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ABSTRACT. The note deals with commutaors of the Hardy operator, Hardy type operators on
Morrey spaces ol™. We have proved that the commutators generated by Hardy operator and
Hardy type operators with a BMO functidrare bounded on the Morrey spaces.
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2 CHUNPING XIE

1. INTRODUCTION

Let R denote the set of positive real numbers. far (0, 00) and0 < A < 1, Morrey space
on R*, LP*(R") consists of all functiong € L (R™) with

loc

1 1/p
[ fllzormry = (SUP W/If(xﬂpdx) < 00
I

ICR*

wherel = (a,b] C R™, 0 < a < b < +00, is a bounded interval oR™ and|I| denotes the
length of .
Forf € LV (R'),the Hardy operator is defined as

loc
Hf@%:izfﬂwﬁ, 2> 0.

Also for0 < a < 1, one Hardy type operator is defined by

1 X
H%@ﬁzky/f@ﬁ, v >0,
x 0
and the other one is defined as
Hof(z) = — FOdt, x>0,

(1 - Oé)ill' ax

Hardy et al. in[[4], proved that
p
[H f|orr) < ] T Fllze ey

for 1 < p < oo and the constant/(p — 1) is sharp.
Let b(x) be a real measurable, locally integrable functionfoh Then we define the com-

mutators N
[mmzléamywmﬁ@a,x>o

T

and N
[Hamzxial(mm—uwﬁ@mu z>0

In this paper, we have first shown that the Hardy operator is boundéé-ti*) for 1 < p <
oo by simple calculations and with certain conditions the inverse is also true. Then we have
proved that the Hardy type operator is boundedisn(R*). Finally we have obtained that
whenb is in BMO, the space of bounded mean oscillation/dn both commutator§, b] and
[H*,b] are bounded oh”*(R™).

Throughout this papet, is used for a positive constant which is not depending on the main
factors and” might be different at each occurance.

2. MAIN RESULTS AND THEIR PROOFS

For our convenience and reference, all main results and useful results are stated in this section
and proofs are also given with some remarks. In order to simplify the proof of the following
theorem, we will have a lemma.

Lemma2.1l.For0 < A < 1,if t > 0, then we have
1

[f (Ol Lrarry < m“f(')“LPJ\(R-‘-)-
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Proof. By the definition of Morrey space and substitution, we have

1 1/p
1fCOlrrmry = (SUP W/If(tsﬂpds)

ICRt

d:c
R
(ICR+ ’[| /l
1/p
(tl )\tICR*' |t[| /lf ) x)

1
< t(lf/\)/p||f(.)||Lp”\(R+)'

|
One of the main results is as follows.
Theorem 2.2. The Hardy operatoi] is bounded orl.?*(R"), that is,

[ H fllzerrty < Coall fllooa gy

whereC), , = Zﬁ
Also the reverse Hardy inequality

| H fll earey = | fll o)
holds for any positive, nonincreasing functigre L>*(R™).

Proof. Forz € R, we rewrite the Hardy operator

_ i/oz ft)dt = /Olf(xé’)ds

Forany0 < A < 1andl C R*, by Lemmd 2.]1 and Minkowski's inequality for integral, we
have
1 » 1 ! P
P II(Hf)(fr)! dv = W f(ﬂft)dt
p
I (/ fiseorae] ")
1 1 1/p p
/0 [W /I | f(act)|pd:c] dt
1 1 p
(/O meHLM(Rﬂdt)
= (Iflleeagn)? (/O t(l_—wpdt>

P p
) (m) (1 o))

H fllzerrry < Coallfllzeres,

dx

IN

IN

IN

Therefore
whereC, \ =

_p
p+A—-1"°
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Conversely, assume thate L»*(R*) is positive and nonincreasing. Then we know that

[ 1w o

The desired result follows immediately by the definition/6f*(RT). 1

The commutatofT’, b], T is Calderén-Zygmund operator ands a BMO function, have
been studied by many authors on different spaces, see [2], etc. In this paper we consider the
commutator generated by Hardy operatbwith a BMO functions, the commutator generated
by Hardy type operatol/ © with a BMO functionb, and the commutator generated by the other
Hardy type operatofi,, with a BMO functionb on Morrey spaces,”*(R"). Now we proceed
to our next result regarding to the commutator of Hardy operatand a BMO functior,
[H,b)].

Theorem 2.3. Letp € (1,00) andb € BMO. Then[H, b] is bounded orl”*(R"), that is,

ILH, b1 || o ey < Clbl Basol| fl e r)
where the constant’ depends op and \.

