we deduce

‖x‖2 − |〈x, e〉|2 ≤ inf
λ∈K

‖x− λe‖2 .

Since, forλ0 = 〈x, e〉 , we get‖x− λ0e‖2 = ‖x‖2 − |〈x, e〉|2 , then the representation (2.12) is
proved.

The following result also holds:

Corollary 2.5. Let(H, 〈·, ·〉) be an inner product space overK ande ∈ H, ‖e‖ = 1. If ϕ, γ, Φ, Γ
are real or complex numbers andx, y are vectors inH such that the conditions

(2.14) Re 〈Φe− x, x− ϕe〉 ≥ 0, Re 〈Γe− y, y − γe〉 ≥ 0

hold, or, equivalently, the following assumptions

(2.15)

∥∥∥∥x− ϕ + Φ

2
e

∥∥∥∥ ≤ 1

2
|Φ− ϕ| ,

∥∥∥∥y − γ + Γ

2
e

∥∥∥∥ ≤ 1

2
|Γ− γ|

are valid, then one has the inequality

|〈x, y〉 − 〈x, e〉 〈e, y〉| ≤ 1

2
min {‖x‖ |Γ− γ| , |Φ− ϕ| ‖y‖}(2.16)

≤ 1

4
[‖x‖ |Γ− γ|+ |Φ− ϕ| ‖y‖]

≤ 1

4

(
‖x‖2 + ‖y‖2)1/2 (|Φ− ϕ|2 + |Γ− γ|2

)1/2
.

The constants1
2

and 1
4

are best possible.

Proof. Using the inequality (2.1) and Lemma 2.4 we have

|〈x, y〉 − 〈x, e〉 〈e, y〉|

≤ min
{
‖x‖

(
‖y‖2 − |〈y, e〉|2

)1/2
,
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖
}

= min

{
‖x‖ inf

η∈K
‖y − ηe‖ , inf

λ∈K
‖x− λe‖ ‖y‖

}
≤ 1

2
min {‖x‖ |Γ− γ| , |Φ− ϕ| ‖y‖} ,

which proves the first inequality in (2.16).
The rest follows as in the proof of Theorem 2.1.
For the sharpness of the constants, we takey = x in (2.16) to get

‖x‖2 − |〈x, e〉|2 ≤ 1

2
‖x‖ |Φ− ϕ|

provided ∥∥∥∥x− ϕ + Φ

2
e

∥∥∥∥ ≤ 1

2
|Φ− ϕ| .
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6 S. S. DRAGOMIR1,2

Moreover, if we takeϕ = −Φ, then we have the inequality

(2.17) ‖x‖2 − |〈x, e〉|2 ≤ ‖x‖ |Φ|
provided‖x‖ ≤ |Φ| .

Let x = Φm with m ∈ H, ‖m‖ = 1 andm ⊥ e. Then‖x‖ = |Φ| , ‖x‖2− |〈x, e〉|2 = |Φ| and
the equality case is realized in (2.17).

The following result also holds:

Theorem 2.6. Let (H, 〈·, ·〉) be an inner product space over the real or complex numbers field
K. If x, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1, then∣∣∣∣〈x, y〉 − 1

2
[〈x, f〉 〈f, y〉+ 〈x, e〉 〈e, y〉]

∣∣∣∣(2.18)

≤ 1

2

[
‖x‖

(
‖y‖2 − |〈y, f〉|2

)1/2
+
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖
]

≤ 1

2

(
‖x‖2 + ‖y‖2)1/2 (‖x‖2 + ‖y‖2 − |〈x, e〉|2 − |〈y, f〉|2

)1/2

and

|〈x, f〉 〈f, y〉 − 〈x, e〉 〈e, y〉|(2.19)

≤ ‖x‖
(
‖y‖2 − |〈y, f〉|2

)1/2
+
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖

≤
(
‖x‖2 + ‖y‖2)1/2 (‖x‖2 + ‖y‖2 − |〈x, e〉|2 − |〈y, f〉|2

)1/2
.

