The Australian Journal of Mathematical
Analysis and Applications

AJMAA

Volume 12 Issue 1, Article 12, pp. 1-15, 2015

SOME GRUSS TYPE INEQUALITIES IN INNER PRODUCT SPACES
S. S. DRAGOMIR?

Received 14 July, 2015; accepted 10 September, 2015; published 12 October, 2015.

IMATHEMATICS, SCHOOL OFENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNECITY, MC 8001, AUSTRALIA

2ScHOOL OF COMPUTERSCIENCE & A PPLIED MATHEMATICS, UNIVERSITY OF THE WITWATERSRAND,
PrIVATE BAG 3, JOHANNESBURG2050, SSUTH AFRICA
sever.dragomir@vu.edu.au
URL: http://rgmia.org/dragomir

ABSTRACT. Some inequalities in inner product spa¢és (-, -)) that provide upper bounds for
the quantities

[(z,y) — (z,€) (e,y)| and |(z,y) — % [z, 1) {f,9) + (z, ) (e, )]},

wheree, f € H with |le]| = ||f|| = 1 andz,y are vectors inH satisfying some appropriate
assumptions are given. Applications for discrete and integral inequalities are provided as well.

Key words and phrasesSchwarz’s inequality, Triangle inequality, Buzano’s inequality, Gruss type inequalities, Integral in-
equalities.

2010Mathematics Subject Classificat/orPrimary 46C05, 46C99. Secondary 26D15, 26D10.

ISSN (electronic): 1449-5910
(© 2015 Austral Internet Publishing. All rights reserved.


http://ajmaa.org/
mailto: Sever S. Dragomir <sever.dragomir@vu.edu.au>
http://rgmia.org/dragomir
http://www.ams.org/msc/

2 S. S. RAGOMIR!:2

1. INTRODUCTION

Let (H,(-,-)) be an inner product space over the real or complex numbersKieldhe
following inequality is well known in literature as tf&chwarz inequality

(1.1) 2] lyll = (=, y)| foranyz,y € H.

The equality case holds ip (1.1) if and only if there exists a constani such thate = \y.
In 1985 the authoi [4] (see also [19]) established the following refinemeht ¢f (1.1):

(1.2) [zl lyll = (2, y) = (z, ) {e;y)| + [{x, €) (e, y)| = [z, y)]

foranyz,y,e € H with |le] = 1.
Using the triangle inequality for modulus we have

[(z,y) — (z,e) (e,y)| = [(z,€) {e, )| — [{z, )]
and by [1.2) we get

[zl lyll = [z, y) = (z, ) (e;y)| + (2, €) (e, y)]
> 2[{x,e) (e, )| = [{z, )],

which implies theBuzano inequality2]

(1.3) %[lell 1yl + [z, )] = [z, €) (e, )]

that holds for any:, y, e € H with |le|| = 1.
In [5], the author has proved the following Griss’ type inequality in real or complex inner
product spaces.

Theorem 1.1.Let(H, (-, -)) be aninner product space ovErande € H, |le|| = 1. If ¢, v, P, T
are real or complex numbers andy are vectors inH such that the conditions

(1.4) Re (Pe —z,2 — pe) > 0and Re (I'e — y,y —ve) >0

hold, then we have the inequality

1
The constanﬁ is best possible in the sense that it cannot be replaced by a smaller quantity.

For other Schwarz, Buzano and Gruss related inequalities in inner product spaces, see [1]-[3],
[4]-[23], [17]-[20], [22]-[29], and the monographis [14], [15] and [16].

Motivated by the above results, we establish in this paper other upper bounds for the quanti-
ties

1
’<$’y> - <$,6> <e,y>\ and <£L’,y> - 5 [(1’, f) <f> y) + <x>6> (e,y)]

providede, f € H with |le|| = || f|| = 1 andx,y are vectors in{ satisfying some appropriate
assumptions.