To prove Theorerp 2|3, we will establish Lemmna] 2.4.

We define "
= (5 [wora) = e

Lemma2.4.Letl < r < p < co. ThenH, is bounded orlP*(R*), i.e
| Hy fllorrey < Cllfllear gt
Proof. For any finite interval C R™, we consider

(s [isera)” = (b [lunswry
(O]

p)‘(R+
ril/r
< CIf Yy

> pAR*’)

= Cllfllzears

Note that we used Theorgm 2.2 and the fact thgtdf L»*(R*), thenf” € LP/"(R*) in the
middle of our proof. This completes the proof of Lemmd 2.4.

1/p
d:c)

IN

|
Proof of Theorerm 2]3For1 < r < p < oo, by Holder inequality we get
1 x
@l = |3 [ o o
1 T ) 1/r 1 T 1/
< (3 [ w-sora) (2 [Cirore)

< [IbllBaoHy f ().
wherel + & = 1.
From
1L O] f | oarey < [bllgaro | Hr f ()| Loars)
we are done with the proof of Theor¢m|2.3.
1
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Next we work with Hardy type operatol“ and the corresponding commutatéf®, b|.

Theorem2.5.Let0<a<1,O<u<1,0<)\<1,1<r<p<oo,and1’7“—oc:ﬂ.

Then

NH fllorrey < Cll fllormrry-

Here(C' is a constant and is not depending 6n

Proof. By definition of H*, we have

p

|Hf(z)] < (t)]dt
1 1
< xl-a(/ ) (/ 17t 'df) (ﬁ*fl)
- e (S [irera)”
1
< mufumm
xr

Therefore we have for anyc R+

I

1
[P

1/p 1 1 1/p
/|Haf( )|pdx} < [mx/Im(w_a)p||f||§w(3+)d$]
1 1 r
T, d
7l [mk/m(lﬂ—a)p 4
1 1 1/p
< CHfHL’“’“(RJr)

By the definition ofLP*(R*), the result follows.

Theorem 2.6.Llet0 < a<1,0<pu<1,0<A<1,1<r<p<oo,?
b€ BMO. Then

IH, 0] f || o (rey < ClblBatol fllLrsary,

where(C'is a constant and is independent fof

Proof. For the commutatofH*, b], we have

[H®, b]

IA

IA

1

xla

[ o)~ senscar, 2> o0

1

(L‘ T

—IbllBacollf 1| zrw(rr).

AIJMAA Vol. 12, No. 1, Art. 11, pp. 1-7, 2015

xl(/ o) = bt ‘dt) (/ £(2) Tdt) (%*

2o =122 and
p

AJMAA


http://ajmaa.org

6 CHUNPING XIE

In the same manner as the proof of the previous Theorem, we have férany"

1/ 1/
s [l rrds] < Wl e | o [—mde|
I - Iy oo

1 1/p
- [u’)‘ / dx] [0l Bazo || fl rw ()

< Clbllsaoll fllLrwr

Note that when botlu and \ approach), both LP#(R*) and LP*(RT) are LP(R™) space.
The results of Theorens 2.5 gnd|2.6 o' (R*) and LP(R*) agree to the those abf (R™).
For the other Hardy type operatdfa, we have

Haf(x) 1_@ /f 1fa/alf<xs>ds

and the following theorem.

Theorem 2.7.For 0 < o < 1 and0 < A < 1. H, is bounded on.?*(R™"), i.e. for any
f e LPNRY)

[ Hofllormry < Cllfllermey-

Proof. The proof here is similar to that of Theor¢m|[2.2. For any intefval R*, we have from
Minkowski’s integral inequality

{ﬁ/llﬂaf(x)ﬁdm} 1/p W {/I (/al |f($3)|ds>pd4 1/p
1 1/p
< o | ([ 1)
S i a) /al sllpA <|5}|/\ /51 |f($)|pdx) " ds

< Ol fllzerg+y-

IN

This ends the proof.
|

For the corresponding commutati,,, b|, we have the theorem below.

Theorem 2.8.Let1 < p < co. Then[H,,b] is bounded for any(z) € BMO, i.e. for any
f € LP(RY),
I[Ha; 0]l oxm+) < CllbllBrol| fll or -

Proof. This proof is the anology of that of Theor¢m2.6. Since

[Ha B (2)] < ———— bl sarol fllimacar,
—a)z|
we have
e WS scey < [bllrol s sup ( ! / ! dx)
’ AT
< C||b||BMo||f||Lp»A<R+)-

The proof is completeg
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