The inequalities (2.18) are sharp.

Proof. Using Schwarz inequality we have

(2.20) ‖x‖ ‖y − 〈y, f〉 f‖ ≥ |〈x, y − 〈y, f〉 f〉| = |〈x, y〉 − 〈x, f〉 〈f, y〉|
and

(2.21) ‖x− 〈x, e〉 e‖ ‖y‖ ≥ |〈x− 〈x, e〉 e, y〉| = |〈x, y〉 − 〈x, e〉 〈e, y〉|
for anyx, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1.

If we add the inequalities (2.20) and (2.21) and use the triangle inequality, then we get

‖x‖ ‖y − 〈y, f〉 f‖+ ‖x− 〈x, e〉 e‖ ‖y‖(2.22)

≥ |〈x, y〉 − 〈x, f〉 〈f, y〉|+ |〈x, y〉 − 〈x, e〉 〈e, y〉|

≥

 |2 〈x, y〉 − 〈x, f〉 〈f, y〉 − 〈x, e〉 〈e, y〉| ,

|〈x, f〉 〈f, y〉 − 〈x, e〉 〈e, y〉|
for anyx, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1.

Since

‖x− 〈x, e〉 e‖ =
(
‖x‖2 − |〈x, e〉|2

)1/2
, ‖y − 〈y, f〉 f‖ =

(
‖y‖2 − |〈y, f〉|2

)1/2

then by (2.22) we have

‖x‖
(
‖y‖2 − |〈y, f〉|2

)1/2
+
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖(2.23)

≥

 |2 〈x, y〉 − 〈x, f〉 〈f, y〉 − 〈x, e〉 〈e, y〉| ,

|〈x, f〉 〈f, y〉 − 〈x, e〉 〈e, y〉|
for anyx, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1.
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By employing the inequality (2.5) we get(
‖x‖2 + ‖y‖2)1/2 (‖y‖2 − |〈y, f〉|2 + ‖x‖2 − |〈x, e〉|2

)1/2
(2.24)

≥ ‖x‖
(
‖y‖2 − |〈y, f〉|2

)1/2
+
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖
for anyx, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1.

Making use of (2.23) and (2.24) we get the desired inequalities (2.18) and (2.19).
If we takef = e in (2.18) then we get

|〈x, y〉 − 〈x, e〉 〈e, y〉|

≤ 1

2

[
‖x‖

(
‖y‖2 − |〈y, e〉|2

)1/2
+
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖
]

≤ 1

2

(
‖x‖2 + ‖y‖2)1/2 (‖x‖2 + ‖y‖2 − |〈x, e〉|2 − |〈y, e〉|2

)1/2
,

which by Theorem 2.1 are sharp.

Remark 2.3. If we use the triangle inequality
1

2
|〈x, f〉 〈f, y〉+ 〈x, e〉 〈e, y〉| − |〈x, y〉|

≤
∣∣∣∣〈x, y〉 − 1

2
[〈x, f〉 〈f, y〉+ 〈x, e〉 〈e, y〉]

∣∣∣∣ ,
then we get from (2.1)

1

2
|〈x, f〉 〈f, y〉+ 〈x, e〉 〈e, y〉|(2.25)

≤ |〈x, y〉|+ 1

2

[
‖x‖

(
‖y‖2 − |〈y, f〉|2

)1/2
+
(
‖x‖2 − |〈x, e〉|2

)1/2 ‖y‖
]

for anyx, y, e, f ∈ H with ‖e‖ = ‖f‖ = 1.