Natural applications for discrete inequalities, power series and integral inequalities are also
given.
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2. MAIN RESULTS
The following results hold:

Theorem 2.1.Let(H, (-, -)) be an inner product space over the real or complex numbers field
K. If z,y,e € H with |le|| = 1, then

(2.1) (@) = (@) (e, )|
< min {l2l] (l9ll” = (g }*)", (1ol = gz, ) )" gl }

< 5 [l Gl = 149 ) + (il = ) o]

1 1/2 2 2 2 2
§§(||:r||2+|!y||2) (]I + Myl = Kz, e)]” = [(y, e)]”)

The inequalities are sharp.

1/2

Proof. Using Schwarz inequality we have

(2.2) Iz lly =y, e)ell = Kz, y = (y,e) e)] = [z, y) — (x,€) (e, y)]
and
(2.3) = (z,e) el [yl = [{z = (z,e) e, y)| = [(z,y) — (z,€) (e, 9)|
foranyz,y,e € H with |le] = 1.

Since

o = (@, ebell” = lall” = [(, &), lly— (. €)ell” = Iyll” = (g, e}
then by [2.2) and (2] 3) we get
(2.4) min { flz]) (lyll* = (g, €)*)", (el = Kz, e)) " 1yl }
> |(z,y) — (v, ¢) (e, )

foranyz,y,e € H with |le] = 1.
This proves the first inequality if (2.1).
Using the elementary inequality

1
3 (a+b) > min{a,b}

that holds for any real numbetisb € R, we have the second inequality jn (2.1).
By the Cauchy-Bunyakovsky-Schwarz inequality

(2.5) ac+bd < (a® +62)"? (¢ + d®)"* fora,b,c,d > 0
we have

1/2 1/2
(2.6) 20l (I 1” = Ky 1) + (lll® = [z, e) ") lly

1/2 1/2
< (= + lwl®) " (=l + lll® = Kz, e)|* = [y e)*)

foranyz,y,e € H with |le] = 1.
This proves the last part df (2.1).
Observe that if we take ifi (3.3)= z, then we get from all inequalities that

1/2
l]1* = [z, )" < (2] = Kz, e)*) " Ml
which is sharp since for L y, (x,e) = 0 it reduces to an equality
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Remark 2.1. If we use the triangle inequality
[(z, e} (e, )| = (2, )] < [z, y) — (z,€) (e, y)]
then we get from[(2]1)
@27 [z,e) ey < [(z,y)|
+min {|l2]] (lyll” = 1<, e)P) ", (ol = Gz, €)) " 1yl }
foranyz,y,e € H with ||e]| = 1.
The following lemma holds, seg![6]:

Lemma 2.2. Leta, 2, A be vectors in the inner product spac#, (-, -)) overK with a # A.
Then

(2.8) Re(A—z,x—a) >0
if and only if

(2.9) =5 la-al.

H a+ A H 1
m J—
Proof. Define

a+ Al

2

1
I :=Re(A—uz,z—a) and I, := 1 HA_‘LHZ - Haj

A simple calculation shows that
I = I, = Re[(z,a) + (A, z)] — Re (4, a) — ||z
and thus, obviouslyl; > 0iff /o > 0 showing the required equivalenge.
The following corollary is obvious:

Corollary 2.3. Letz,e € H with e = 1 andd, A € Kwithd # A. Then

(2.10) Re (Ae —z,z —de) >0
iff

. T — el < - |A—0].
2.11) ‘HQA ;A 5

Remark 2.2. If H = C, thenRe [(A — z) (z —a)] > 0 ifand only if |z — 54| < 1|4 —al
wherea,z,A € C. If H = R, andA > athena < z < Aif and only if |z — ¢$4| <
LA a).

The following lemma is of interest [6].
Lemma 2.4. Letx, e € H with ||e]| = 1. Then one has the following representation

2 2 . 2
(2.12) 2" = [z, )" = inf [lz = Ael|” 2 0

Proof. Observe, for any € K, that
(@ = Ae,x — (z,e)e) = |z|* = [{z, )" = A [(e,z) — (e, 2) [le]|”]

2 2
= [lzl” = (=, e)]"
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Using Schwarz’s inequality, we have
[l = [z )] = [z = Ae,z = (z, e} e)” < o = Ae||* ||z — (w, ) el
= [lz = Aell* [lle]* = [z, e) "] ,
giving the bound
(2.13) lz||> = [(z,e)]> < ||z — Xe||*, X eK.
Taking the infimum in[(2.113) ovex € K, we deduce
HxH2—¢<w¢$Ff§§g£Hx-AdF-
Since, for\, = (z,¢) , we get|jz — Aoe||> = ||z||> — |(z, ¢)|*, then the representation (2]12) is
proved.n
The following result also holds:

Corollary 2.5. Let(H, (-, -)) be an inner product space ov&rande € H, |le|| = 1. If ¢, v, ®,T
are real or complex numbers andy are vectors inH such that the conditions

(2.14) Re (®Pe —x,x — @e) >0, Re(l'e —y,y —ve) >0
hold, or, equivalently, the following assumptions

P 1 r 1
(2.15) p- 222 < cjo—gl, [y-Tie| <501

are valid, then one has the inequality

L .
(2.16) [z, y) = {,e) {e,y)| < 5 min{[l2]| ' =], |2 = [ [[yll}
1
< 7zl =1+ 2 = ¢l [yl
1 1/2 1/2
<1 (Nl + 1yl*) ™ (12 = + T =~1*) .

The constantg and ; are best possible.
Proof. Using the inequality{ (2]1) and Lemrpa .4 we have
[(z,y) — (z,€) (e, 9)]
< min {flall (lyl1* = o))" (l2l> = Iz, )?) " ]}

T
i { el inf = el ut o= el Lol

1 .
< gmin{[lz[[ [T =112 = ¢lllyll},

which proves the first inequality ifi (2.[L6).
The rest follows as in the proof of Theorém]|2.1.
For the sharpness of the constants, we takex in (2.16) to get

1
2 2
2" = [z, ) < 5 ll2][ |2 = ol

provided

H o+
xr — e

1
< 1D — o).
5 _2\ |
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Moreover, if we takep = —®, then we have the inequality
(2.17) Iz = [{z, e)* < ]| |®]
provided||z|| < |®].
Letz = dmwithm € H, |m|| = 1andm L e. Then||z|| = |®|, ||z||* — |(z,e)|* = |®| and
the equality case is realized [n (2] 17¥).
The following result also holds:

Theorem 2.6.Let (H, (-, -)) be an inner product space over the real or complex numbers field
K. If x,y,e, f € Hwith|le|]| = || f|| = 1, then

(2.18) (@9~ 5 (@, £) (o) + G €) (e,

< 5 [l QI = 16 ) + (= L ) ]

< 3 (all + W)™ (2l + lyl® ~ e, ) ~ LGw, 1))
and
(2.19) [, 1) (f.y) — (@, €) (e )]

< Nzl (912 = 1 AP+ (2l = 1))

< (2l + Il (2l + 9ll? =, )2 — [y, )
The inequalities (2.18) are sharp.
Proof. Using Schwarz inequality we have
(2.20) el lly = (. ) £l 2 oy = (s ) )] = ) — (@ £) ()]
and
(2.21) e — (@, e) el Iyl = [(z — (x,¢) e, 9)| = |(z,9) — (. ¢) (e,9)

foranyz,y,e, f € H with |le|| = || f]| = 1.
If we add the inequalitie$ (2.20) ar{d (2].21) and use the triangle inequality, then we get

(2.22) el ly = Cy, £) Fll+ Nl = (s e) el yl
= [{z,y) = (&, ) (F, )] + (2, y) — (2, €) (e, y)]
{ 2 (z, y) = (z, f) {fy) — (@, ) (e, )],

(2, ) (fry) — (x,e) {e,y)]|

foranyz,y,e, f € H with |le|| = || f]| = 1.
Since

Iz — (z,e)ell = (I* = (&))", lly =, £) £ = () = 1w, HIP)
then by [2.2R) we have
(2.23) Lzl (Iwl2 = 1w, A + (2] = [, e)?)
{ 12 (2, ) — (@, £) (f,0) — (@ €) (e, v)],

’<l’,f> <f7y> - <.1', 6> <€7y>|
foranyz, y, e, f € Hwith |le]| = || f]| = 1.