Corollary 2.7. Let (H, 〈·, ·〉) be an inner product space overK ande, f ∈ H, ‖e‖ = ‖f‖ = 1.
If ϕ, γ, Φ, Γ are real or complex numbers andx, y are vectors inH such that the conditions

(2.26) Re 〈Φe− x, x− ϕe〉 ≥ 0, Re 〈Γf − y, y − γf〉 ≥ 0

hold, or, equivalently, the following assumptions

(2.27)

∥∥∥∥x− ϕ + Φ

2
e

∥∥∥∥ ≤ 1

2
|Φ− ϕ| ,

∥∥∥∥y − γ + Γ

2
f

∥∥∥∥ ≤ 1

2
|Γ− γ|

are valid, then one has the inequalities∣∣∣∣〈x, y〉 − 1

2
[〈x, f〉 〈f, y〉+ 〈x, e〉 〈e, y〉]

∣∣∣∣(2.28)

≤ 1

4
[‖x‖ |Γ− γ|+ |Φ− ϕ| ‖y‖]

≤ 1

4

(
‖x‖2 + ‖y‖2)1/2 (|Γ− γ|2 + |Φ− ϕ|2

)1/2

and

|〈x, f〉 〈f, y〉 − 〈x, e〉 〈e, y〉|(2.29)

≤ 1

2
[‖x‖ |Γ− γ|+ |Φ− ϕ| ‖y‖]

≤ 1

2

(
‖x‖2 + ‖y‖2)1/2 (|Γ− γ|2 + |Φ− ϕ|2

)1/2
.
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8 S. S. DRAGOMIR1,2

The constant1
4

in the right hand side of (2.28) is sharp.

3. APPLICATIONS FOR SEQUENCES AND POWER SERIES

Consider the Hilbert spaceCn endowed with the inner product〈·, ·〉p : Cn×Cn → C defined
by

〈x,y〉p :=
n∑

j=1

pjxjyj,

wherep = (p1, ..., pn) is a probability distribution, i.e.pj ≥ 0, j ∈ {1, ..., n} with
∑n

j=1 pj = 1
and

x = (x1, ..., xn) , y = (y1, ..., yn) ∈ Cn.

Assume thate = (e1, ..., en) , f = (f1, ..., fn) ∈ Cn with

(3.1)
n∑

j=1

pj |ej|2 =
n∑

j=1

pj |fj|2 = 1.

Then for anyx = (x1, ..., xn) , y = (y1, ..., yn) ∈ Cn we have from (2.1) the inequality∣∣∣∣∣
n∑

j=1

pjxjyj −
n∑

j=1

pjxjej

n∑
j=1

pjejyj

∣∣∣∣∣(3.2)

≤ min


(

n∑
j=1

pj |xj|2
)1/2

 n∑
j=1

pj |yj|2 −

∣∣∣∣∣
n∑

j=1

pjyjej

∣∣∣∣∣
2
1/2

,

(
n∑

j=1

pj |yj|2
)1/2

 n∑
j=1

pj |xj|2 −

∣∣∣∣∣
n∑

j=1

pjxjej

∣∣∣∣∣
2
1/2


≤ 1

2

( n∑
j=1

pj |xj|2
)1/2

 n∑
j=1

pj |yj|2 −

∣∣∣∣∣
n∑

j=1

pjyjej

∣∣∣∣∣
2
1/2

+

(
n∑

j=1

pj |yj|2
)1/2

 n∑
j=1

pj |xj|2 −

∣∣∣∣∣
n∑

j=1

pjxjej

∣∣∣∣∣
2
1/2


≤ 1

2

(
n∑

j=1

pj |xj|2 +
n∑

j=1

pj |yj|2
)1/2

×

 n∑
j=1

pj |xj|2 +
n∑

j=1

pj |yj|2 −

∣∣∣∣∣
n∑

j=1

pjxjej

∣∣∣∣∣
2

−

∣∣∣∣∣
n∑

j=1

pjyjej

∣∣∣∣∣
2
1/2
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while from (2.18) we get

∣∣∣∣∣
n∑

j=1

pjxjyj −
1

2

[
n∑

j=1

pjxjej

n∑
j=1

pjejyj +
n∑

j=1

pjxjf j

n∑
j=1

pjfjyj

]∣∣∣∣∣(3.3)

≤ 1

2

( n∑
j=1

pj |xj|2
)1/2

 n∑
j=1

pj |yj|2 −

∣∣∣∣∣
n∑

j=1

pjyjf j

∣∣∣∣∣
2
1/2

+

(
n∑

j=1

pj |yj|2
)1/2

 n∑
j=1

pj |xj|2 −

∣∣∣∣∣
n∑

j=1

pjxjej

∣∣∣∣∣
2
1/2

≤ 1

2

(
n∑

j=1

pj |xj|2 +
n∑

j=1

pj |yj|2
)1/2

×

 n∑
j=1

pj |xj|2 +
n∑

j=1

pj |yj|2 −

∣∣∣∣∣
n∑

j=1

pjxjej

∣∣∣∣∣
2

−

∣∣∣∣∣
n∑

j=1

pjyjf j

∣∣∣∣∣
2
1/2

.

If we denote byC (0, 1) the unit circle of radius1 in C, namelyC (0, 1) = {z ∈ C| |z| = 1} ,
then fore = (e1, ..., en) , f = (f1, ..., fn) ∈ Cn with ej, fj ∈ C (0, 1) for any j ∈ {1, ..., n} we
have that the condition (3.1) holds true and therefore the inequalities (3.2) and (3.3) are valid.

Let f (z) =
∑∞

n=0 anz
n be a power series with nonnegative coefficients and convergent on

the open diskD (0, R) with R > 0 or R = ∞.
The most important power series with nonnegative coefficients that can be used to illustrate

the above results are:

exp (z) =
∞∑

n=0

1

n!
zn, z ∈ C,

1

1− z
=

∞∑
n=0

zn, z ∈ D (0, 1) ,(3.4)

ln
1

1− z
=

∞∑
n=1

1

n
zn, z ∈ D (0, 1) , cosh z =

∞∑
n=0

1

(2n)!
z2n, z ∈ C,

sinh z =
∞∑

n=0

1

(2n + 1)!
z2n+1, z ∈ C.

Other important examples of functions as power series representations with nonnegative coeffi-
cients are:

1

2
ln

(
1 + z

1− z

)
=

∞∑
n=1

1

2n− 1
z2n−1, z ∈ D (0, 1) ,(3.5)

sin−1 (z) =
∞∑

n=0

Γ
(
n + 1

2

)
√

π (2n + 1) n!
z2n+1, z ∈ D (0, 1) ,
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tanh−1 (z) =
∞∑

n=1

1

2n− 1
z2n−1, z ∈ D (0, 1) ,

2F1 (α, β, γ, z) :=
∞∑

n=0

Γ (n + α) Γ (n + β) Γ (γ)

n!Γ (α) Γ (β) Γ (n + γ)
zn, α, β, γ > 0

z ∈ D (0, 1) ,

whereΓ is Gamma function.

Proposition 3.1. Let f (z) =
∑∞

n=0 anz
n be a power series with nonnegative coefficients and

convergent on the open diskD (0, R) with R > 0 or R = ∞. If 0 < p < R, u, v ∈ C (0, 1) and
x, y ∈ C with p |x|2 , p |y|2 < R then we have the inequalities

∣∣∣∣f (pxy)

f (p)
− f (pxu)

f (p)

f (puy)

f (p)

∣∣∣∣(3.6)

≤ min


(

f
(
p |x|2

)
f (p)

)1/2(
f
(
p |y|2

)
f (p)

−
∣∣∣∣f (pyu)

f (p)

∣∣∣∣2
)1/2

,

(
f
(
p |y|2

)
f (p)

)1/2(
f
(
p |x|2

)
f (p)

−
∣∣∣∣f (pxu)

f (p)

∣∣∣∣2
)1/2


≤ 1

2

(f
(
p |x|2

)
f (p)

)1/2(
f
(
p |y|2

)
f (p)

−
∣∣∣∣f (pyu)

f (p)