>

1/2
1/2

1yl

>
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By employing the inequality (2]5) we get
1/2 1/2
(2.24) (Nl + Nyl*) " (ll® = Ky, HF + =] = [z, e))

> llell (117 = 1w, AP + (el = Gz, e)?)?

foranyz,y,e, f € H with |le|| = || f]| = 1.
Making use of[(2.23) andl (2.24) we get the desired inequaljties|(2.18) and (2.19).
If we take f = e in (2.18) then we get

[(z,y) — (z,€) (e, 9)]
5 [l (lol = 1 02) "+ (el = 1)) o]

1/2

1 1/2

§WMF+MW) (Il + yll® = [z, e)* = [y, e)*) ",
which by Theorem 2|1 are sharp.

Remark 2.3. If we use the triangle inequality

e ) o) + ) (o)l (@, 0)
< {2, 9) = 5 1w £) (o) + ) e )]

Iyl

IN

IN

then we get from(2]1)
1
(225) Sl ) (f)+ (e (e,n)
1
< o)+ 5 [zl (I = 1w, A1) + (el = 1, o)) il
foranyz,y,e, f € H with |le|| = || f]| = 1.

Corollary 2.7. Let(H, (-,-)) be an inner product space ov&rande, f € H, |le|| = ||f|| = 1.
If ©,~, P, T are real or complex numbers andy are vectors ind such that the conditions

(2.26) Re (Pe —z,2 —pe) >0, Re(T'f —y,y —7f) =0
hold, or, equivalently, the following assumptions
+ 1 +T
(2:27) ~ T <5l el |y fH 510 =7
are valid, then one has the inequalities
1
@2.28 () = 5 e P + o) el
ZHMMF N +12 = ¢l [lyll]
1 1/2 1/2
SZOMW+Hm5 (IT ="+ 1@ = o)
and
(2.29) (2, 1) (f, ) — (@, ¢e) {e,y)
1
< 5 2l =1+ 12 = ol llyl]
1 1/2
§NM-HMH (P =P+ - o)
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The constant in the right hand side of (2.28) is sharp.

3. APPLICATIONS FOR SEQUENCES AND POWER SERIES

Consider the Hilbert space” endowed with the inner produ¢t -) | : C* x C* — C defined
by

Yip = ijlf’j?j;
j=1

wherep = (p, ..., p,) is a probability distribution, i.ep; > 0, j € {1,...,n} with Zyzlpj =1
and

X = (21,0 2n), ¥ =1, .., yn) € C™.

Assume thae = (ey, ...,e,),f =(f1, ..., fn) € C" with
(3.1) dopilel’ =) plflf=1
j=1 =1
Then for anyx = (21, ..., 2,) , ¥y = (y1, ..., yn) € C" we have from[(2]1) the inequality

n n
iTiY; — E Pj%‘@jE Dj€;Y;
j=1 j=1

(3.2)

1/2

i€;

n 1/2
. 2
< min (ij |4 ) Zpa ly;”
j=1

o\ 1/2

2 2 _
(ij |?Jj|) > pilal’ = piae
j=1 j=1 j=1

1/2

IN

2

" 1/2

1 2

3 (ij |4 ) ij ly;”
j=1

1/2

i Lj€;

2 2
+ (ij ;] > > il -
=1 =1 =1

1/2
<ij ’le +ij ;] )

N I

1/2

ij |x]| + ij |y]

iT5€5 iCj
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while from (2.18) we get

_ 1 n 3 n _ n - n B
(3.3) iV 5 [Zpﬂ?jej > piey; + Y vk, ijijj]
7=1 7j=1 7=1 7=1
12 1/2
1 = )
<3 <ij |z ) ZPJ ly;”
j=1
" 2 [/ . " 2\ 1/2
2 2 —
+ (Zpﬂyﬂ ) > ol =D piae
j=1 j=1 j=1
1 n n 1/2
2 2
<3 (ij i1+ i Ly
j=1 j=1
o\ 172