∣∣∣∣2
)1/2

+

(
f
(
p |y|2

)
f (p)

)1/2(
f
(
p |x|2

)
f (p)

−
∣∣∣∣f (pxu)

f (p)

∣∣∣∣2
)1/2


≤ 1

2

(
f
(
p |x|2

)
f (p)

+
f
(
p |y|2

)
f (p)

)1/2

×

(
f
(
p |x|2

)
f (p)

+
f
(
p |y|2

)
f (p)

−
∣∣∣∣f (pxu)

f (p)

∣∣∣∣2 − ∣∣∣∣f (pyu)

f (p)

∣∣∣∣2
)1/2
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and ∣∣∣∣f (pxy)

f (p)
− 1

2

[
f (pxu)

f (p)

f (puy)

f (p)
+

f (pxv)

f (p)

f (pvy)

f (p)

]∣∣∣∣(3.7)

≤ 1

2

(f
(
p |x|2

)
f (p)

)1/2(
f
(
p |y|2

)
f (p)

−
∣∣∣∣f (pyv)

f (p)

∣∣∣∣2
)1/2

+

(
f
(
p |y|2

)
f (p)

)1/2(
f
(
p |x|2

)
f (p)

−
∣∣∣∣f (pxu)

f (p)

∣∣∣∣2
)1/2


≤ 1

2

(
f
(
p |x|2

)
f (p)

+
f
(
p |y|2

)
f (p)

)1/2

×

(
f
(
p |x|2

)
f (p)

+
f
(
p |y|2

)
f (p)

−
∣∣∣∣f (pxu)

f (p)

∣∣∣∣2 − ∣∣∣∣f (pyv)

f (p)

∣∣∣∣2
)1/2

.

Proof. If u, v ∈ C (0, 1) then for anyn ≥ 0 we haveun, vn ∈ C (0, 1). Observe that for any
m ≥ 1 we have that∑m

n=0 anp
n |un|2∑m

n=0 anpn
=

∑m
n=0 anp

n |vn|2∑m
n=0 anpn

=

∑m
n=0 anp

n∑m
n=0 anpn

= 1.

Using the inequality (3.2) we have

(3.8)

∣∣∣∣∑m
n=0 anp

n (xy)n∑m
n=0 anpn

−
∑m

n=0 anp
n (xu)n∑m

n=0 anpn

∑m
n=0 anp

n (uy)n∑m
n=0 anpn

∣∣∣∣
≤ min


(∑m

n=0 anp
n |x|2n∑m

n=0 anpn

)1/2(∑m
n=0 anp

n |y|2n∑m
n=0 anpn

−
∣∣∣∣∑m

n=0 anp
n (yu)n∑m

n=0 anpn

∣∣∣∣2
)1/2

,

(∑m
n=0 anp

n |y|2n∑m
n=0 anpn

)1/2(∑m
n=0 anp

n |x|2n∑m
n=0 anpn

−
∣∣∣∣∑m

n=0 anp
n (xu)n∑m

n=0 anpn

∣∣∣∣2
)1/2


≤ 1

2

(∑m
n=0 anp

n |x|2n∑m
n=0 anpn

)1/2(∑m
n=0 anp

n |y|2n∑m
n=0 anpn

−
∣∣∣∣∑m

n=0 anp
n (yu)n∑m

n=0 anpn

∣∣∣∣2
)1/2

+

(∑m
n=0 anp

n |y|2n∑m
n=0 anpn

)1/2(∑m
n=0 anp

n |x|2n∑m
n=0 anpn

−
∣∣∣∣∑m

n=0 anp
n (xu)n∑m

n=0 anpn

∣∣∣∣2
)1/2


≤ 1

2

(∑m
n=0 anp

n |x|2n∑m
n=0 anpn

+

∑m
n=0 anp

n |y|2n∑m
n=0 anpn

)1/2

×

(∑m
n=0 anp

n |x|2n∑m
n=0 anpn

+

∑m
n=0 anp

n |y|2n∑m
n=0 anpn

−
∣∣∣∣∑m

n=0 anp
n (xu)n∑m

n=0 anpn

∣∣∣∣2 − ∣∣∣∣∑m
n=0 anp

n (yu)n∑m
n=0 anpn

∣∣∣∣2
)1/2

Since all the series whose partial sums are involved in inequality (3.8) are convergent, then by
lettingm →∞ in (3.8) we get the desired result (3.6).

The proof of the inequality (3.7) can be proved in the same way by utilizing (3.3) and we
omit the details.
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Remark 3.1. The inequality (3.6) can provide some particular inequalities of interest. For
instance, if we takef (z) = exp (z) , z ∈ C, then we get

|exp [p (xy − 1)]− exp [p (xu + uy − 2)]|(3.9)

≤ min

{
exp

[
1

2
p
(
|x|2 − 1

)] (
exp

[
p
(
|y|2 − 1

)]
− |exp [p (yu− 1)]|2

)1/2
,

exp

[
1

2
p
(
|y|2 − 1

)] (
exp

[
p
(
|x|2 − 1

)]
− |exp [p (xu− 1)]|2

)1/2
}

≤ 1

2

[
exp

[
1

2
p
(
|x|2 − 1

)] (
exp

[
p
(
|y|2 − 1

)]
− |exp [p (yu− 1)]|2

)1/2

+ exp

[
1

2
p
(
|y|2 − 1

)] (
exp

[
p
(
|x|2 − 1

)]
− |exp [p (xu− 1)]|2

)1/2
]

≤ 1

2

(
exp

[
1

2
p
(
|x|2 − 1

)]
+ exp

[
1

2
p
(
|y|2 − 1

)])1/2

×
(

exp

[
1

2
p
(
|x|2 − 1

)]
+ exp

[
1

2
p
(
|y|2 − 1

)]
− |exp [p (xu− 1)]|2 − |exp [p (yu− 1)]|2

)1/2

for anyp > 0, u ∈ C (0, 1) andx, y ∈ C.
If we takeu = v = 1, then from (3.9) we get

|exp [p (xy − 1)]− exp [p (x + y − 2)]|(3.10)

≤ min

{
exp

[
1

2
p
(
|x|2 − 1

)] (
exp

[
p
(
|y|2 − 1

)]
− |exp [p (y − 1)]|2

)1/2
,

exp

[
1

2
p
(
|y|2 − 1

)] (
exp

[
p
(
|x|2 − 1

)]
− |exp [p (x− 1)]|2

)1/2
}

≤ 1

2

[
exp

[
1

2
p
(
|x|2 − 1

)] (
exp

[
p
(
|y|2 − 1

)]
− |exp [p (y − 1)]|2

)1/2

+ exp

[
1

2
p
(
|y|2 − 1

)] (
exp

[
p
(
|x|2 − 1

)]
− |exp [p (x− 1)]|2

)1/2
]

≤ 1

2

(
exp

[
1

2
p
(
|x|2 − 1

)]
+ exp

[
1

2
p
(
|y|2 − 1

)])1/2

×
(

exp

[
1

2
p
(
|x|2 − 1

)]
+ exp

[
1

2
p
(
|y|2 − 1

)]
− |exp [p (x− 1)]|2 − |exp [p (y − 1)]|2

)1/2

for anyp > 0 andx, y ∈ C.
Moreover, if we take in (3.10)x = y = z ∈ C, then we get∣∣exp

[
p
(
z2 − 1

)]
− exp [2p (z − 1)]

∣∣(3.11)

≤ exp

[
1

2
p
(
|z|2 − 1

)] (
exp

[
p
(
|z|2 − 1

)]
− |exp [p (z − 1)]|2

)1/2

for anyp > 0 andz ∈ C.
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4. APPLICATIONS FOR I NTEGRALS

ConsiderL2 [a, b] the Hilbert space of all complex valued functionsf with
∫ b

a
|f (t)|2 dt < ∞.