2
n n n
2 2 —
< Y il P+ iyl = D e
=1 j=1 j=1

If we denote byC (0, 1) the unit circle of radiug in C, namelyC (0,1) = {z € C| |z| =1},
then fore = (ey, ...,e,) . £ =(f1, ..., fn) € C" withe;, f; € C(0,1) foranyj € {1,....,.n} we
have that the COI‘]dItIOI[@.l) holds true and therefore the inequalities (3.2) and (3.3) are valid.
Let f (2) = > ., a,2" be a power series with nonnegative coefficients and convergent on
the open diskD (0, R) with R > 0 or R = oc.
The most important power series with nonnegative coefficients that can be used to illustrate
the above results are:

o0

1
(3.4) exp (z) = Z Ez”, = Z ,2€D(0,1),
n=0
In ! ilz” € D(0,1), coshz i ! m o2eC
= — z = PR )
l—z “=n '’ T — (2n)! 7
. - 1 2n+1
SlnhZ:ZmZ ,ZE(C
n=0

Other important examples of functions as power series representations with nonnegative coeffi-
cients are:

1 1 =1
(3.5) §ln(1jz> :Z%_lzznﬁ, z€ D(0,1),
n=1
Z 22”“ ze D(0,1)
\/_ 2n+ ) ) )
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o0

1
tanh ™ (2) = Z o — 122”_1, 2e€ D(0,1),

n=1

[e.9]

STt HT()
L0072 = 2 S T T ()

z2€ D(0,1),

Zn7a{757fy>0

wherel is Gamma function

Proposition 3.1. Let f (z) = >~ a,2" be a power series with nonnegative coefficients and
convergent on the open digk(0, R) with R > 00or R=o00.If 0 <p < R, u,v € C(0,1) and
z,y € Cwithp|z|*,p|y|> < R then we have the inequalities

fell) ’f(pyﬂ) N\
/() f(p) ’
plaf) ’f(pa:ﬂ) 2
f(p)
(el Pl ’f(pyﬂ) 2\ V2
-~ 2 f(p) f(p) f(p)

N (f(py2)>l/2 (f(p|x|2) _ ‘f;zz:c)ﬂ) )1/2]

N
&H
s
I =
[N}
SN—
~_
—
~
(3]
N
KH
khf—\
S

f(p) f(p) p
1(Flal)  FlP))
§2( o W) )
. f@m%+f@wﬁ_wﬂmm2 V@WV v
f(p) f(p) [ f(p)
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and

(3.7) ’

f(xg)_l[ (paw) f (puy) | f(pa0) f pvy}
flp) 2 fp f(p) /()

_1 2)

=3

p| | fFly?) 'f )
f(®)
7 (oly / (pleP) _‘f(pxﬂ)Z v
f( ) f(p) f(®)
/
( (plel?)  f(plyl) fp:cu

plx! Felv?)
f(»)
‘f pyv) v
) .

Proof. If u,v € C(0,1) then for anyn > 0 we haveu™, v" € C(O 1). Observe that for any
m > 1we have that

an:O a”pn |un|2 _ an:() anpn |Un|2 _ z;n:() anpn o

1/2

_|_

VAN
DN | —

Z;n:() anp" B ZZL:O anp" B anzo anp™
Using the inequality| (3]2) we have

(3.8) ‘Zn 0@ (17)" oy anp" (2T)" S anp” <u@>"'

n 0 np Z;n:[) anpn Z;n—o anP"
m n n 1/2 m n n 2 1/2
I D vyl > anp” Jyf* ‘Zn o an" (y)"
< min ™ ™ s
Zn:O anp” Zn:O a”p n 0 anp
m n 2n 1/2 m n 2n 2 1/2
ano anp™ |y| Zn:o anp” || ‘ Zn 0 anp” (2)"
Dm0 @nP" > n Qnp" > n—o "
m n n 1/2 m n n 2 1/2
L[ Xy ol S " [yl ‘Zn o " (y7)"
T2 > n Gnp" D g @nP" > neo Gnp"
m n 2n 1/2 m n 2n 2 1/2
i ano anp™ |y| ano anp” |z| ' Zn 0 anp” (v)"
D g @nP" D e @nP" D neo Gnp"
. - . 1/2
(D o S e
= 5 m + m
2 Zn:O anp™ Zn:O anp™
X Zn:O anpn ’$|2 -+ Zn:O Clnpn‘yﬁ ‘Zn Oanp 'Zn Oanp ( ) ?
D e Anp" D o @nP" > neo " > o @nP"

Since all the series whose partial sums are involved in inequglity (3.8) are convergent, then by
letting m — oo in (3.8) we get the desired resylt (B.6).