The inner product is given by

〈f, g〉2 :=

∫ b

a

f (t) g (t)dt.

Assume thath, k ∈ L2 [a, b] with

(4.1)
∫ b

a

|h (t)|2 dt =

∫ b

a

|k (t)|2 dt = 1.

For instance, ifh (t) = 1√
b−a

ρ (t) , k (t) = 1√
b−a

ϕ (t) with ρ (t) , ϕ (t) ∈ C (0, 1) for almost any
t ∈ [a, b] , thenh, k ∈ L2 [a, b] and the condition (4.1) is satisfied.

Proposition 4.1. Assume thath, k ∈ L2 [a, b] with the property (4.1). Then for anyf, g ∈
L2 [a, b] we have the inequality∣∣∣∣∫ b

a

f (t) g (t)dt(4.2)

−1

2

[∫ b

a

f (t) h (t)dt

∫ b

a

h (t) g (t)dt +

∫ b

a

f (t) k (t)dt

∫ b

a

k (t) g (t)dt

]∣∣∣∣
≤ 1

2

(∫ b

a

(
|f (t)|2 + |g (t)|2

)
dt

)1/2

×

(∫ b

a

(
|f (t)|2 + |g (t)|2

)
dt−

∣∣∣∣∫ b

a

f (t) h (t)dt

∣∣∣∣2 − ∣∣∣∣∫ b

a

g (t) k (t)dt

∣∣∣∣2
)1/2

.

The proof follows by Theorem 2.6 for the inner product〈·, ·〉2 .

Remark 4.1. If ρ (t) , ϕ (t) ∈ C (0, 1) for almost anyt ∈ [a, b] , then we have the following
inequalities for integral means∣∣∣∣ 1

b− a

∫ b

a

f (t) g (t)dt(4.3)

− 1

2 (b− a)2

[∫ b

a

f (t) ρ (t)dt

∫ b

a

ρ (t) g (t)dt

+

∫ b

a

f (t) ϕ (t)dt

∫ b

a

ϕ (t) g (t)dt

]∣∣∣∣
≤ 1

2

(
1

b− a

∫ b

a

(
|f (t)|2 + |g (t)|2

)
dt

)1/2

×
[

1

b− a

∫ b

a

(
|f (t)|2 + |g (t)|2

)
dt

−
∣∣∣∣ 1

b− a

∫ b

a

f (t) ρ (t)dt

∣∣∣∣2 − ∣∣∣∣ 1

b− a

∫ b

a

g (t) ϕ (t)dt

∣∣∣∣2
]1/2

for anyf, g ∈ L2 [a, b] .
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If we takeρ (t) = 1, ϕ (t) = sgn
(
t− a+b

2

)
, t ∈ [a, b] , thenρ (t) , ϕ (t) ∈ C (0, 1) for almost

anyt ∈ [a, b] and then we get from (4.3)∣∣∣∣ 1

b− a

∫ b

a

f (t) g (t)dt(4.4)

− 1

2 (b− a)2

[∫ b

a

f (t) dt

∫ b

a

g (t)dt

+

∫ b

a

f (t) sgn

(
t− a + b

2

)
dt

∫ b

a

sgn

(
t− a + b

2

)
g (t)dt

]∣∣∣∣
≤ 1

2

(
1

b− a

∫ b

a

(
|f (t)|2 + |g (t)|2

)
dt

)1/2

×
[

1

b− a

∫ b

a

(
|f (t)|2 + |g (t)|2

)
dt

−
∣∣∣∣ 1

b− a

∫ b

a

f (t) dt

∣∣∣∣2 − ∣∣∣∣ 1

b− a

∫ b

a

g (t) sgn

(
t− a + b

2

)
dt

∣∣∣∣2
]1/2

for anyf, g ∈ L2 [a, b] .

On making use of Corollaries 2.5 and 2.7 one can state similar discrete and integral inequal-
ities. However the details are not presented here.
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