The proof of the inequality (3} 7) can be proved in the same way by utilizing (3.3) and we
omit the detailsy
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Remark 3.1. The inequality [(3.6) can provide some particular inequalities of interest. For
instance, if we tak¢g (z) = exp (2), z € C, then we get

(3.9) lexp [p (27 — 1)] — exp [p (2T + uy — 2)]|

gmm{exp[ » (laf? —1>] (exp [ (19 = 1)] = lexp [p (v — D]?)
exp |50 (o = )| 50 [p of* = 1)) = exolp o = 1)}
<5 [0 |30 0el* = )] (0 [ (o = D) = e lp (- 1)
rexp 50 (ul* = 1)] (ex0 p (1 = 1) - exp p(an— D]F)
<2 (e[ e~ )] o [So o -] )

. (exp{l (I _1)} +exp[ (Il _1)]

o 1/2

1/2

— Jexp [p (z7 — 1)]* = |exp [p (yu — 1)]|?)

foranyp > 0,u € C(0,1) andz,y € C.
If we takeu = v = 1, then from [(3.9) we get

(3.10) lexp [p (27 — 1)] —exp [p(z +7 — 2)]|

< o |30 (+F* =) (e[ (of = 1)) ~lexplpo = D)),
exp |50 (o = )| 0 [p of* = 1)] = ol & - 1)

< % [exp { (Il — 1)} (exp [p (Jy* = 1)] = lexpp (v — DIP) "
e |5 (o = 1) ex0 [p el = 1)] = ol o - 1)

<2 (o [2p e 1) +e [ o w - 1)] )
‘ <exp{ (I —1)] +exp[ (P _1)]

—Jexp [p (z — V] = lexp [p (y — 1)]*) "

foranyp > 0 andx,y € C.
Moreover, if we take in[(3.10) = y = z € C, then we get

(3.11) ‘exp [p (22 — 1)} —exp[2p (2 — 1)”
< exp {1 (I - 1)} (exp [p (1212 = 1)] — lexp [p (= — D]

foranyp > 0 andz € C.

1/2
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4. APPLICATIONS FOR INTEGRALS
ConsiderL? [a, b] the Hilbert space of all complex valued functh/hmthf |f ()] dt < oo.

The inner product is given by

- [ s
Assume that, k € L? [a, b] with
(4.1) /|h ) dt = /|k )[>dt = 1.

For instance, ifi (t) = \/——p( ),k (t) = be (t) with p (t) , ¢ (t) € C (0, 1) for almost any
t € [a,b], thenh, k € L*[a,b] and the conditior] (4]1) is satisfied.

Proposition 4.1. Assume that, k € L?|a,b] with the propertyl). Then for anf, g €
L? [a, b] we have the inequality

(4.2)

t)g(
1 Ubf(t)mdt/abh(t)md“r/:fﬁ)mdt/abk(t)mdt}‘
<3 (/ (IF OF +1g 0P dt)w
(/ (I OF +1g (O)F) dt -

The proof follows by Theorein 2.6 for the inner prodygct), .

Remark 4.1. If p(t),¢ (t) € C(0,1) for almost anyt € [a,b], then we have the following
inequalities for integral means

(4.3) = Nl
—ﬂb—i@g{/abfu)p(t)d/p 0@
+/bf(t)mdt H

IN

%( a/|f|+|9 ))
< |5 /( OF + g ()

ik [rormal <[k [fowzma

forany f,g € L?[a,b].
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If we takep (t) = 1, ¢ (t) = sgn (t — “E2) .t € [a,b], thenp (t) , ¢ (t) € C (0,1) for almost
anyt € [a, b] and then we get fro 3)

(4.4) % / b ft)g@)dt
_2b—a [/f dt/ 9 (Ot
/ sgn( a;b)dt/absgn<t—a;b)mmf”
(bl /(\f()|2+\g(t)!2)dt)

(If OF + g () at

forany f,g € L?[a,b].

On making use of Corollarig¢s 2.5 and]2.7 one can state similar discrete and integral inequal-
ities. However the details are not presented here.
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